
Copyright 2000, Society of Petroleum Engineers Inc.

This paper was prepared for presentation at the 2000 SPE/DOE Improved Oil Recovery Sym-
posium held in Tulsa, Oklahoma, 3–5 April 2000.

This paper was selected for presentation by an SPE Program Committee following review of
information contained in an abstract submitted by the author(s). Contents of the paper, as
presented, have not been reviewed by the Society of Petroleum Engineers and are subject to
correction by the author(s). The material, as presented, does not necessarily reflect any posi-
tion of the Society of Petroleum Engineers, its officers, or members. Papers presented at SPE
meetings are subject to publication review by Editorial Committees of the Society of Petroleum
Engineers. Electronic reproduction, distribution, or storage of any part of this paper for com-
mercial purposes without the written consent of the Society of Petroleum Engineers is prohib-
ited. Permission to reproduce in print is restricted to an abstract of not more than 300 words;
illustrations may not be copied. The abstract must contain conspicuous acknowledgment of
where and by whom the paper was presented. Write Librarian, SPE, P.O. Box 833836,
Richardson, TX 75083-3836, U.S.A., fax 01-972-952-9435.

Abstract
A two-phase (oil-water) relative permeability correlation for
mixed-wet reservoir rock is developed and validated in this
paper, including bounding drainage and imbibition processes
and scanning hysteresis loops, all integrated with the corre-
sponding changes in capillary pressure.

The Corey-Burdine type relative permeability correlation is
widely used in the industry. It was originally developed for
water-wet reservoirs from a Brooks-Corey power-law capil-
lary pressure correlation in combination with a bundle-of-
tubes model of the pore network.

We have adjusted the Brooks-Corey capillary pressure cor-
relation to be valid for mixed-wet rock and now present the
ensuing Corey-Burdine relative permeability correlation for
mixed-wet reservoirs.

The functional form of the relative permeability correlation
is symmetric with respect to fluid-dependent properties since
neither fluid is privileged in a mixed-wet environment. It re-
verts to the standard Corey-Burdine correlation for the com-
pletely water- or oil-wet case. A water-wet behavior is dis-
played at low water saturations and an oil-wet behavior at low
oil saturations, in accordance with experiments. The correla-
tion provides an inverted S-shape oil relative permeability
curve with an inflection point, and closed hysteresis scanning
loops, as observed.

The correlation is validated by comparison with measured
relative permeability curves and simultaneously measured
capillary pressure and relative permeability curves from the
literature.

The correlations and hysteresis logic are easily pro-
grammed, and we suggest that the Killough hysteresis model,
employed in many numerical reservoir simulators, should be
updated with the new scheme.

Introduction
In an earlier paper1, we presented a capillary pressure correla-
tion for mixed-wet reservoirs and suggested to extend the
Corey-Burdine2,3 relative permeability relationships from wa-
ter-wet to mixed-wet conditions. In the present paper, we de-
velop this idea further and include hysteresis logic, integrated
with the capillary pressure hysteresis loops.

The main design constraints of the relative permeability
correlation are

1. the functional form is symmetric with respect to the two
fluids oil and water. That is, the functional form is invari-
ant to interchange of index o with index w.

2. the hysteresis loops are closed,4

3. the hysteresis loops of the capillary pressure and the rela-
tive permeabilities form a consistent set,5,6

4. imbibition oil relative permeability curves have the char-
acteristic inverted ‘S’ shape.7−13

The validity of the relative permeability correlation and the
integrated hysteresis schemes are verified by detailed, pub-
lished relative permeability measurements4 and by simultane-
ously measured hysteretic relative permeability and capillary
pressure curves.5

The integrated hysteresis scheme is easily programmable
and could replace the Killough-scheme14 which presently is
the most common in use in numerical reservoir simulators.

There is now wide acceptance of the view that most reser-
voirs are at wettability conditions other than water-wet, and
network-models15 incorporate this fact. However, to incorpo-
rate mixed-wet rock properties into a numerical reservoir
simulator, validated correlations are required.16−18

Review of Capillary Pressure Correlation
The relative permeability correlation is derived from the cap-
illary pressure correlation1 and a review is given here. A
sketch of the capillary pressure curve correlation for mixed-
wet rock is shown in Fig. 1. It is an extension of the Brooks
and Corey19,20 correlation for primary drainage of a completely
water-wet reservoir, which may be written as
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where cwd is the entry pressure, 1/awd the pore size distribution
index,2 and Swr is residual (or irreducible) water saturation.

For primary imbibition of a completely oil-wet rock, i.e.,
reduction of oil saturation from So = 1, the capillary pressure is
also represented by Eq. 1, with index w replaced by o.

