GLOBAL EXISTENCE OF WEAK SOLUTIONS FOR
A VISCOUS TWO-PHASE MODEL

STEINAR EVJEAB AND KENNETH H. KARLSENA:C

ABSTRACT. The purpose of this paper is to explore a viscous two-phase liquid-gas model relevant
for well and pipe flow. Our approach relies on applying suitable modifications of techniques
previously used for studying the single-phase isothermal Navier-Stokes equations. A main issue
is the introduction of a novel two-phase variant of the potential energy function needed for
obtaining fundamental a priori estimates. We derive an existence result for weak solutions in a
setting where transition to single-phase flow is guaranteed not to occur when the initial state is a
true mixture of both phases. Some numerical examples are also included in order to demonstrate
characteristic behavior of solutions. In particular, we illustrate how two-phase flow is genuinely
different compared to single-phase flow concerning the behavior of an initial mass discontinuity.

Subject classification. 76T10, 76N10, 656M12, 35165
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1. INTRODUCTION

We are interested in a one-dimensional two-phase liquid (¢) and gas (g) model composed of two
separate mass equations and a common momentum equation in the following form:
my + (vgm), =0,
ne + (vgn)g =0, (1)
(muve + nvg)y + (mvp + nvz)x +p(m,n)s = qr + 9¢ + p(Vmix)zz, p >0,

where
m =aypy, n = QgPg,
qr = — fUmix 4G = 9Pmix; (2)
Umix = QV¢+Qgg, Pmix = QP + QgPg,

where f and g are nonnegative constants. Here p denotes density, « is volume fraction, v is fluid
velocity, and p is pressure. This model is supplemented with equations of state (EOS) for the two
phases, here assumed to be of the form

P —Pio p
PZ:pl,O‘i‘TlQ» Pg = ?a (3)
g

where a; and a4 are sonic speed, respectively, in liquid and gas, and p; o and p; o are reference
pressure and density given as constants. Moreover, we have given the following basic constraint

ag+ag =1, (4)
and an algebraic expression describing the relation between gas and liquid velocity of the form
Vg = Kvumix + 5, K,S are constants. (5)
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This model is often referred to as the drift-flux mixture model [4]. Note that by combining (3)
and (4), we get a nonlinear pressure law p(m,n) of the form

p(m, n) = C(_b(m7 n) + \/b(ma n>2 + c(m, n))a (6)

with C = 1a? and ko = po — po/a} > 0 and ap = (a4/a;)? and

2
b(m,n):ko—m—(%) n==ky—m—agn
(7)
e (BN —
c(m,n) = 4ko ( ” ) n = 4kgagn.

Development of good discrete methods for solving the inviscid variant of (1) has been a topic for
many papers during the last decade, see for instance [2]-[16] and [29]-[34]. However, few results
providing insight into qualitative (mathematical) properties of this model (and various simplified
variants) seem to exist. Besides results relevant for existence, uniqueness, stability, and regularity
of weak solutions, it is also of great interest to understand more precisely under what conditions
formation of vacuum (transition to single-phase flow, i.e. m =0 or n = 0) may occur.

Relation to other mixture models. It is interesting to compare the model (1) with other
mixture models for which existence results of weak solutions have been provided. Here we would
like to mention one direction represented by the work [17]. This model is designed such that

(i) at each point of the space occupied by the mixture there are particles belonging to each
component (i.e. transition to single-phase flow does no occur in this model);
(ii) basic energy-estimates are in place.

More precisely, the one-dimensional model takes the form

mg + (vym)y = 0,

ne + (vgn)e = )
(moe)e + (ma})e + p(m,n), = M( 0wz + I >0,
(nvg): + (nv )z +a(m,n)y = p(vg)zs — J,

where J involves interaction terms of the form
J = a(mm, |ve — vg\) - (ve — vg) + ¥ (c1m + con) (czn(clm)$ — clm(@n)w)7
p(m,n) = c1mp¥'(p), p=cim+ can, c1,c0 > 0, (9)
q(m,n) = coanp¥'(p).

where a(,-,) is non-negative function and ¥(p) is a function whose choice characterizes the
pressure law under consideration. One natural choice is for instance

U(p)=p""",  4>1

This model is thermo-mechanically consistent in the sense that the following basic energy estimate

is obtained:
d , d /1 )
= p\IJ( )dm—i— o /m|vg| dx) dt( /n|vg\ dx)

—|—,u/(w)§ + (vg)2 dx + / a(m,n, |ve — vg|) |vg — vg|* dz = 0.
R R

Here the pressure laws p and ¢ together with the interaction term J are carefully designed such
that terms nicely can be grouped together resulting in the equation (10). Note, however that .J
involves non-conservative terms mn, and nm, which we do not have much information about.
Thus, the authors in [17] neglect the second term of J. The price to pay for this simplification is
that the general energy estimate (10) is lost.

(10)
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On the other hand, alternative mixture models that use only one fluid velocity and one density
for the whole mixture, have been studied. These models cannot take into account mutual inter-
actions of the individual components. From a mathematical point of view, more is known about
these models, see for instance [6, 36, 37].

The model (1) is somewhat different from the above two mentioned mixture models.

o First, it involves an additional variable, the volume fraction variable represented by oy
(or ay) which allows modeling of co-existent two-phase and single-phase regions. In other
words, the model allows transition from single-phase to two-phase flow.

e The model involves two different fluid velocities whose difference v, — vy = ®(-) is governed
by an algebraic expression and/or experimental data. A special case is the no slip flow
condition v, = vy corresponding to ® = 0.

e The model (1) is supplemented with a pressure law p = p(m,n) depending on the masses
m and n. Having specified an EOS for each of the two phases pe(p) and pg(p), the
fundamental relation oy + a; = 1 then directly defines the pressure law p(m,n). In
particular, the resulting pressure law is normally not of the form given in (9). A main
challenge here seems to be able to obtain a priori energy-type of estimates for such pressure
laws, in particular, when fluid velocities are different. For the mixture model (10), the
inclusion of a pressure related term ¥ in the interaction term J in (9) plays a crucial role
in order to obtain the energy estimate (10).

Note also that although we apply linear EOSs for the gas and liquid phase in (3), the resulting
pressure law p(m,n) given in (6) for the two-phase mixture, becomes a nonlinear function. This
reflects some of the additional complexity represented by two-phase modeling.

In order to compare the mixture model (8) with the mixture model (1) we add the two mo-
mentum equations in (8), where we for simplicity have used ¢; = ¢ = 1 in (9). This gives
us

m¢ + (vem), =0,
ng + (vgn)y =0,

(mwvg + nug)e + (mv? + nvg)m + P(m+n)y = p(Vmix)zz, >0,

where P(m +n) = (m + n)?¥'(m + n). Thus, a main difference compared to the model (1) is
that the pressure P = P(p) depends on one variable, the mixture mass p = m + n instead of the
two-variable pressure law p(m,n) given by (6) and (7).

A simplified model. The model (1)—(5) is highly relevant, for example, in modeling of well and
pipe flow processes [9]. Particularly, if we replace the density relations (3) with those used to
represent more realistic fluids as well as apply more advanced slip relations than (5). The purpose
of this paper is to focus on some basic aspects of this model and for that purpose we will deal
with a simplified version of (1). The simplification we make is as follows:

(i) Due to the fact that the liquid phase is much heavier than the gas phase, typically to the
order pg/pg ~ 103, we neglect the gas phase in the mixture momentum equation.
(ii) We restrict ourselves to a flow regime where we can assume that fluid velocities are equal,
ie., vp = vg = u.
Consequently, from now on we focus on the simplified model
me + (um), =0
ng + (un)y =0 (11)
(mu)s + (mu?)z + p(m,n)e = pttgz, 1> 0,
with initial data
(m(ov)an(oa)au(07)) = (mOanOaUO)' (12)
We may set p = 1 in the following. In this paper we also focus on a viscous dominated setting
where we neglect the friction term gp and where the flow is horizontal, i.e. ¢¢ = 0.
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It is also interesting to have in mind the model (11) described in Lagrangian coordinates ¢ =
n/m and v = 1/m. The model then takes the form

Ct = 0
vy — Uy =0 (13)
U + p(e,v)e = pllgy, p>0.
Models of the form (13) with p = 0 have been studied more recently by several researchers. Lu
has considered global weak solutions relying on a suitable variant of the compensated compactness
method [28]. Fan has studied travelling waves and Riemann problems for a similar model relevant
for liquid /vapor phase transition [12, 13], see also [1]. In addition, an inviscid variant of (13) with
a friction term in the momentum equation has been studied in several works [25, 26, 30, 35]. They

explore the damping mechanism from the friction term to the smoothness and large time behavior
of the solutions.

