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Summary
Relative permeabilities are important characteristics of multiphase
flow in porous media. Displacement experiments for relative per-
meabilities are frequently interpreted by the Johnson–Bossler–
Naumann method neglecting capillary pressure. The experiments
are therefore conducted at high flooding rates, which tend to be much
higher than those experienced during reservoir exploitation. Another
disadvantage is that the relative permeabilities only can be determined
for the usually small saturation interval outside the shock. We present
a method to interpret displacement experiments with the capillary
pressure included, using in-situ measurements of saturations and phase
pressures. The experiments can then be run at low flow rates, and
relative permeabilities can be determined for all saturations. The
method is demonstrated by using simulated input data.

Introduction
Relative permeabilities are important characteristics of multiphase
flow in porous media. These quantities arise from a generalization
of Darcy’s law, originally defined for single-phase flow.1 Relative
permeabilities are used as input to simulation studies for predicting
the performance of potential strategies for hydrocarbon-reservoir
exploitation.

The relative permeabilities are usually determined from flow
experiments performed on core samples. The most direct way to
measure the relative permeabilities is by the steady-state method.1

Each experimental run gives only one point on the relative per-
meability curve (relative permeability vs. saturation). To make a
reasonable determination of the whole curve, the experiment has to
be repeated at different flow-rate fractions. To cover the saturation
plane in a three-phase system, a large number of experiments have
to be performed. The method is therefore very time-consuming.

Relative permeabilities can also be calculated from a displace-
ment experiment. Typically, the core is initially saturated with a
single-phase fluid. This phase is then displaced by injecting the
other phases into the core. For the two-phase case, Welge2 showed
how to calculate the ratio of the relative permeabilities from a dis-
placement experiment. Efros3 was the first to calculate individual
relative permeabilities from displacement experiments. Later, Johnson
et al.4 presented the calculation procedure in a more rigorous manner,
and the method is often referred to as the Johnson– Bossler–Naumann
(JBN) method. The analysis has also been extended to three phases.5

In this approach, relative permeabilities are calculated at the outlet end
of the core; saturations vs. time at the outlet end is determined from
the cumulative volumes produced and time derivatives of the cumu-
lative volumes produced, and relative permeabilities vs. time are
calculated from measurements of pressure drop over the core and the
time derivative of the pressure drop.

Although the JBN method is frequently used for relative per-
meability determination, it has several drawbacks. The method is
based on the Buckley–Leverett theory of multiphase flow in porous
media.6 The main assumption in this theory is that capillary
pressure can be neglected. In homogenous cores, capillary effects

are most important at the outlet end of the core and over the
saturation shock front. To suppress capillary effects, the experi-
ments are performed at a high flow rate. Usually, these rates are
significantly higher than those experienced in the underground
reservoirs during exploitation. Another major disadvantage is that
relative permeabilities only can be calculated for the spreading part
of the saturation profile, because the theory is not valid in the
vicinity of the saturation shock where capillary effects are signif-
icant. In a water/oil system, the saturation-shock interval is fre-
quently more than 50% of the total mobile-saturation range. This
means that relative permeabilities cannot be determined for a
substantial range of saturation. Extrapolating the estimated relative
permeability curves into the saturation interval corresponding to the
saturation shock can be very difficult.

A better alternative is to reduce the flow rate in the experiments,
and include capillary pressure in the analysis. In this work, we use
the fact that a reduced flow rate will lead to a spreading of the shock
front. The front will translate with a fixed shape (denoted as a
traveling wave or a stabilized capillary zone1). We propose a new
method to calculate relative permeabilities for the traveling-wave
part of the profile. We consider a displacement experiment per-
formed at a sufficiently low rate such that the shock front is spread
out into a traveling wave. By this method, relative permeabilities
can be calculated for a substantially larger saturation range than is
possible with the standard JBN method. Calculation of relative
permeabilities from the stabilized capillary zone has also been
performed previously, but using only an approximate analysis.7

Note that this approach can be applied for both two-phase and
three-phase relative-permeability estimation.