For the intermediate cases, the capillary pressure correla-
tion is the sum of the two extremes,
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where the aw, ao and cw are constant, positive numbers, while
the co is constant and negative. There is one set of constants
for imbibition and another for drainage. The first term of Eq. 2
is the ‘water branch’, the second the ‘oil branch’. Also, we use
the term ‘drainage’ if Sw is decreasing, and ‘imbibition’ if Sw is
increasing, irrespective of the wettability preference.

Hysteresis Loop Logic. The design constraints follow from
experimental evidence:21-26

1. A saturation reversal on the primary drainage curve, be-
fore reaching the residual water saturation Swr, Fig. 2,
spawns an imbibition scanning curve aiming at a residual
oil saturation determined by Land’s trapping relation.

2. Reversal from the primary drainage curve at Swr starts an
imbibition scanning curve down to Sor. This curve is la-
beled (b) in Fig. 1, and is the bounding imbibition curve.

3. The secondary drainage curve, labeled (c) in Fig. 1, is
defined by a reversal from the bounding imbibition curve
at Sor. Together, the bounding imbibition and the secon-
dary (bounding) drainage curves constitute the closed
bounding hysteresis loop.

4. All drainage scanning curves that emerge from the
bounding imbibition curve, scan back to Swr, Fig. 3, and
all reversals from the bounding drainage curve scan to Sor,
Fig. 4.

5. A scanning curve originating from Sw[k], the k’th reversal
saturation, will trace back to Sw[k-1] and form a closed
scanning loop, unless a new reversal occurs.

6. If a scanning curve tracing back from Sw[k] reaches
Sw[k-1] before any new reversal, i.e., forms a closed scan-
ning loop, the process continues by retracing the path of
the [k-2] reversal as if the [k-1] reversal had not occurred,
as shown in Fig. 5.

7. The shape of a scanning loop is similar to the bounding
loop since the a and c parameters are constants for a given
rock-fluid system.

All properties of the k’th scanning curve are labeled by [k].
The capillary pressure is denoted by pcα[k], where α is either i
for imbibition or d for drainage. By convention, k is an odd
number for imbibition and even number for drainage, 0 de-
noting the primary drainage process. The asymptotes of the
scanning curves are denoted by Swr[k] and Sor[k], and the (wa-
ter) reversal saturation is denoted by Sw[k]. The fixed, ‘global’
residual saturations of the bounding hysteresis loop are de-
noted by Swr and Sor.

All scanning curves are modeled by the same constants a
and c as the bounding curves. As an example of the notation,
the primary drainage capillary pressure is denoted by pcd[0],
and its value at the first reversal, Sw[1], is given by
pcd[0](Sw[1]).

First Reversal. A reversal from primary drainage results in
an imbibition scanning curve pci[1], scanning towards Sor[1].
At the point of saturation reversal, Sw[1], the imobibition scan-
ning curve is equal to the primary drainage curve,
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and pci[1](Sw[1]) by
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To satisfy Eq. 3, we adjust the ‘water asymptote’ Swr[1], and
let the scanning curve aim at the ‘oil asymptote’ Sor[1], deter-
mined by Land’s equation,

,
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where C is Land’s trapping constant for the porous medium,
and So[1] = 1 – Sw[1]. In the limit, when the reversal from the
primary drainage curve starts at Sw[1] = Swr, the imbibition
scanning curve becomes identical to the bounding imbibition
curve. Fig. 2 shows scanning curves originating from two dif-
ferent values of Sw[1], as well as the bounding hysteresis loop
where Sw[1] = Swr.
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Second Reversal. A reversal on the scanning imbibition
curve pci[1] at saturation Sw[2] initiates a scanning drainage
capillary pressure curve, pcd[2], back to Sw[1] to form a closed
loop. At the two reversal points, the capillary pressures of the
two scanning curves are equal,

])1[](1[])1[](2[ wciwcd SpSp = , ...................................(7)

])2[(]1[])2[](2[ wciwcd SpSp = . .................................(8)

The reversal at Sw[2] may occur for any saturation between
Sw[1] and 1-Sor[1]. The oil and water scanning curve asymp-
totes Sor[2] and Swr[2] are the two unknowns in Eqs. 7 and 8,
which are solved iteratively. A few iterations suffice.

Third Reversal. The pcd[2]-process scans from Sw[2] back
to Sw[1]. Any new reversal Sw[3], before Sw[1] is reached, will
scan back to SW[2] again, i.e., pci[3] is equal to pcd[2] at Sw[3]
and Sw[2]. If, however, Sw[1] is reached without any new re-
versal, the process shunted from a pcd[2]-curve to a pcd[0]-
curve, i.e., it continues up the primary drainage curve.