The idea of this paper. The main purpose of this paper is to explore some aspects of the two-
phase model (11) concerning existence of weak solutions. One important flow scenario relevant
for the two-phase model is a situation where we avoid transition to single-phase flow, that is, we
can find upper and lower limits for the masses m and n of the form

C(T)™* <m,n < C(T), (t,z) € [0,T] x R. (14)

A clearer understanding of the conditions that ensure such a behavior is clearly desirable, also
from an application point of view. Such pointwise control has been a topic for much research
within development of mathematical theory for single-phase Navier-Stokes flow, see for example
[24].

In this paper we will explore the viscous two-phase model by applying techniques similar to
those used by Hoff for the single-phase isothermal Navier-Stokes as described in [22, 23]. A main
point here is that we need to define an appropriate two-phase variant of the potential function, in
the following denoted as Q(m,n), that will give us a basic energy estimate of the form

1

% Rbmiﬁ + Q(m, n)} dx + M/OT /R(uw)Q dzx dt = 0. (15)

More precisely, we introduce a two-phase potential energy density function Q(m,n,m, ) of the

form
m

m

s, xs) —p(m,n n
p( m) p( ) ds +mgl—,m|,

52 m
where an appropriate choice of ¢ must be made in order to ensure that () becomes non-negative
for positive m,n,m and . Here we also, in view of the two mass equations of (11), shall make
use of the fact that m and n are related by

n(tz) _ (@)(Xfl(w)%

m(t, x) ™Mo
where X;(z) is the characteristic emanating from x at time ¢ = 0. Equipped with this two-phase
energy potential function and the corresponding energy estimate (Lemma 1 and Corollary 1), we
observe that gentle modifications of the single-phase arguments allow us to obtain the bound (14)
(Lemma 2). Thus, we demonstrate that such single-phase techniques can provide useful insight
into characteristic features relevant for the two-phase model (11).

Equipped with pointwise control of m and n, we then can derive several a priori higher order
regularity estimates in LP and Sobolev spaces of a sequence of approximate solutions {m?®,n?,u°}
obtained by applying a regularization of initial data mg,ng, ug, see Lemma 3. These estimates
yield some basic convergence results, however, not strong convergence of m?,n’ as needed in
order to recover the nonlinear pressure law p(m,n). A strong convergence result is presented in
Lemma 4 and is mainly based on continuity estimates for particle trajectories together with the
higher order estimates of Lemma 3 which imply Holder type estimates for the effective viscous
flux ul — p(m®,n?). This in turn gives rise to strong compactness of m® and n’. The conclusion
of the various Lemmas is summed up in Theorem 1 given below.

Qm, njm.m) = m [
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The result of this paper. Along the line of [23] we work with initial data having possibly
different limits at x = 400 in order to include general Riemann data in the analysis. More
precisely, we assume (u_,u) and (m_,m4), (n—,ny) (positive) and let @, m, and 7 be smooth
monotone functions such that

m(x) =my, when +z > 1, m(z) >0VreR
n(zr) = ng, when £ > 1, 7(z) >0VzeR (16)
u(z) = ug, when +z > 1.

Our main theorem is the following:
Theorem 1. Assume that the initial data mg,ng, and ug satisfy
0 <Ky <mp <Ko < o0, 0 <ty <mng <7 < o0,

17
mo —m € L*(R), no —7m € L*(R), ug —u € L*(R). (7

A). First, there exists a global weak solution (m,n,u) of (11) and (12) on R™ X R such that

m —mm, n— 7, mu —ma € C([0,00); HH(R)), (18)
u—1 € C((0,00); L*(R)), (19)
ult,-), pus(t,) — p(m(t,-),n(t, ) + p(m,m) € H'(R), t>0, (20)
ue(t,-), u(t,-) € L*(R), ¢>0. (21)
Here v = ‘fi—? = u; + uwu,. In addition, for a finite time T > 0, there exist constants ®(T'), (T)

and (1), (T) such that for t € [0,T]
0<k(T) <m(t,z) <E(T) <oo, ae inR,
0<uT) <n(t,z) <T) < oo, a.e. in R.
B). Second, for a finite interval [0,T] more precise information about the results (18)—(21) can

be given. That is, there is a constant C(T) depending on upper bounds in the time interval [0, T
for |lmo —mllz, [[no =72, lluo = @ll2, [Imolle: [Img Hlloos In0llocs Ing loo such that,

sup [lm(t, ) =l o + lut, ) = ll ) + 00 a2
0<t<T (23)
o (8) (M ey + Nt ) = pOm(t, ), (e, ) + p(, ) ey )| < €T

T
/0 [IIU(S, Wi +o()lals, )L + o(s)luuals, ) = p(m(s,-),n(s, ) + p(,w)|12 g,

(24)
+ 0(5)? ka5, )32z | ds < C(T);
where o(t) = min{t,1}. Moreover, for 0 <1 < T
1/2,1/4
()l o prry ey + ()2 () 3 L < O(T), (25)
where <u>[1T/2T]1£§11§ is the usual Holder norm with exponent 1/2 in x and 1/4 in t.

The rest of this paper is organized as follows: In Section 2 we obtain a fundamental energy esti-
mate, pointwise estimates for m and n, as well as higher order regularity estimates. Compactness
and convergence to weak solutions is then discussed in Section 3, whereas some numerical results
are included in Section 4 in order to demonstrate characteristic behavior of the viscous two-phase
model.
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2. VARIOUS ESTIMATES

2.1. Preliminary. First, for the derivation of a priori estimates we need an existence result of
smooth solutions for small time. We here shall assume (without proof) that we have an existence
result of the following form which is a direct generalization of a classical result for single-phase
Navier-Stokes [38, 33].

Proposition 1 (classical solution in a small time interval). Let (mg, no, uo) satisfy (17), then there
exists an Ty > 0 depending on Ro, kg and To, Ly, and |[mo — | g1, ||no — 7|l g1, and ||ug — || g2
such that the model has a unique solution on (0,Ty) satisfying

m—m e L>®(0,T1; H'(R)),  dym € L*((0,T1) x R),
n—m € L>(0,T1; H (R)), o € L*((0,T1) x R), (26)
u—1 € L*(0,Ty; H*(R)), dwu € L*((0,T1) x R),
for Th < To. Moreover, there exist some R(t),7(t) < co and k(t),L(t) > 0 such that
w(t) <mlt) <EE),  ult) < nlt,x) <T(t) (27)
for all t € (0,Tp).

By applying the method of characteristics we have

d
&Xt(w) = u(t, X¢(z)), Xo(z) =z,

and in view of the continuity equations for m and n it follows

dm
6 Xe(@)) = —(mu)(t, X (),
dn
2 Xe(@)) = —(nu)(t, Xi(a).
In view of Proposition 1 we conclude that
1 dm 1dn
gg(tth(l”)) = ﬁ%(tXt(x))y

or

D log(m(t, X.(2)) = T log(n(t, X,(2)))

Thus, we conclude that m(t, z) and n(t, z) are related by

m(t, X¢(x)) (@)(I)

n(t, X¢(z))  \ng
In other words,
P — (22X @) sl (28)

for t € (0,Tp) where X;(x) is the characteristic emanating from x at time ¢ = 0. Particularly, we
have

(t,z) < max(@(Xt_l(x))) < aef 5o < o0, (29)

mo T Ko

0< 55 % 22 < min( 22 (X)) <

n
Ko mo m

where (g, Ro, lo, £ refer to the constants in (17). Before we proceed to a priori estimates we make
some remarks concerning the pressure law p(m,n) given by (6).