In this approach, we will use only in-situ measurements of
saturations and phase pressures. In recent years, techniques have
been developed for in-situ measurement of saturations of the fluids in
the core, which has a potential to enhance our understanding of the
flow in the porous medium. In-situ saturation measurements can be
performed by various techniques: X-ray attenuation,8 X-ray computer
tomography,9 gamma emission,7 ultrasound,10 microwaves,11 and
nuclear magnetic resonance.12 In addition, in-situ pressure measure-
ments have been performed by several experimenters.7,10,11 One
expects that, through use of thin water-wet and oil-wet membranes, the
individual phase pressures can be measured.

This paper is organized as follows: First, the theory for the
traveling wave solution for three-phase flow with gravity is devel-
oped to allow calculation of relative permeabilities from measure-
ments of saturation and phase pressures. A method based on
solutions of a linear least-squares problem, including regulariza-
tion, is used to avoid differentiation of measured quantities. This
leads to a more stable solution. The new interpretation method is
demonstrated on artificially generated data from simulation of a
two-phase displacement experiment. Pointwise and integral calcu-
lations are compared, and noise is added.

Methodology
In a displacement experiment, the phases are injected at fixed rate
fractions into a core initially saturated with one or all phases.
According to the Buckley–Leverett theory, the saturation profile
will, in general, consist of a shock and a spreading part. When
capillary effects are important, the shock will be spread out, and is
called a traveling wave. A traveling wave solution has the
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form1,13,14

S~x, t! 5 S~j!, j 5 x 2 vt. . . . . . . . . . . . . . . . . . . . . . . . . (1)

Substitutingj 5 x 2 vt into the conservation equation,

­ui

­x
1 f

­Si

­t
5 0, i 5 1, 2, 3, . . . . . . . . . . . . . . . . . . . . . . . (2)

and integrating gives

ui 5 C*i 1 fvSi 5 u~Ci 1 vDSi!, . . . . . . . . . . . . . . . . . . . . . . (3)

whereC*i is a constant of integration,Ci 5 C*i/u, u 5 (i ui, and
vD 5 fv/u. Inserting Eq. 3 into Darcy’s law,

ui 5 2
kkri

mi
S­pi

­x
2 rigxD, i 5 1, 2, 3, . . . . . . . . . . . . . . . . . (4)

we obtain the pressure gradient along the traveling wave part of the
saturation profile,

­pi

­x
5 2

mi

kri

u

k
~Ci 1 vDSi! 1 rigx , i 5 1, 2, 3. . . . . . . . . . . (5)

Note that the expression for the pressure gradient only involves the
relative permeability of one phase. The constantCi can be deter-
mined fromCi 5 fi

1 2 vDSi
1, where

fi 5
li

lt
S1 1

k

u
gx O

jÞi

3

ljDrijD, . . . . . . . . . . . . . . . . . . . . . . . . (6)

whereli 5 kri /mi, lt 5 (i li, andDrij 5 ri 2 rj.
The velocityv of the traveling wave is the same as the velocity

of the shock,1,14

v 5
u

f

f i
1 2 f i

2

Si
1 2 Si

2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7)

Here,1 and2 denote the states to the right and left of the traveling
wave, respectively. The velocity of the traveling wave can also be
measured directly by monitoring the saturation profile at two
different positions along the core.

Away from the traveling-wave part of the profile, we can assume
that the gradient of the capillary pressure can be neglected. The
pressure gradient for this part is then the same for all phases,

­pi

­x
5 2

u

klt
1 gx

Oi liri

lt
, i 5 1, 2, 3. . . . . . . . . . . . . . . . . (8)

The pressure gradient at the traveling wave part of the saturation
profile, Eq. 5, must necessarily follow the traveling wave. Using

­pi

­x
~x, t! 5

­pi

­x
~x 2 vt!, . . . . . . . . . . . . . . . . . . . . . . . . . . . (9)

we get (see Appendix)
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k SCi 1
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­pi

­x
~Si

1! . . . . . . . . . . .(10)

for each Phasei , where

­pi

­x
~Si

1! 5 const . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(11)

is the pressure gradient in Phasei at the constant initial saturation
Si

1. The constantsCi are related by(i Ci 5 1 2 vD. When­pi/­t
is known, the relative permeability of Phasei can be determined
explicitly, independent of the pressures in the other phases.