More Reversals. Fig. 5 shows details of a set of enclosing
scanning loops inside the bounding hysteresis loop. The first
reversal (not shown) took place on the primary drainage curve
pcd[0] at the global residual water saturation Swr, i.e., at Sw[1] =
Swr, initiating the bounding imbibition curve pci[1], which in
turn was reversed at Sw[2] = 1 - Sor, at the global residual oil
saturation, and the secondary (bounding) drainage curve pcd[2]
was spawned. The scan from Sw[2] back to Sw[1] is now inter-
rupted by the third reversal at Sw[3], the first reversal point
shown in the figure. The imbibition scan pci[3] from Sw[3] is
aimed back at Sw[2], but is interrupted at Sw[4] with a drainage
process pcd[4] that aims back at Sw[3]. Two more reversals
occur, at Sw[5] and Sw[6]. From Sw[6] the drainage curve pcd[6]
scans to Sw[5], and continue on the drainage process pcd[4] to
Sw[3]. Further drainage from Sw[3] follows the bounding
drainage curve pcd[2] back to Swr, unless a new reversal occurs.

Relative Permeability Functions.
We have developed a procedure similar to that of Corey and
Burdine, reviewed in Ref. 27, to generate a relative perme-
ability correlations for primary drainage and bounding imbibi-
tion and drainage curves for both oil and water, exemplified in
Fig. 6. The development is based on Corey-type relative per-
meability functions which are inferred from the Brooks and
Corey capillary pressure correlation for water-wet porous me-
dium and the assumption of a bundle-of-tubes model for the
pore network.

The general expression for capillary pressure, Eq. 2, con-
sists of two Brooks-Corey type expressions, i.e., the water
branch
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and the oil branch
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Each of these branches may now be combined with a Corey-
Burdine’s integral over the capillary-tube size distribution27 to
render the wetting and non-wetting phase relative permeability
functions. Note that the two branches in Eqs. 9 and 10 are for
both drainage (index d) and imbibition (index i), four cases in
all.

When performing the integral over the capillary tubes, with
the water branch for drainage, i.e., with pcwd, we get

wdwd ma
nwrwwd Sk ++= 12  .................................................... (11)

for the relative permeability to water, with water as the wetting
phase, and
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nw

a
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for the oil relative permeability, with water as wetting phase.
If the same integration is performed with the oil branch

pcod, we get
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a
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for drainage relative permeability to water in an oil-wet me-
dium, and

odod ma
norood Sk ++= 12  ..................................................... (14)

for relative permeability to oil in an oil-wet medium. Here mwd

and mod are tortuosity exponents. Burdine3 estimated a tortuos-
ity exponent of 2.0 from experimental data. The normalized
saturations are Snw=(Sw-Swr)/(1-Swr-Sor) and Sno=(1-Sw-Sor)/(1-
Swr-Sor). For primary drainage, krwwd and krowd are used with
Sor=0, and similarly for primary imbibition.

Normalized Saturations. The normalized saturations, Snw and
Sno, in the Corey-type relative permeabilities are different from
the normalized saturations in the capillary pressure correlation,
Eq. 2. However, the a-values in the correlations are the same.
If we multiply both the numerator and the denominator of the
water branch term in Eq. 2 by
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and the oil branch by
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Eq. 2 becomes
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with cw redefined to wc' by
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Tortuosity Exponent. With all tortuosity exponents m equal
to 2, as implied by Burdine, the Corey-type relative perme-
ability expressions are strictly monotonic functions of satura-
tion. They have no inflection point. Several research-
ers4,7,10,25,28-30 have observed, however, inverted S-shape oil
relative permeability curves with an inflection point, espe-
cially for the bounding oil imbibition curve.

Most of the measurements indicate that the bounding oil
drainage curve lies below the bounding oil imbibition
curve4,10,25,29-30. Illustrations by Honarpour31 and measure-
ments by Eikje,32 however, indicate the opposite behavior. A
general procedure therefore has to include both cases.

To allow for inverted S-shape curves, as well as being able
to model cases with kroi > krod and with kroi < krod, we have in-
troduced the tortuosity parameter m as a generalization of
Burdine’s3 empirical tortuosity exponent of 2.0. Burdine intro-
duced this factor to compensate for the fact that the porous
medium is not a bundle of straight, non-interacting capillary
tubes. We will use four tortuosity factors: mwd and mod for
drainage, Eqs. 11−14, mwi and moi for imbibition.