Remark 1. Note that we have that

b
>0, m,n >0

Pm = 1-
\/62+C (30)

ap (
m+an+k)>0, m,n > 0.
P orc 0 0

That is, p(m,n) is increasing in m and n for m,n > 0.

Pn = Qo +
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2.2. Energy estimates. We now consider the potential function Q(m,n) given by
m p S, —3 1
Q(m,n) m/ ds-/ Md& (31)
0 52
Note that Q(m,n) > 0 for m,n > 0. By direct calculation we see that
mQm(m,n) + nQ,(m,n) = Q(m,n) + p(m,n). (32)
Multiplying the first equation of (11) by @, the second by @,, and summing, we arrive at
Q(m7 n)t + uQ(m7 n)w = —Ug [QO + nQn]
That is,
Q(m7 n)t + (U'Q(mv n))l - UJ,Q(TTL, n) = —Ug [QO + nQnL
or
Q(m7 n)t + (UQ(ma n))w = Uy [QO + nQn - Q] = _uwp(ma ’I’L), (33)

in view of (32). Multiplying the third equation of (11) by v and doing integration by parts we get

7M1ﬁh+0mM%fh+u%m+%m@ﬂ+@wm—mp—Mwwh+uW02=0

2
That is,
L9 1 2 2
(§mu )t + (i[mu]u )z + (pu)ac — Ugp — u(uum)w + M(uw) =0
or
L s 1 2 2
(§mu )e + (i[mu]u + pu — putty)y — ugp + p(ug)® = 0. (34)

Summing (33) and (34) we get
1
(Qmu +Q(m,n)): + (2 [mulu® + ulp + Q] — puny ) + p(uz)? = 0. (35)
In other words, defining G(U) and F(U) as
1 1
GU) = §mu2 + Q(m,n), FU) = i[mu]u2 +ulp + @, U = (m,n,mu),
we have the equation
0,G(U) + 0,[F(U) — punty) e + p(ug)? = 0.
Integrating with respect to x and assuming that U vanishes at z = +00 we get
d [r1 ,
= [mu+anﬂm+u(%)@:Q (t,x) € [0,T] x R. (36)
R

In other words,

/R[%muQ + Q(m,n)} (z,T)dx + M/OT /}R(ugg)2 dx = /R[%mO(UO)Q + Q(moﬂlo)} (z)dz.  (37)

Note that the above approach in general does not work when we let the fluid velocities become
unequal, and new techniques seem to be required for that case. Based on the above energy estimate
we may derive results for the two-phase model by imposing more restrictive initial data. However,
in this work we seek to work within the general setting used by Hoff for single-phase Navier-Stokes
which allows general Riemann data with possible different states at x = +o0.
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2.3. More energy estimates. Now, we focus on a general potential function in the form

5, —3 m,n o
Q(m,n|m,n) —m/ m p( )}dermg(ﬁ,m), (38)
m
where m = m(z) and m = () are the functions occuring in (16), whereas g € C! is a function to
be chosen later. Most importantly, we note that we have the relation

where
Ap(m,n|m, ) = p(m,n) — p(Mm,n). (40)

Unfortunately, we do not know yet that Q(m,n|m,7) defined by (38) is a non-negative function.
To ensure this we shall consider a slight modification of Q(m, n|m, 7). First, in light of (29), we see
that for the chosen smooth functions @ and 7 such that k, <™ < Ky and ¢, <7 < 7Ty, it follows
that @m = mto(x) for to(z) € [sg, So]. Motivated by this we suggest to consider Q(m,n|m, {m) for
a constant ¢ contained in [s;, So]. Then we can obtain the following energy estimate.

Lemma 1. Let (m,n,u) be a smooth solution of (11) as described by Proposition 1. If we assume
that we can find a function g(-,-) in (38) and a constant £ € [sy, o] such that

Q(m,n|m, m&) > 0, (41)

and
m + p(m,n) < C[1+ Q(m,nm, m¢E)], (42)

it follows that we have the energy estimate

sup /]R [;m(u—uf—&-Q(m,nm,mf)} dz + /0 ! /R ()2 dadt < C(T). (43)

0<t<T

Proof. Let A(t) denote the integral A(t) = [ [3m(u—u)* 4+ Q(m,n|m,7)| dz, where T now is
given by n = m¢. Then we get

A() = /R (1(u — @)y + m(u — s + Qo (1] Y + Qu(m, n|~)nt> do
= /R < (Au)*(=mau), + (Au)(mug) + Qu(m, n|)(—mu), + Qn(m7”|')(nu)z> dzr ”
= [ (=5 (802 tmu). + (Ao [~(mae, = (o, m) ~ ).
+ Qun(m, 71, W) (=), + Qu(m, i, ) (—nw), ) e
Next, we observe in light of (39) that we have

— (Qm(mu)x + Qn (nu)x) = - (QOux + nQnuy + uQpmmy + uanx)

—(4:1Q + Ap) + uQu — uQm, ) = — (s Ap + (uQ)s — uQm, ). w
Using this in (44) we get
A(t) = /R(—%(Au)Q(mu)z + (Au) [—(mu)um — (p(m,n) - um)J o

— Uz Ap — (u@)z + uQmmm> dzx.
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Since Q(m, n|m, ) |p=too = Mg(M/TM,M)|p=100 We see that (uQ), produces a term that can be
absorbed in the constant C' appearing on the right side of (51). Consequently, we get

Al(t) + /}R[(Au)z]Qdm
= /R(—%(Au)Q(mu)w — (Au)(mu)ug + ([Au)z)? + (Au)ug, (47)

— (Au)p(m,n), —u Ap + uQmmw) dx + C.
Now, for the first two terms of second line we have (using that Au =0 at x = +o0):
—%(Au)Q(mu)x — (Au)(mu)u, = %[(Au)2]x(mu) — (Au)ug(mu)
= —mi, (Au)u = —mi, (Au)? — mu T, (Au).

For the third and fourth term of second line we have

(Au)(uz)e + ([Au))? = —(Au) sty + g (Au)y — Ty (A), = —Ty (An),.
We also have

—(Au)py — uz Ap = p(Au)y — up Ap = —pliy + Puy = —Uz Ap — (Au)p,,

where p = p(m, m¢) and Au = u — u. Consequently, we get

A'(t) + /R[(Au)m]2 da

(48)
= / (—mﬂm(Au)2 — MU, (Au) — Uy (Au)y — U Ap — (Aw)p, + uQmmI) dx +C.
R
Next, we note that
Qmmy = _m[p(m, ™) —p(m,mf)]m +@m - ﬂ@m + Mgrr(—, M)
miTy 2 x am. " mdm® 9m m’ x-
Thus,
_ _ _m [p(ma %m) B p(m7 m&)}f no__.__
= —(Au)p, + up, — UPy— — MU — My + mugm(g, M),
Dz — LN _n.
= —Z2(mAu +uAm) — muCi(m, &, — )My + muCs(m, — )My,
m m m
where Am = m —m and
_.n p(m, 7-m) — p(m, mé _n n o __
Ca(m, ¢, 2y = M _PORTE) o 2y (B i,
m m m m
To conclude, we have
A + / [(Au)a)? do = / (s (D)2 — T, (D) — 7, (A), — T, Ap
R B R (49)
- %(mAu +uAm) — mum,C1(m, &, %) + mum,, Ca (T, %)) dx + C.
Smoothness properties of m and the fact that % is bounded are then used to bound terms on

the right hand side of (49). Particularly, to bound C; we use that
n n
[p(m, o) — p(m, mE)| < max |p, (5, v)| | —mg| < Clso — 5ol < C(50 = s0),
m VE[Lqy,%0] m

since n = som and m = {m for so,& € [sg,S0]. Similarly, we can bound Cs. In the following
we make use of (41) and (42), in particular, we rely on the the fact that Q(m,n|m,&m) is a
non-negative function and consequently also A(t) given by

A(t) = /R [;m(u — )% + Q(m, n|m, mf)} dx. (50)
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We then estimate the various terms on the right hand side of (49) by A(t) or C(T') as follows:

o [rmu(Au)de < C [T m2Au)[m2Au)dz < C [T m(Au)? dz < 20A(1),
where we use that @, = 0 outside [—1,+1].
e Similarly, by applying (42) we get