Note that if Phasei is absent initially, we havef i
1 5 0, Si

1 5
0, and hence,Ci 5 0. The dimensionless velocityvD 5 vf/u is
then given by the saturationSi

2 and the fractional flowf i
2 at the

left side of the traveling wave. In general, the saturation profile will

consist of a combination of a traveling wave and a spreading wave.
In a two-phase system having a typical S-shaped fractional flow
curve, the traveling wave will have higher velocity than the spread-
ing part of the saturation profile. The expressions in Eq. 10 are then
still valid because they only involve quantities ahead of the trav-
eling wave. This is also true for a three-phase system.15

Integral Equation. The relative permeabilities may be determined
from Eq. 10 by differentiation ofpi(t). However, the numerical
differentiation process will magnify errors, and oscillatory solu-
tions may result. We can reformulate Eq. 10 as an integral equation,
considering Phase 1 here:

E
0

t ­p1

­t9
dt9 5 p1~t! 2 p1~0!, . . . . . . . . . . . . . . . . . . . . . . . .(12)

where p1(t) is the pressure in Phase 1 as a function of time
measured at a pointx, andp1(0) is the pressure at the start of the
traveling wave profile. Inserting from Eq. 10 and neglecting gravity
for simplicity in the notation only, we get

E
0

t 1

kr1~t9!
@C1 1 vDS1~t9!#dt9 5 p̃1~t!, . . . . . . . . . . . . . . . . .(13)

where p̃1~t! 5 Fp1~t! 2 p1~0! 2 vt
­p1

­x
~S1

1!G k

vum1
. . . . . (14)

Eq. 13 is a Volterra integral equation of the first kind16 and
represents a class of inverse problems.

The unknown function,h(t) 5 1/kr1(t), is expanded by B-
splines,

h~t! 5 O
j51

nh

cj
hBh, j

m ~yWh , t!. . . . . . . . . . . . . . . . . . . . . . . . . . . . .(15)

The saturation,S1(t), will be measured directly. However, to deal
with measurement errors in discrete measurements, we use B-
splines expansion also here:

S1~t! 5 O
k51

nS

ck
SBS,k

m ~yWS, t!. . . . . . . . . . . . . . . . . . . . . . . . . . . .(16)

Inserting Eq. 15 into Eq. 13 we get

p̃1~ti! 5 O
j51

nh

cj
hHC1 E

0

ti

Bh, j
m ~yWh , t9!dt9

1 vD E
0

ti

Bh, j
m ~yWh , t9!S1~t9!dt9J, . . . . . . . . . . . . . . . . . . . .(17)

whereS1(t) is given by Eq. 16. This equation has the linear form
AxW 5 bW , where the unknownsxj are the coefficientscj

h. Both the
integral of a B-spline and the inner product of two B-splines can be
calculated exactly,17 and hence,A can be determined analytically.
The vectorbW is found through Eq. 14.

To determineh(t), and subsequently, the relative permeabilities,
we solve the linear least-squares problem

min
xW

iAxW 2 bWi2, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(18)

subject to linear inequality constraints

GxW # xWc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(19)

These linear inequality constraints ensure thath(t) is positive and
monotonic; see Watsonet al.18 for details of the structure ofG andxWc.

It is also possible to write the integral equation with saturation
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as the independent variable,

E
S1

S 1

l1~S9!
@C1 1 vDS9#

dt

dS9
dS9 5 p̃1~S!. . . . . . . . . . . . . . .(20)

Here, we shall determine the function, 1/kr1(S), which we may
assume is a positive, decreasing, and convex function. The con-
vexity criterion would probably have rendered sufficient smooth-
ness, and additional regularization would not have been required.
However, this equation involves the determination ofdS/dt, and
differentiation of measurement data usually introduces relatively
large uncertainties. We will therefore proceed with Eq. 13 using
time as the independent variable.