Mixed Wettability. The drainage relative permeability ex-
pressions, Eqs. 11−14, are for the limiting wettability states,
i.e., completely oil-wet or completely water-wet. In a mixed-
wet system, each phase moves partly as a wetting phase and
partly as a non-wetting phase. It therefore seems reasonable
that an expression valid for mixed wettability should be sym-
metric. That is, if parameters labeled by index w are swapped
with parameters labeled by o, the functional form should be
the same, e.g., the oil relative permeability function should
look the same either the oil is considered to be the wetting or
the non-wetting phase. Weighted summation of Eqs. 12 and 14
seems like a reasonable combination of the two limiting ex-

pressions, consistent with a concept of series coupling of fluid
flow transmissibilities. The weighting should reflect the de-
gree of wettability and it seems reasonable that a mixed-
wettability curve should be between the two limiting curves,
like in Fig. 7 for the imbibition case.

Weighting with pc. Earlier1, we proposed to weight the limit-
ing relative permeability expressions by using the c-
parameters in Eq. 2. This procedure implies constant wettabil-
ity, independent of saturation. We do, however, suspect the
wettability to be saturation dependent, to vary with pore radius
and hence saturation. The thickness of the water film in the
pores determines the degree of adsorption of surface active
agents, which again affects the wettability.12 The weight func-
tion should reflect continuous changes in wettability with satu-
ration—a gradual change from water-wet conditions in the
smaller pore channels to oil-wet behavior in the larger pores.

For example, an increase in water saturation from Swr

causes the water to invade small, water-wet pores and will
reflect an associated change in relative permeability as for a
water-wet system. At the other end, near Sor, the relative per-
meability curves should behave as for a completely oil-wet
medium.

A saturation-dependent wettability is achieved by weight-
ing the water-wet and oil-wet relative permeability functions,
Eq. 11 and 13, with the respective water and oil branches of
the capillary pressure function, Eq. 2, to give

codcwd

rwodcodrwwdcwd
rwrwd pp

kpkp
kk

−
−

⋅= 0  .......................... (20)

for mixed-wet drainage relative permeability to water, where
k 0

rw is the value of the bounding relative permeability curves at
Sor, and
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for relative permeability to oil, where k 0
ro is the value of the

bounding relative permeability curves at Swr. With index i sub-
stituting d, the equations are also valid for the imbibition proc-
ess.

An example of the capillary pressure weight function for
drainage, (pcwd + pcod)/(pcwd - pcod), is shown in Fig. 8. It ap-
proaches completely water-wet conditions (+1 or ww) in the
limit of Swr and completely oil-wet conditions (-1 or ow) in the
limit 1-Sor. There is one weight function for drainage and an-
other for imbibition.

Primary drainage relative permeabilities may be modeled
by krwwd and k 0

ro·krowd, with awd from a fit of the primary drain-
age capillary pressure, if such data are available. The default
value of the tortuosity exponent m is the Burdine-value of 2.

Matching Measured Data. We have tested the relative per-
meability correlation on a consistent set of capillary pressure
and relative permeability measurements published by Honar-
pour et al.10
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In the expressions for relative permeability, Eqs. 20
and 21, the a-parameters of Eqs. 11–14, the c-parameters of
the weight functions, and those for the imbibition case, all
have the same values as in the corresponding capillary pres-
sure correlation. The tortuosity exponents m, however, are
optional parameters just for the relative permeability func-
tions.

We obtain the a’s and c’s by curve-fitting the capillary
pressure data, Fig. 9. Both types of parameters are subse-
quently employed in the mixed-wet relative permeability cor-
relation. This implies that any change in the shape of the cap-
illary pressure curve will be reflected in the relative perme-
ability curves.

With the a’s and c’s from the capillary pressure correla-
tion, and with all m’s equal to 2, we can make estimates of the
relative permeability functions. They lie in the interval be-
tween 0 and 1 before estimates are made of the relative perme-
ability endpoint values  k 0

rp of phase p.
The predictions are made in the same format as the meas-

ured data. If ko(Swr) is chosen as reference value, then k 0
ro = 1.

As an estimate of k 0
rw, values from neighboring core plugs or

from analogous porous media can be used. If no information is
available, it seems reasonable to assume that the bounding
imbibition relative permeability at Sor should be greater or
equal to the primary drainage curve.33 If no primary drainage
data are known, an approximate value is krwwd with awd. The
estimate of k 0

rw then is krwwd(Sor).
The first set of estimated relative permeability curves from

the capillary pressure data can deviate considerably from the
measured relative permeability data. Significant adjustments
of the values of m, k 0

ro, and k 0
rw may be needed. We used the

Solver function of the Microsoft Excel spreadsheet to curve-fit
relative permeability data by minimizing the sum of errors
squared between the calculated and the measured relative
permeability values. Each square error was multiplied by the
kr-value, but other weighting schemes might be preferable in
other cases. The fit is shown in Figs. 10–12. In Fig. 13 is
shown the measured oil drainage data together with the fitted
krod-curve and the limiting krowd- and krood-curves for oil- and
water-wet systems, respectively.