+1
/ MU Ty (Au)de < C m/2[m!/? Au] dz
R

-1

< C(/:lmdx)lﬂ(/:lm(Au)Qda:>1/2

< c(/“u + Q(m, n|7, 7E)] dm)1/2 (/H

-1 -1

< CL+AW®)]Y2AM)Y? < C[1+ A1)

1/2
m(Au)? dz)

o [olUn(Au)ydr < 6 [o(Au)ide + 1C6! f_+11 1dx, & > 0. Thus, the first term on the
right hand side can be absorbed on the left hand side of (49);

e Again, by referring to (42) we get
+1 +1
/ﬂzApdx <C(1 +/ p(m,n)dz) < C(1 —|—/ 1+ Q(m,n|m,m&)]dz) < C[1 + A(t)].
R -1 -1

In a complete analogous manner we can estimate the terms [ % (mAu+uAm)dz and [ mum, dz.
Consequently, we see that we end up with

A'(t) + / [(Au),)?dx < C + CA(t), (51)
R
for a suitable choice of C. Application of Gronwall’s lemma then gives the desired result. O

Equipped with the fundamental energy estimate (43) we can extract estimates of m(u — )2,
Q(m,n|m, m¢) and (u;)?. What remains is to show that a proper choice of g and ¢ in fact can be
made such that (41) and (42) hold.

2.4. Properties of the potential Q(m,n|m, m¢). In this section we shall carefully investigate
properties of the potential function Q(m,n|m,m¢) defined in (38). The goal is to conclude that
the quantity m+p(m,n) can be controlled by a non-negative potential Q(m,n|m, m¢) as described
by (42).
In view of (28), we see that m and n are related as
n = mso(t, x), so(t, x) € [sg,S0]-
Now, we consider the function G(m, so;m, &) defined by
G(maso;ma 5)::Q(m350m‘m7 gm)a (52)

for m > 0 and sg,§ € [sy,30]. Consequently,

G(m,so;ﬁ,f):m/ p(s, 505) — p(m, &m) ds +mg(so,m), m>0, s0,&€ [sg,30]

2
ﬁ S

We may write this function in the form
G(m, 50:7,€) = mQ(m, T, s0) + p(, €)1 = = | + mg(s0, ), (53)

where

Q(m,m,sg) = /m p(s: %09) ds.

m s?
First, we note that
G(m, so;m, &) =Mmg(so, M), (54)
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which we want to be non-negative by an appropriate choice of g to be determined below. Moreover,

G, 50:7,) = - (Gm. 50;78,€) + [p(m, som) — p(im, &70)] ). (55)

Consequently,

G (78, 5057,€) = 9(50,77) + = [p(71, 5071) — P, M), 50, € [y, 0,

which can take both signs, i.e., G(m, sg; T, £) can be both increasing and decreasing at T depend-
ing on the choice of g, sg, and £. Furthermore,

1
Gmm(m7 So;ma g) = Epm(m, 80m> > 07 m > 07 SO)€ € [§07§0]' (56)

Consequently, G(m, so; T, &) is a convex function in m for m > 0 and sg, & € [sg, So)-
Let us focus on the situation when & = s,. That is, we consider G(m, so; 7, sy). For this case
we have

1
Gm(my So;mvéo) = 9(807m) + %[p(ma Som) - p(m7§0m)] = 07 So € [§0a§0]7

if we choose that g(sp, ™) is given by

_ . _ _

g(so0,m) = —%[P(T’% som) — p(m, sym)], s0 € [sg,S0]-
Thus, T is an absolute minimum for G(m, so; T, s,) for all sg € [sy, So]. However, for this choice,
unfortunately, we have that
g(SOam) S Oa

and (54) is not ensured to be non-negative, since p(m,n) is increasing as a function of n, see
Remark 1. Obviously, we should instead consider the choice £ = 3¢, that is,

G(m, So; M, g0)7

together with the choice

g50.) = = —[p(m, 5070) — p(T 50, 50 € [ss ol (57)

ensuring that g(sg,m) > 0 for all sg € [sy,50]. Thus, we may conclude that G(m, so;,30) is
convex in m and possesses an absolute minimum at m and G(7, so; M, So) > 0 for all sg € [sg, So]-
We also note that (53), by the choice (57), takes the form

G(m, 5037, 50) = mQ(m, 7, 50) + p(, 507) — ==p(7H, s07). (58)
From this it follows that
lim inf G(m,so;m,30) = p(M,S0m) > p(kg, Sokg) > 0, (59)

m—0
since Q(m,m, sg) = f; p(s, 808)/s? ds is finite as m approaches zero.

Proposition 2. For each interval [sy,So] and for each given function M € [k, Ro, the following
holds for G(m, so;m,3) given by (58):

G(m, sp;m,30) > 0, m > 0, S0 € [89; S0)s (60)
m + p(m, som) < C[1 + G(m, so; T, 5)], m >0, S0 € [39, S0, (61)
lim inf0 G(m, so;m,50) > D, S0 € [0, S0)s (62)

for appropriate choices of C = C(sqy,30,m) and D = D(3o, ky) which also depend on the pressure
law p(m,n).

Proof. Claim (60) follows directly from the above discussion whereas (62) follows from (59). What
remains is to verify that (61) holds.
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Consequently, (61) holds for 0 < m < m.

The case m > . First, we note that (see Figs. 1-3 for a visualization of G(m, sp;m,3p) and
p(m, som))

def

J(m) := G(m, sy; M, 3S0) < G(M, s¢; ™, S0) + G(m, so; M, 30), (65)

for all (sg, m) € [sg, So] X [, 00). Now we intend to try to bound m and p(m, som) by the function
J(m) = G(m, sy; M, Sp) in the region [sg, So] X [, 00).

Clearly, in view of (54)—(56) and (57), it follows that J(m) > 0, J'(m) = 0 and J”(m) > 0 for
m > m. Consequently,

m < CyJ(m), for m > m, (66)

for an appropriate choice of Cy = C3(Tm, s, S0)-
Next, we focus on p(m, som). First, we observe that

p(ma SOm) S p(ma §0m)::I(m)' (67)

We want to demonstrate that
I(m) <Ci+ CQJ(m), (68)
for appropriate choices of C; and Cs. More precisely, we have that I(m) is given by

I(m) = p(m7§0m)

= —ko+ m(l + aogo) + \/k(z) - 2]{10(1 + aOEO)m + (1 + a0§0)2m2 + 4dkoagSom
= Il(m) + 12(m)7

where I1(m) is a linear function in m and Is(m) is the square root of a second order polynomial
in m. Clearly, both can be bounded by the function Cy + CyJ(m) where Cy = C1(s, So, ™) and
Cy = Cy(sg, S0, M), thus, (68) follows.

To conclude, in view of (65) and (66) and (67) and (68), we see that (61) also holds for
m > m. g

Now, we are in a position to conclude that the following holds:

Corollary 1. The potential function Q(m,n|m,m&) defined by (38) satisfies the properties (41)
and (42) by using the choice

n 1 n

€:§Oa g(ivm) :*:{p(m7 7m)7p(ma§0m) .
m m

Proof. We just have to observe, in view of (28) and (52), that

Q(m, njm, msg) = Q(m, mso(t, z)|m, mse) = G(m, so(t,x); M, 30),

and the result follows from (60) and (61). O
To sum up, we see that Lemma 1 and Corollary 1 imply that

sup /G (m, so(t,x);m,30) de < C(T), (69)

te[0,T]

(ug) dxdt<C( ), (70)
[ fe

sup /Rhm(u—u) } dz < C(T). (71)

0<t<T
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2.5. Pointwise estimates. The next task is to explore how we can obtain pointwise bounds on
m(t, z) and n(t, z). Equipped with the results of Lemma 2 we closely follow the proof presented in
[23] and then observe how the more complicated pressure term p(m,n) naturally can be handled
in this approach by making use of the fact that the masses m and n are related to each other by
one and the same momentum equation.