Further evaluation of the pc-weighting procedure should be
done on consistent sets of capillary pressure and relative per-
meability data. Other weighting methods could also be tested.

Relative Permeability Hysteresis Logic
Historically, relative permeability hysteresis has been consid-
ered of significance only between primary drainage and the
imbibition curves. Many measurement have been made of
these processes.7,26,28,34 Hysteresis between secondary drainage
and imbibition curves has also been recognized by several
authors,4,10,25,29-30,32 but there are few published data on relative
permeability scanning curves. The most extensive set of meas-
ured scanning curves is that of Braun and Holland,4 who used
a pseudo-steady state method. A series of oil relative perme-
ability scanning curves, originating on the bounding imbibi-

tion and bounding drainage curve, were measured. These
measurements show that

1. all oil drainage scanning curves originating on the
bounding imbibition curve, Fig. 14, scan back towards
Swr, k 0

rw and the bounding drainage curve,
2. all oil imbibition scanning curves spawned on the bound-

ing drainage curve scan back towards kro = 0 at Sor, ap-
proaching the bounding drainage curve, Fig. 15.

Both these observations are similar to those of Morrow21 for
the capillary pressure scanning curves.

The data4 also show that the scanning loops are closed, i.e.,
a scanning curve from Sw[k] will scan back to Sw[k-1] and form
a closed loop. Unless interrupted by another reversal, the proc-
ess will proceed along the [k-2] curve, as if the [k-1] reversal
had not occurred. This is demonstrated in Figs. 16–17.

Braun and Holland4 find the relative permeability scanning
curves to be reversible. However, the saturation intervals of
the scanning loops are so small that hysteresis, if present,
would experimentally be difficult to detect, e.g., the modeled
results in Figs. 16–17 which are closely resembling some of
the measured cases.

Also, we will expect that both water and oil relative per-
meability in a mixed-wet system will exhibit similar hysteretic
behavior and that oil relative permeability in a water-wet sys-
tem will exhibit negligible hysteresis, as does water relative
permeability in a water-wet system.

Procedure. The suggested procedure for modeling relative
permeability scanning curves is consistent and integrated with
the procedure for modeling of the capillary pressure scanning
curves. The same convention for labels is used: all properties
of the k’th scanning curve are labeled by [k]. The relative per-
meability functions are denoted by krod[k], krwd[k], kroi[k], and
krwi[k], and saturation reversals occur at Sw[k]. For imbibition
curves, defined by increasing water saturation, all labels have
odd numbers while they are even for drainage curves. Hence,
the first imbibition relative permeability curves from primary
drainage are denoted kroi[1] and krwi[1]. We make an exception
from this convention for the ‘bounding (secondary) drainage
curve’ which returns the process from Sor[1], back to Sw[1].
This drainage process will have associated functions pcd[1],
krod[1] and krwd[1]. For the special case if Sw[2] = 1-Sor[1], then
pcd[2] = pcd[1], and similarly for krod[2] and krwd[2].

The limiting relative permeability expressions, i.e., the ex-
pressions for completely water- and oil-wet systems, are func-
tions of the normalized saturations Sno and Snw. They are now
generalized to

]1[1 orwr
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and
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If the first reversal from the primary drainage curve occurs at
irreducible water saturation, i.e., Sw[1] = Swr, then Sor[1] = Sor

and Snw and Sno revert to their previous definitions.
We also need to generalize the weighting procedure for

cases when the water saturations exceeds 1-Sor, which may
occur if Sw[1] > Swr. Instead of the weight pcoi, the imbibition
oil branch of Eq. 2, we use pcoi[1], and pcod instead of pcod[1],
and no changes in the water-branch weight. This general
weighting procedure approaches the previously defined proce-
dure with the bounding capillary pressure branches, Eqs. 20–
21, when Sw[1] approaches Swr. In this manner, if Sw[1] > Swr,
the scanning curves will be mixed-wet near Sw[1] and com-
pletely oil-wet at Sor[1], which seems reasonable. If we assume
that primary drainage occurs at water-wet conditions, the po-
rous medium will be subject to aging before any reversal oc-
curs. It is therefore perhaps reasonable with an initial disconti-
nuity in wettability.

With the general definition of the weighting procedure and
the normalized saturations, the relative permeability functions
are defined between the global residual saturations Swr and
Sor[1]. The scanning curves are to defined in the interval be-
tween Sw[k] and Sw[k-1], or as a special case, between Sw[1]
and 1-Sor[1].

We introduce an additional parameter, k t
rpα[k], representing

a fictitious threshold relative permeability value—the scanning
relative permeability value at the global residual saturation of
the phase in question. Fig. 18 illustrates the k t

rod[k]-value for a
drainage reversal from an imbibition curve. There are four
k t

rpα[k]-values, one for each combination of phase p and proc-
ess α. We may then formulate the following general expres-
sions for mixed-wet, scanning, relative permeability functions,
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where k 0
rpα[k] is a scaling parameter that represents the abso-

lute difference between the function values krpα[k](Swr) and
krpα[k](Sor[1]). Eqs. 24–27 revert to the bounding imbibition
and drainage curves in the limit when Sw[1] = Swr, Eqs. 20–21,
and may be written in the compact form,

][)(]1[][)(][ 0 kkSkkkSkk t
rwdwrwdrwdwrwd +⋅= , ...... (28)

][)(]1[][)(][ 0 kkSkkkSkk t
rodwrodrodwrod +⋅= , ........ (29)

][)(]1[][)(][ 0 kkSkkkSkk t
rwiwrwirwiwrwi +⋅= , ......... (30)

][)(]1[][)(][ 0 kkSkkkSkk t
roiwroiroiwroi +⋅= . ........... (31)

Each expression has two adjustable parameters, k 0
rpα[k] and

k t
rpα[k]. The two equations needed are found by enforcing

closed scanning loops, i.e., that the two scanning curves give
the same relative permeability value at the start and end of the
loop.

First Reversal. A first saturation reversal at Sw[1] on the pri-
mary drainage curve spawns an imbibition process, labeled [1]
which scans towards Sor[1], Figs. 19–20. For the case when
Sw[1] = Swr, the imbibition curve is the bounding imbibition
curve and Sor[1] is equal to Sor. Consistent with the hysteresis
logic for the capillary pressure curves, Sor[1] is determined by
Land’s34 trapping relation, Eq. 6.

Oil Relative Permeability. The imbibition oil relative per-
meability curve scans from

])1[](0[])1[](1[ wrodwroi SkSk =  ................................ (32)

at the reversal point to

0])1[](1[ =orroi Sk  ...................................................... (33)

at the residual oil saturation. Since the curve is ‘anchored’
with kroi = 0, also k t

roi[1] = 0. Eq. 32 is therefore solved with
respect to k 0

roi[1].
Water Relative Permeability. The water relative perme-

ability curve scans from the reversal point on the primary
drainage curve, which requires that

])1[](0[])1[](1[ wrwdwrwi SkSk = , .............................. (34)

which corresponds to Eq. 32. At the other endpoint Sor[1],

])1[(])1[(]1[ 0
orrworrwi SkSk = , .................................. (35)

where k 0
rw is a certain function of the residual oil saturation,

see e.g., discussion in Standing’s report.2 To our knowledge,
no study has been published on this relation. We have there-
fore chosen to use linear interpolation between krwi(Sor), end-
point for bounding imbibition curve, and krwd[0](Sw=1) = 1 to
determine k 0

rw(Sor[1]). The same method is used by Killough14

and Eikje et al.32

Second Reversal. A second reversal will start a drainage pro-
cess, labeled [2], from the reversal saturation Sw[2], aiming
back at Sw[1].

Oil Relative Permeability. The oil relative permeability
curve scans from
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])2[](1[])2[](2[ wroiwrod SkSk =  ..............................(36)

at the new reversal point, to

])1[](1[])1[](2[ wroiwrod SkSk =  ................................(37)

at the previous reversal point [1], in this case on the primary
drainage curve. The krod[2]-curve is shown in Fig. 19.

Water Relative Permeability. Equations for the water rela-
tive permeability scanning curve are

])2[](1[])2[](2[ wrwiwrwd SkSk =  .............................(38)

and

])1[](1[])1[](2[ wrwiwrwd SkSk = , ..............................(39)

and the krwd[2]-curve is shown in Fig. 20.
The drainage process [2] will scan back to reversal point

[1] and subsequently follow the primary drainage curve, la-
beled [0]. Any new reversal will thereafter be equivalent to a
first reversal. A third reversal may, however, occur before the
process reaches back to reversal point [1].

Third Reversal. A third reversal before the process reaches
back to [1] will start an imbibition process from saturation
reversal Sw[3], scanning back to Sw[2]. If this process, labeled
[3], passes through reversal point [2], it will retrace process
[1].