Lemma 2. Let (n,m,u) be as in Lemma 1. Then there is a constant C(T) such that
C(T)~' <m(t,x) <C(T),  (t,z) €[0,T] xR. (72)
Moreover,

5,C(T) ™! < n(t,x) < C(T)3o, (t,z) € [0,T] x R. (73)

Proof. We consider an arbitrary point (¢g,zo) and our aim is to obtain the bounds of (72) at this
point. First, we use Hoffs observation that there must be a nearby point (¢9, 1) and a constant
C(T) such that

C(T)™' < m(to, ) < C(T) (74)

This follows by making use of (62) and (69), we refer to the proof of Lemma 4.1 in [33] for more
details. The purpose now is to show that this also holds for m(to, zg). As a step toward that aim,
we shall estimate the differences

AM (to) = logm(to, 1) — log m(to, zo), AN (to) = log n(to, z1) — logn(to, o)

by considering its evolution along the particle trajectories. Thus, we define X, (t) by

Xj = u(t, Xj)
. (76)
Xj(to,l‘j):xj, 7 =0,1, t e [O,T]
Clearly, from the two mass equations it follows that
n(to, Ij)
n(t, X;(t) = m(t, X;(t)) —292
( ,8)) = m(t, X, (1) 70
Generally, we have from (28)
n(tv l’) 1o -1
=—(X = so(t
m(t,w) mO( t (JZ)) 50( ﬂ'r)7
for the characteristic X;(z) starting out from z at time ¢ = 0. Consequently, we have
n(to, T; _
(b X)) = m(t. X, (0) 0L e X O)solton ). so€ sl ()

m(to, ;)
Furthermore, let

AM(t) =logm(t, X1(t)) — logm(t, Xo(t)), AN(t) =logn(t, X1(t)) — logn(t, Xo(t)). (78)
We then obtain from (11) that

d mmX +m mxX +m
SAM = T (1 (1)) — T (1 X (1)
X1 Xl
—w = [ unltayde == [ it p(mn),) do (79)
Xo Xo
dal
=——-A
dt D,
where
X1 X,
I(t) = mu dz and Ap = p(m(t,-),n(t,
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In particular, we have used that

X1
%I(Xo(t),Xl(t),t) = mu?(X,(t),t) — mu?(Xo(t),t) + i (mu(-,t)) da
X1 5 X1 .
:/XO (O[mu] + 0, [mu?]) dac:/X0 (ma) dz.

For the pressure term Ap we decompose into two components corresponding to the two variables
m and n as follows:

Ap(t) = p(m(X1),n(X1)) = p(m(X0),n(X0))
= p(m(X1).n(X1)) = p(m(Xo).n(X)))
+p(m(Xo),n(X1) ) — p(m(Xo),n(Xo))
def

= (Ap)1(t) + (Ap)2 ().
For the (Ap);(t) and (Ap)s2(t) terms we extend the idea of [23] and introduce

a(t) = (Aph(t)/AM(t),  B(t) = (Ap)2(t)/AN(2),

and observe, in view of (78), that a(t) and ((t) are both positive since p(m,n) is increasing both
in m and n and log(+) is an increasing function. Using this in (79) we obtain the following linear
ode

d d

The calculations (79) can be performed for AN(t), as well, since fluid velocity is the same for both
phases and they share the same momentum equation. Thus, we obtain a corresponding equation
for the AN(t) variable.

d d

Immediately we can conclude that

d d

—AM = —AN

dt a7
that is,

AM(t) = AN(t) + Cy,
where Cj is (invoking (77) and (78))
log(so/50) < Co = log(so(to, z0)/s0(to, x1)) < log(S0/s)-

Inserting this in (80) we get

%AM + [a(t) + B(t)]AM = _%1 + CoB(t). (82)

The solution is of the form

AM (t)p(t) = AM(0)u(0) + / j(s) [—%us)woﬁ(s) ds, p(t) = exp( / A(s)ds),
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where v(s) = a(s) + 4(s). Noting that ©(0) = 1 we have

AM(t) = A% © /0 o(= Ay ar) [—Cil(s)—i—coﬂ(s)} ds
_ AM(O) o 6<_f-: "/(T)dT) s ¢ _ ’ s e(—f:'y(r) dT) s) ds
Fa 1o - [ 19 () ds|
+/0 e(_f:"’(T)dT)Coﬁ(s) ds
AM(0)

= 1u(t) - [I(t) - 1(0)6(7 Jov(7) dT):| n /t ,Y(S)I(S)e(, [ty ) N
0

t
+/ e(ff:“’(T)dT)CoB(s) ds.
0

Noting that 1/u(t) = exp (— fot ~(7) dT) < 1, we have
|AM(8)] < [AM(0)] + [T(0)] + [ (2)]

+ [ B [yl + Icola)] ds
< [AM(O)| + |0)] + 1)

t
+ [ e ) [1(0) + ol as.

since B(s) < ~y(s). The term I(¢) can be bounded by observing that

X, X 1/2 X4 1/2
|[I(t)| = ’/ mudm’ < / mdx mu? dx .
Xo Xo Xo

Clearly, (61) implies that
m < C[1+ G(m,so,m,30)], Vso € [sg, So)-
So, provided that | X (t) — Xo(¢)| < C(T), it follows from (69) that f))((ol mdz < C(T). Similarly, in

view of estimate (71), we conclude that f))(il mu? dz < C(T). Thus, it follows that |I(t)| < C(T).
The estimate | X (t) — Xo(t)] < C(T) can be obtained as in [23]. The main observation is that

d X1 X1 X1
— (X1 — Xo) =u :/ Uy dx > —(Xl—Xo)f/ u? du,
Xo Xo Xo

(83)

dt
where we have assumed without loss of generality that X; — Xy > 0 and used that

X1 X1 X1
/ —Ug da:z/ X{_umgl}(a:)(—ux)dx—k/ X{—up>1}(7)(—uz) dz
Xo

Xo XO
X1 Xl
< (X1 — Xp) —|—/ X{—up>1}(7)(—uz) dz < (X7 — Xo) +/ u? da.
XO XO

Application of estimate (75) and the control on wu, via (70) then gives the desirable estimate.
Moreover,

' t
/ o S dT’y(S)\I(Sﬂ ds < C(T)/ e~ SIv(r) dT,y(S) ds,

0 0
which clearly must be bounded by a constant C(T") since ~y(¢) > 0.
From (83) we then conclude that |[AM(t)| is bounded for ¢ = ¢, thus, we have

|[AM (tg)] = |logm(z1,t0) — logm(zo,to)| < C(T).
As a consequence, we have

[ logm(xo,to)| < [logm(zo,to) —logm(z1,t0)| + [logm(z1,t0)| < C(T),
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where we have used (74). From this estimate we can conclude that (72) holds for the fixed
but arbitrary point (zg,%o), and by that also for all points. Finally, we observe that (73) is a
consequence of (72) and the fact that n = msg where sg € [s, So]. O

2.6. Additional regularity results. Equipped with the upper and lower limit for m and n
(Lemma 2) and the energy estimate of Lemma 1, we will derive more regularity results for various
quantities. The main issue here is to make use of the parabolicity of the momentum equation to
obtain certain higher order regularity estimates for the fluid velocity. Particularly, the following
lemma is obtained by the same arguments as used in [23, 22]. For completeness and the convenience
of the reader we sketch the main calculations and observe that the more complicated pressure term
p(m,n) gives no new problems, chiefly since we are armed with (72) and (73).

Lemma 3. Let (m,n,u) and T be as in in Lemmas 1 and 2, and let o(t) = min{l,¢t} = 1V ¢t.
Then there is a constant C(T') such that

T
OiltlgT/]R [(Au)? + (Am)? + (An)?] dx +/0 /R(ulc)2 dxdt < C(T), (84)
oiltlgTU( )/ Uz ) dx+/ / 2 dxdt < C(T), (85)
T
2 -+ \2 2/ \2
O;ltlgTa(t) /R(u) dx—i—/o /RJ (g)* dadt < C(T), (86)
[u(t, ) ooy < C(T)a(t) ™4, (87)
(u) /205 < O(T)o(r) V2, (88)
Julta, ) —ults, )| 2@ < C(T)o(t1) 2tz — t1)/?, (89)
lm(ta, -) = m(ty, )| 1) + | (mu) (b2, -) = (ma) (b1, -1y < CT) (k2 — 1)'?, (90)

1/2,1/4

[+, T] xR 1s the usual Holder norm with

where 0 < t1 < ty < T. Here &t = % = uy + uu, and (u)

coefficient 1/2 in space and 1/4 in time.