Oil Relative Permeability. The third oil imbibition relative
permeability curve scans from

])3[](2[])3[](3[ wrodwroi SkSk = ...............................(40)

at the new reversal point, to

])2[](2[])2[](3[ wrodwroi SkSk =  ..............................(41)

at the previous reversal point.
Water Relative Permeability. The equations for the water

relative permeability scanning curve are

])3[](2[])3[](3[ wrwdwrwi SkSk =  ..............................(42)

and

])2[](2[])2[](3[ wrwdwrwi SkSk = . ............................(43)

General Reversals. The methodology for creating scanning
curves may easily be generalized from the observations that
they form closed loops, i.e., a process with reversal at Sw[k]
will return to Sw[k-1].

Figs. 21–22 show one closed scanning loop [k]-[k+1]-[k],
inside of an outer scanning loop [k-2]-[k-1]-[k-2]. The outer
loop has an imbibition process from [k-2] to [k-1], where the
saturation change is reversed. The drainage curve scans back
to [k-2] but is interrupted by the inner loop’s imbibition proc-
ess from [k] to [k-1]. This process is interrupted at [k+1], with
a drainage scan back to [k]. Continued drainage after reaching

[k] causes tracing of the drainage scanning curve from [k-1] to
[k-2].

Imbibition Oil Relative Permeability. The general oil im-
bibition relative permeability curve scans from

])[1](-[])[]([ kSkkkSkk wrodwroi = ......................... (44)

at reversal point [k] to

1])-[1](-[1])-[]([ kSkkkSkk wrodwroi =  .............. (45)

at reversal point [k-1].
The two unknown parameters k 0

roi[k] and k t
roi[k] of imbibi-

tion scanning curve labeled [k] may be expressed by

]1[][ 00 k-kkk rodroi =









−
−

×
)]1[(]1[)][(]1[
)]1[(]1[)][(]1[

k-SkkSk
k-SkkSk

wroiwroi

wrodwrod , ............. (46)

and

])[](1[]1[]1[][ 0 kSkk-kk-kkk wrodrod
t
rod

t
roi ⋅+=

 ])[](1[][0 kSkkk wroiroi ⋅− , .......................................... (47)

when Eqs. 29 and 31 are introduced in Eqs. 44–45.
Imbibition Water Relative Permeability. Quite similarly

the general equations for water relative permeability curves
can be formulated as

])[1](-[])[]([ kSkkkSkk wrwdwrwi = ....................... (48)

at reversal point [k] to

1])-[1](-[1])-[]([ kSkkkSkk wrwdwrwi =  ............. (49)

at reversal point [k-1], and

]1[][ 00 k-kkk rwdrwi =

 








−
−

×
)]1[(]1[)][(]1[
)]1[(]1[)][(]1[

k-SkkSk
k-SkkSk

wrwiwrwi

wrwdwrwd , ........... (50)

and

])[](1[]1[]1[][ 0 kSkk-kk-kkk wrwdrwd
t
rwd

t
rwi ⋅+=

 ])[](1[][0 kSkkk wrwirwi ⋅− . ......................................... (51)

If the i's and d's are swapped, the equations are equally valid
for general drainage scanning curves.

This hysteresis logic is general and few modifications are
needed if another relative permeability model or weighting
procedure is chosen.
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Discussion
Validation of Hysteresis Logic. The hysteresis model has not
yet been quantitatively checked against measured data. It has
been designed, however, to qualitatively honor the character-
istic features of the measurements of Braun and Holland,4 who
did not measure capillary pressure.

The lack of consistent capillary pressure and relative per-
meability measurements on the same core sample makes it
difficult to determine the a's and c's for the capillary pressure
correlation. A series of measurements for checking the model
should encompass the capillary pressure and relative perme-
ability of the bounding hysteresis loop and a variety of scan-
ning curves and loops, possibly measured by a technique
similar to that of Honarpour et al.10

Figs. 16–17 show that modeled scanning loops exhibit
negligible hysteresis when ∆Sw= Sw[k] - Sw[k-1] is small, in
accordance with the observations of Braun and Holland.4 Fur-
thermore, modeled scanning curves originating on the bound-
ing imbibition or drainage curve all scan back to the residual
phase saturation, Figs. 14–15. This is also in agreement with
the observations by Braun and Holland.

No attempt has been made to model the measured scanning
curves of Braun and Holland4 with capillary pressure parame-
ters a and c determined from matching their measured bound-
ing relative permeability curves. This would probably not give
any definite arguments to keep or reject the model. As dis-
cussed in detail by Lohne,35 the starting points of the scanning
curves, i.e., the saturation reversal points of Braun and Hol-
land, are not properly located on the bounding hysteresis loop,
which was measured first.

Scaling. Kriebernegg and Heinemann36 chose to scale the
whole bounding drainage and imbibition curves to model the
scanning curves. We believe that scaling of just a section of
the krpα[1]-curve is more reasonable. Then, if there is no hys-
teresis between the bounding imbibition and drainage curves, a
drainage scanning curve from the bounding imbibition curve
will exhibit no hysteresis, regardless of size of the saturation
interval (Sw[k] - Swr). If scaling of the whole bounding drainage
curve between Sw[k] and Swr is chosen, however, the hysteresis
become more pronounced as the range of the interval de-
creases.

Conclusions
1. A new two-phase model for mixed-wet relative perme-

ability curves is developed and covers primary drainage,
imbibition, and secondary drainage. The correlation is the
sum of two Corey-type relative permeability expressions,
weighted with the branches of the capillary pressure cor-
relation.

2. The two Corey expressions represent completely water-
and oil-wet systems. Through the weighting, the wettabil-
ity is made saturation dependent.

3. The relative permeability correlation is integrated and
bundled with the capillary pressure correlation.

4. In addition to the capillary pressure, an extra set of pa-

rameters are introduced to improve the match of relative
permeability data, e.g., tortuosity factors.

5. Curve-fitting a consistent set of capillary pressure and
relative permeability data gives good results.

6. An associated hysteresis logic treats scanning curves from
primary drainage and inside the bounding hysteresis loop.
Modeled hysteresis curves exhibit the same behavior as
observed by Braun and Holland.

7. The hysteresis logic is a unified procedure for relative
permeability and capillary pressure functions.

8. Further validation should be made from consistent and
simultaneously measured datasets of capillary pressure
and relative permeability scanning curves.

9. A systematic study of tortuosity factors and endpoint val-
ues of relative permeability is needed.

Nomenclature
a = constant, dimensionless
c = constant, psi, bar or mbar
k = saturation reversal counter

kr = relative permeability, dimensionless
m = tortuosity exponent, dimensionless
p = pressure, psi, bar or mbar
C = Land’s trapping constant, dimensionless
S = saturation

[k] = label, saturation reversal number k and the
subsequent scanning curve

Subscripts
c = capillary
d = drainage
i = imbibition or initial
n = normalized
o = oil or oil-wet
p = phase (o or w)
r = residual or relative

w = water or water-wet
α = process (d for drainage or i for imbibition)
0 = zero point (pc = 0)

Superscripts
t = threshold
0 = endpoint
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Fig. 1—Capillary pressure curves for (a) primary drainage, (b)
bounding imbibition and (c) secondary drainage.

Fig. 2—Capillary pressure scanning curves originating on the
primary drainage curve.

Fig. 3—Drainage capillary pressure scanning curves originating
on the bounding imbibition curve.

Fig. 4—Imbibition capillary pressure scanning curves originating
on the bounding drainage curve.

Fig. 5—Closed capillary pressure scanning loops.

Fig. 6—Relative permeability curves for [1] primary drainage, [2]
bounding imbibition and [3] secondary (bounding) drainage.
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Fig. 7—Limiting oil imbibition relative permeability curves (cf.
Eqs. 12 and 14 for the drainage case) and resulting mixed-wet
relative permeability kroi.

Fig. 8—Example of capillary pressure weight functions; ww: wa-
ter-wet; nw: neutral-wet; ow: oil-wet.

Fig. 9—Capillary pressure correlation fitted to data measured by
Honarpour et al.10

Fig. 10—Relative permeability correlation fitted to measured data
by Honarpour et al.10

Fig. 11—Detail of Fig. 10, water relative permeability.

Fig. 12—Detail of Fig. 10, oil relative permeability.
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Fig. 13—Limiting and predicted drainage oil relative permeability
curves, together with measured data.

Fig. 14—Oil drainage scanning curves originating on the bound-
ing imbibition curve.

Fig. 15—Oil imbibition scanning curves originating on the
bounding drainage curve.

Fig. 16—Modeled closed scanning loop originating on bounding
imbibition curve.

Fig. 17—Modeled closed scanning loop originating on the
bounding drainage curve.

Fig. 18—Drainage scanning curve originating on bounding imbi-
bition curve.  Horizontal line represents the value of k t

rod[k].
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Fig. 19—Oil relative permeability scanning curves originating from
reversal [1] on the primary drainage curve, krod[0].

Fig. 20—Water relative permeability scanning curves originating
from reversal [1] on the primary drainage curve krwd[0].

Fig. 21—Modeled scanning loops for oil relative permeability.

Fig. 22—Modeled scanning loops for water relative permeability.