Proof. First, by Lemma 1 (in view of Corollary 1) and Lemma 2, (84) follows directly. The
estimates (87)—(90) follow directly from (85) and (86) and the model itself (11) (weak form), see
Section 5 in [22] for details.

We focus on estimates (85) and (86). We assume that @ = 0 and 7,7 are constants. The
extension to the more general case as specified in (16) is rather straightforward.

Step 1. First, we focus on an estimate for the terms o (t) [ |uq|? do and fOT Jg olu|? dzdt appear-
ing in (85). We have
mu + p(m,n)y = Ugy. (91)

We multiply (91) with o(t)u and integrate:

/ /0m|u\2dzds 7/ / —oUup(m,n)y, + ol deds. (92)
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For the first term on the right-hand side we have

t
—/ /a(s)(us—&—uum)p(m,n)m dxds
o Jr
/ / )(us)Ap(m,n dxdsf/ / )(uug )p(m,n), deds
/ / (ug)sAp(m,n dxds—/ / Y(uug)p(m,n), deds

= at) [ [ucBp(m, )t di / / (1) (0 Ap(m, n), duds

/ / (uug)p(m,n), deds
()/[%Aptﬂﬁdaf*//ux s)Ap(m,n) drds

/ / [p(m, n)su, + p(m,n)uu,] deds,
where Ap = p(m,n) — p(, 7). The integrand of the last term is
o(8)pm (—m(us)? — mauuy + mauug) + o(8)pn (—n(ug)® — npuu, + nguuy)
= —0(8)[pm(m,n)m + p,(m,n)n](u,)>.

Therefore, by using that Ap = [p(m,n) — p(m, n)] + [p(Mm,n) — p(M, )], we conclude that

oup(m,n), drds

< C(T) [a(t) /]R |uz|(|]Am| + |An|)(t, z) d

1vt t
+/ /|um|(|Am|+\An\)(s,z)dxds+/ /|uz\2dxds]
0 R 0 JR

The second term of the right-hand side of (92) is given by

/Ot /Ra(us + Uy ) Ugy dxds
/Ot/Rausumdxds+;/Ot/Rau[(ux)2]mdmds
—/t/a(uz)sugg dxds — 1/t/a(ug@)(u$)2dmds \
9
:77/ / (ug)? dwdsff/ / o(uz)? drds o

= )/ 2de 4+ = / / dxds—;AtAU(uw)3dxds
é)/(um)zd:ﬂ+2/1Vt/(u1)2da¢d$+(‘)1,

where O = —35 fo Jg o(uz)? dads. Substituting (93) and (94) back into (92), we obtain

a(t)/R(uz)de—i—/o /Raw\Qda:ds

<)o) [ fusl(am|+|an]) dz

1Vt t
+/ /|um|(|Am\+|An|)dxds+/ /|um|2dxd5+01].
0 R 0 R

(93)
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This together with (84) and the inequality

/|u$| Am| + |An|) dm<(5/ |uI|2dx—|— [(am|+|an)?de. 5> 0.

U(t)/Rum|2d:c+/0t/Ra|u2dxds<C(T) [co+/0t/Ra|um|3dxds]. (96)

We note that the two-phase nature through the appearance of both Am and An in (95) can
naturally be handled through the estimate (84).

show that

Step 2. Next, we derive an estimate for the terms o (t)? fR ©)? dz and fo fR 2 dxdt appear-
ing in (86). To that end we apply the operator (-); + (u-), to (91) and obtaln

S D, W) (ap(m,1)2), = (e + [zl ), (o7)
d

where = (+) = ()¢ + u(-)z. We shall make use of the following transport theorem: if pw» = g and

dt
1 2|* ' L, o
—hpw ‘ dr = —h'pw* + hwg | dzds
2 0 0 2

if h = h(t), then
Applying this to (97) with h(t) = 0%(t), p = m, and w = @ (which implies that g = m
obtain

fa /m|u|2dw—/ / (s)m|u|* dxds
/ / 0%~ (p(m. ), + up(m. n),), ] dods + / t / 0%t (g + [z, | dads.

We apply (96) to bound the first term on the right-hand side noting that ¢’ < 1 and m is bounded.
The second term on the right may be written in the form

/t/a2u —[pt-i-upz]) dxds

/ / —pm|me + umy] — prn: + unx]) dxds

d

7 () we

= —/ / 2 [P + ppnlug (1), deds.
0o Jr

The term is therefore bounded in absolute value as follows:

t
‘/ /02[pmm+pnn]u$(u)w dxds‘
745 / /\ux| dxdt+5/ / Ve|? dadt < C(T Co+5/ / )e|? dzxdt,

by (84). For the third term on the right-hand side of (98) we have

/t/azu[(um)ﬂru(um)m] dads

/ / [(uz)t + w(ug )] deds = / / (up)z + (utiy)y — (ug)?] (1), dads
/ / ()2 (11)?] dds = / / )el? duds + 05,
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where 0y = fot Jg 02 () (ug)?] dads < 5[0 J 02[(0))? dads + 1/46~ 1f0 Jg 02 (ug)* dads. Substi-
tuting these estimates back in (98) yields

/\utm|2dx+// Ve|? dads
t
T) [C’O+/ /a|ui|dzds+/ /02|ux|4dxd3]
o Jr o Jr

Step 3. Finally, we must verify that the terms fg Jz olug|? deds and fg Jg 02 |ug|* dads, can be

controlled. Clearly, [} [, olu,|* drds < 1 fot J lug|? dods + 3 fot Jg 02|uz|* dzds, by application of
Cauchy’s inequality, so in view of (84) we only need to focus on the last term. For that purpose
we consider the effective viscous flux F' given by

(99)

= Uy _p(m7n) +p(maﬁ) = Uy — Ap
Thus, it follows that

/\um|4dx§0{/ |F|4dx+/|Ap|4dx} gc[/ e+ 1], (100)
R R R R

where we have used (84) and the pointwise bound on m and n in Lemma 2. Clearly, by virtue of
Sobolev inequality, we have that || F[|7 < gy < C(|F||72) + [ Fzll72y)- Thus,

[ < 1Pl [ 197 do
R R
< C||F||2L2(R) <||F||2L2(R) + HF:C”%%R)) = OHFH%Z(R)}L(S) + OHFJC”%?(]R)h(S)a

where h(s) = ||F(s, )||L2(R) In particular, it follows from (84) that h is integrable, i.e. fo s)ds <

C(T). We note that F, = mi + p(T,7),, therefore, in light of the pointwise bound on m and n
in Lemma 2 and the smoothness of 7, which become constant outside [—1, 1], we get

[Fe(t, M2y < CUlalt, N e + 120 )elT2ry) < Clat, )72 + 1)-
Consequently, we have (using that o(s) < 1)

/Otoz(s)/|F|4dxds

<0 [ PN Nahts) s+ C [ oIFIEsgehls) ds
(101)

t
<c / o2(5) {2 e + 1Jh(s) ds + C / () [l 2y + 1]A(s) ds
t t
SCQ+Cl/ 02(s)||u\|%2(R)h(s)ds+Cz/ U(s)||ux||2L2(R)h(s) ds.
0

Here we again have used that [(2—p)(t, )| Fae) < C(I1Am(t. s +1An(E)ll22) < C(T),

in view of (84) and the pointwise bound on m and n in Lemma 2. Summing (96) and (99), together
with (100) and (101) (and redefining constants), yields the integral inequality

o (1) s () 22 gy + (Ol ) ey + //a\u|2dxds+// )ol? da ds

< Co+01/0 o2 ()5, )2 (s )d8+02/0 0(5) 1tz (5, ) |2 g 1 (5) ds.

Application of Gronwall’s inequality then gives

sup_o(0)ulFqe) + sup_ o0l + / [ olif? asds + / [ (il dsds < e,
0<t<T

and (85) and (86) follow. O
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3. COMPACTNESS AND CONVERGENCE TO WEAK SOLUTIONS

Let (mg,no,up) be as described in the theorem (particularly, they can be discontinuous). We
regularize the initial data by defining m$ = jsxmg, u§ = js*uo, and where js(x) = 6~j(x/5). The
estimates of Lemmas 1-3 then apply to show that the corresponding smooth solutions (mgs, ns, us)
of (11) with initial data (m§, nd,ud) exist for all time and satisfy all the estimates of Lemmas 1-3
with constants C'(T') which are independent of 4.

By using standard compactness arguments we know that there is a subsequence § — 0 for which

u® — u uniformly on compact sets in R x (0, 00),
u(t,-) — u(t,-) — 0 strongly in L*(R), t > 0, (102)
ul(t,-) — ug(t,-) — 0 weakly in L(R), ¢t > 0,

x

and such that the limiting function w inherits all the bounds in Lemmas 1 and 3 which pertain
to u and u,. We also find a subsequence for which (m?,n%) converges weakly, say to functions
(m,n). However, this does not guarantee that p(m?,n%) converges to p(m,n). Consequently, we
can not conclude that the limiting pair (m, n,u) is a weak solution of the second equation in (11).

We shall have to obtain the masses m and n as a strong limit of m?,n?.

3.1. Identification of limit functions. The purpose of this section is to verify that the following
lemma holds:

Lemma 4. Let m® n® u’ and u be as above. Then there is a further subsequence § — 0 and
limiting functions m,n such that

ml(t,-) —mf(t,-) — 0 strongly in L2 (R), t > 0,

S o (103)
n°(t,-) —n(t,-) — 0 strongly in Li,.(R), t >0,
U;i(t,) _p(mg(tv)ané(t)) (104)
- U‘I(tv ) - p(m(t, ')a n(tv )) strongly in leoc(R)7 t>0.
and the limit functions n,m satisfy %(t,x) = %(Xt_l(a:))7 (105)
0

where Xy(x) is the characteristic which takes x as its starting point at time t = 0.

From this lemma, it follows then rather directly that the limiting pair (m,n,w) is indeed a weak
solution of (11) with initial data (mg,ng, ug), and that the regularity results of Theorem 1 hold.
We refer to Section 5 of [22] for more details.

Proof. The approach is to first deduce Holder continuity type of estimates for the effective viscous
flux ud — p(m?,n’) for a sequence of approximate solutions (m?,n°,u°). This estimate relies on
continuity estimates for particle trajectories. Equipped with the regularity of the effective viscous
flux we then derive continuity estimates for the quantity log(m?). From these estimates we can
conclude that there is a limit function m such that m® and (m®)? converge weakly to m and m?
in L2(R) for each t > 0 from which strong convergence follows. Similarly arguments are used for

nd.
Step 1. We obtain strong convergence first in Lagrangian coordinates. Thus define the particle
trajectories X°(t,y) given by

dx?®

——=u' (LX), X0,y =y (106)

Furthermore, we set
t
0, (1,3) = J(t.9) = [0 (s, X5 (eum) ).
0
The last equality follows since we have that

. d
8yX5 = uém(taXé(tay))ayXé’ Le. %Xg - ui(t,X‘S(t,y))X;
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In particular, we get
o d = Jul(t, X°(t,y)).
Consequently, we see that
Ay (Jm’) = 8, Jm® + Jopm®
= Jasmd + J[d 9, X0 + md] = (am +8,[a ‘“5}),
where @’ (t,y) = u’ (t, XO(t, y)) and M’ (t,y) = m? (t, XO(t, y)) . Thus, in terms of the Lagrangian

variables (skipping the ”tilde” notation), we see that the continuity equation for m can be written
as

m®J] =0, ie. J= nm (107)

Hence, from the estimate (72) we have

8
eyt <) <O, () e 0.T) xR (108

Uniform Holder continuity of the X° in t follows from (106) and (87). There is therefore a

subsequence § — 0 for which X% — X uniformly on compact sets in [0,00) x R. Furthermore,

(108) guarantees the existence of the inverse function Y°(t,-) of X°(t,-), and we can again assert

that Y — Y uniformly on compact sets in [0, 00) x R, where for each ¢, Y(t,-) = X ~1(t,-).
Next, define

M5(t,y) = logm® (t,X‘s(t,y))
N‘;(t,y) = logn® (t,X‘s(t,y))
Fg(t’y) = [Ug _p(méané)} (t’Xé(tuy)) :

We claim that there is a subsequence 6 — 0 for which

Fo(t,-) = F(t,-), t>0 (109)
MO(t,-) — M(t,), t>0, (110)
NO(t,-) = N(t,-), t>0, (111)

strongly in L (R). To prove (109) we simply compute

OF% 9X? 0X? 0X?
;: X% By (g, = p(m®,n°),] (t, X°(t,y)) —— 2y = [m°u?] (t. X°(t,y)) — By

which by (72), (86), and (108) is bounded in LZ (R), uniformly in 4, for fixed ¢ > 0. Also,

OF° 9X°  OF°
Pl = s o+ o = 0 lud = plm® n),] + [, — p(m®, %))
= [udy + uu’] — om0 + ] = ()] + )]

= [(u0)z — (ud)?] + P (m®, P )mOul + po(m®, n®)nul.

)

Here we have used that

(W0)g — (u8)? = By (uf +ulul) — (ud)? = udy +u'ul,.

x

By using (85) and (86), together with (72) and (73), we can conclude that F) is bounded in
L3(R x [r,T)), uniformly in 4, for each 7 € (0,7]. These estimates prove (109).
To prove (110) we compute from (11) that

=—(F°+p°) = N, (112)
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where p° = p(m?®,n%). We fix §; and 6, and define
oM = (p(m®,n%) — p(m®,n®))/ (M’ — M)
o = (p(m™ n*) = p(m™ %)) (N = N,
which both are positive since p(m,n) is increasing in m and n together with the fact that log(m)

and log(n) are increasing, respectively in m and n. Next, we apply (112) and obtain that

('% - oM y1 + Ny = B,

5y2

ot + My + Ny, =,

where
= (M2 - M%), gy = (NN, f=—(F% - P,
This system of ODEs is easy to resolve since we directly see that
y1 =y2 + Co, Co = 41(0) — y2(0),
and
I

E—i—[a + « ]1:ﬁ+OéNCO.

Its solution is given by

& (e ey, ) = [5(0) + ¥ (ol "D, alt) = a¥(1) + o (1),
that is,

¢
yr(t) = e~ Jo @) dsy (0) + / [B(s) + N (s)Cole™ Je M) dT g,
0

Consequently, using that o™ (t) < a(t), we get

()] < o (0)] + / 18(s)] ds + (Jy (0)] + [y2(0)]) / e~ It o () ds,

Hence, we can conclude that for a finite interval K C R we have
M2 (1) = MO (-, )| 2ae) < 1MO2(-,0) = M (-, 0)| 2 i / 1F% (-, 8) = FO' (-, 8) | 2 ) ds

+ (| M2 (-,0) = M (-,0 )HLz(K) +[IN%2 (-, 0) — N51('70)||L2(K))C(T)'
This together with (109) proves that {M°(t,-)} is a Cauchy sequence in L2 (R) for each ¢ > 0,
and (110) follows. Finally, the relation between y; and ys implies (111).
Step 2. According to the definition of M?® we have
ml(t, ) = exp (M‘s(t,Y‘s(t,ac))) .

We therefore define a limit mass m by

m(t, ) et exp (M (t,Y (t,x))),

where M is as in (110) and Y'(¢,x) is the limiting inverse particle trajectory obtained earlier.
Concerning properties of m, first, it is clear that |[M°| < C and |M| < C, and it follows that

C(T)™' <m <O(T).
Similarly, it follows that m inherits the L? estimate (84). The same results of course also hold for
the pair (n®, N?) and the corresponding limit functions (n, N).
We observe that the uniform convergence Y% — Y and the strong L? convergence M° — M
are insufficient to guarantee the strong L? convergence of the composition m® = exp (M g (Y‘S)) to

the limit function m. We shall instead show that for k = 1 and 2, [m?(t,-)]* — [m(t,-)]* weakly
in L?(R). Then, in turn, this can be used to deduce the strong convergence

m®(t,) = m(t,-)  in Li(R). (113)
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First, we assume that ¢(z) is a smooth test function having compact support in R, and then

we compute at a fixed time t. First, we have

/[(mé)k _ mkkb do = / [ekM‘S(t,Yé(t,m))qs(x) _ ekM(t,Y(t,m))qs(w)} dx
R R

4

= [0 Ty~ [ DX 0) Sy
R R dy

dy

For the first term in the integrand we use the substitution

d 9X?0
y:Y(S(ta'T)a le .IJZXé(t,y), di.; = Ty>
while for the second term we use
d o0X
y=Y(t,x), ie. xz=X(ty), d—gyc:a—y
Using this we get
X6
[l =t = [ [e590 (1) — 0] o0 2 1) dy
R R y
kM (t,y) 5 8X6
+ | fMED [o(XO(L,y)) — d(X (t,y))] Ty(W) dy
R
0x° 0X
+/ekM(t’y)¢X ty [ ty) — —— t,y] dy
[ (X)) | G (t0) = ()
=A+B+C.
To estimate these terms we use:
0X?° 5
A1 Mol [ ek gy
Y llpee(r) /supp(e)
8X? 1 s
< - oA~ su /2 HekM _ ekM‘ .
< ||#l] Lo () ‘ 3 || ey pp(9) L ®

The convergence follows in light of (108) and the fact that

< max(keFM 1) HM5 — MHL2 ®) "
loc

5
HekM _ekM‘ ] <
Lloc(R)

The convergence of B follows by (108) and the uniform convergence X° — X uniformly on compact

sets. The convergence of C' follows since
0X° 90X

Ty aiy, Weakly in Ll20(: (R)

By an approximation argument we can show that the above convergence holds for ¢ € L?(R)
by making use of the L> and L? uniform bounds which hold for both m® and m. By standard
functional analysis, see for example Theorem 2.11 in [14] for one variant of this result, (113) now

follows. By considering
n®(t,z) = exp (N5(t, Y‘S(t,x))) .

and
n(t, x) o exp (N(t,Y (t,2))),
we can show by the same arguments that
no(t,-) — n(t,-) in L? (R).
Consequently, (103) has been shown. Next, by (102) and (103)
up(t, ) = p(m°(t, ), n’(t, ) + p(m, )
= Ug(t, ) = p(m(t,-), n(t, ) +p(m,n), >0,

(114)

(115)
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weakly in L?(R). On the other hand,
s

x

4

(ud — p(m®, n%)), = m® (u)

which is bounded in L?(R), uniformly in 6, by (86). The convergence in (115) is therefore strong
1n L%OC(R)'
Step 3. Finally, we note from (107) and the corresponding equation for n that we have the relation

miy)  n(y)

mo(t, XO(t,y))  no(t, X°(t,y))’

or equivalently,

It’s clear that s
n o .
(VP (x)) = —(Yi(z))  in L*(R)
mg mo

due to the strong convergence associated with Y and m§, nj. Moreover, by decomposing
s

L_ﬁ_(L_£)+(£_ﬁ)
mé  m  \m® md mé  m
5

Wt | nlo
md(z,t)  m(z,t)

by using the strong convergence n® — n, 1/m® — 1/m in L?*(R) and the boundedness of m’® and
n. Consequently, (105) holds.

we see that

in L*(R)

O

4. SOME NUMERICAL EXAMPLES DEMONSTRATING CHARACTERISTIC BEHAVIOR

The purpose of this section is to demonstrate characteristic behaviour of the viscous two-phase

model. We write the model in the vector form
0
wy + f(w): = 0 )
HUgy

where w = (w1, w2, w3)T = (n,m,mu)? and f(w) = (nu, mu,mu?® + p(m,n))T. We have used
the no-slip condition. We apply Riemann data where we initially have a jump in one or several
variables. It is interesting then to study the development of these jumps at later times. We recall
from [20, 21, 23] that initial discontinuities in the density for single-phase Navier-Stokes equations
in 1-D persist for all time but decrease exponentially fast in the time variable. In Example 1 we
have chosen initial data such that ng/mg is constant. Our two-phase model then gives a ”single-
phase” type of behaviour of the initial discontinuity. In Example 2 and 3 we consider other initial
data, respectively, corresponding to an initial increasing (Example 2) and decreasing (Example 3)
jump in ng/mg. The evolution of the initial jump then shows a behaviour fundamentally different
from the single-phase case. For comparison we also have included solutions when the physical
viscosity is neglected.

Example 1 (vanishing discontinuity). We consider the compressible liquid-gas two-phase
model with Riemann data

(w1,r,w1,r) = (1/18,1/20), (we,r,ws r) = (500/9,500/10),
(ws, L, ws,g) = (5000/9,5000/10).
In Lagrangian coordinates ¢ = wy /wy and v = 1/ws this corresponds to
(cr,cr) = (1/1000,1/1000), (vL,vr) = (9/500,10/500), (ur,ugr)= (10,10).

Results are presented in Figures 4 and 5 and show results after time ¢ = 0.5 and ¢ = 1.0, respec-
tively.
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We observe from Figure 4 and 5 that initial jumps are dying out as time runs. This can be
understood from the fact that ng/mgy = ¢ is constant, thus, the two-phase model behaves similar to
a single-phase model since n/m = ng/my for all later times, and the single-phase analysis directly
carries over to the two-phase model. For example, the pressure p(m,n) = p(m, mc) = P(m) where
¢ is constant, and the behavior of P(m) is similar to the single-phase case.

Example 2 (persisting discontinuity). We consider the viscous two-phase model with Rie-
mann data

(w1, w1,r) = (0.95/18,1/20), (ws,L,ws r) = (500/9,500/10),
(ws, 1, ws,r) = (5000/9, 5000/10).
In Lagrangian coordinates this corresponds to
(cr,cr) = (0.95/1000,1/1000), (vg,vg) = (9/500,10/500), (ur,ugr) = (10,10),

Results are presented in Figure 6 and we observe that as the initial jump in w; decreases through
time as in Example 1, the jump in ws shows a totally different behavior. However, we see that
both jumps go in the same direction as the corresponding initial data (w11, w1, g) and (wa, L, w2 g).
This behaviour should be understood in view of the relation

(tw) = (X (). (116)

Example 3 (vanishing discontinuity 4+ new persisting discontinuty). We consider the
viscous two-phase model with Riemann data

(w1,0,w1,r) = (1.075/18,1/20), (wa,r,ws2 r) = (500/9,500/10),
(ws,, ws,r) = (5000/9,5000/10).
In Lagrangian coordinates this corresponds to
(cL,cr) = (1.075/1000,1/1000), (vr,vgr) = (9/500,10/500), (ur,ur) = (10,10).

Results are presented in Figures 7 and 8. From Figure 7 we observe that both masses w; and
wy decrease due to the smoothing of the velocity u. However, the smoothing out effect from w
together with the fundamental relation (116) enforce a new persisting discontinuity to be formed
in wo after some time whose jump is opposite of the initial jump in ws, see Figure 8.
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FIGURE 4. Snapshot of o, vy = vy, p (left column) and ws, we, and w3 at time
t = 0.5 (right column). We have used 800 nodes and the viscous coefficient is
given by = 3-103.
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FIGURE 5. Snapshot of oy, vy = v;, p (left column) and wq, we, and w3 (right
column) at time ¢ = 1.0. We have used 800 nodes and the viscous coeflicient is
given by = 3-103.
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FIGURE 6. Snapshot of ag, vy = v;, p (left column) and wq, we, and ws (right
column) at time ¢ = 1.0. We have used 800 nodes and the viscous coeflicient is
given by p = 3-103.
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FIGURE 7. Snapshot of ag, vy = v;, p (left column) and wq, we, and w3 (right
column) at time ¢ = 0.3. We have used 800 nodes and the viscous coefficient is
given by = 3-103.
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FIGURE 8. Snapshot of g, vy = v;, p (left column) and wq, we, and w3 (right
column) at time ¢ = 1.0. We have used 800 nodes and the viscous coefficient is
given by = 3-103.