Tikhonov Regularization. To obtain a suitably smooth solution
of the problem in Eq. 17, we amend the linear least-squares problem
by using Tikhonov regularization.19 The Tikhonov regularized
solutionxWL is defined as the solution of the least-squares problem,

min
xW

$iAxW 2 bWi2 1 LiLxWi2%. . . . . . . . . . . . . . . . . . . . . . . . . .(21)

Here,L is the weight given to the minimization of the seminorm
iLxWi of the solution relative to minimization of the residual norm
iAxW 2 bW i. We will use the second derivative as the regularization
operatorL. This means that we expect 1/kri vs. time to be relatively
smooth functions.

It is important to choose a proper value for the regularization
parameterL. A variety of methods have been proposed. Hansen20

recommends the L-curve method whereL is chosen from a plot of
iAxW 2 bW i vs. iLxWi. Yang and Watson21 choose the largest value
of L that does not compromise the fit between simulated and
measured data.

Length of the Traveling Wave Profile. It is important to estimate
the length of the stabilized zone; the profile must be wide enough
so that measurements can be made, but the length should be small
compared with the length of the core. For the traveling-wave part
of the saturation profile we have, following Marle,1

­S1

­x
5

u

k

l1 1 l2

l1l2

1

dpc/dS1
@C1 1 vDS1#, . . . . . . . . . . . . . . . .(22)

where we again have neglected gravity for simplicity. By integrat-
ing Eq. 22, we get

XD 5
k

ulm2
I, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(23)

whereXD is the length of the traveling wave normalized with the
length l of the core, andI is the integral,

I 5E
S1

2

S1
1

kr2~­pc/­S1!

~C1 1 vDS1!~1 1 ~kr2m1/kr1m2!! 2 1
dS1 . . . . . . . . .(24)

This is the same expression as given by Jones-Parra and Calhoun22

if we use

­f1
­S1

5 vD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(25)

in the stabilized zone. The integration is taken over the whole
saturation range of the traveling wave. However, the integrand is
singular at the limitsS1

1 andS1
2. The integration should, therefore,

be performed over a slightly smaller saturation interval to avoid
problems with the calculations.

To calculate the integralI and estimate the length of the traveling
wave before the relative permeabilities are estimated, a model of
capillary pressure and relative permeabilities is needed. Brooks and
Corey presented a model that connects drainage-capillary pressure
and relative permeability to pore-size distribution through a single
parameterl.23 Theoretically,l may have any value greater than

zero, being large for media with relatively uniform pore sizes and
small for media with wide pore-size variation. The commonly
encountered range forl is between 2 and 4 for various sandstones.
The capillary pressure/saturation relation is

S*1 5 Spb

pc
Dl

, for pc $ pb , . . . . . . . . . . . . . . . . . . . . . . .(26)

wherepb is the threshold pressure, andS*1 5 (S1 2 S1r)/(1 2 S1r)
is the mobile wetting phase saturation. Relative permeabilities are
given by

kr1 5 ~S*1!
~213l!/l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(27)

and kr25(12S*1)
2[12(S*1)

(21l)/l]. . . . . . . . . . . . . . . . . . .(28)

Using this model, the integralI in Eq. 24 can be calculated for
different values ofl. We assume a drainage process where the
initial saturation isS*1 5 1.0. Fig. 1 showsI /pb as functions ofl
for three different viscosity ratiosm2/m1. The integration is taken
from (S1

2 1 0.01) to (S1
1 2 0.01) toavoid singularities. The value

of I /pb decreases with increasingl, and with decreasing viscosity
ratio. The parametersl andpb are found from measurements of
capillary pressure. The value of the integralI is then found from
Fig. 1. Using this in Eq. 23, the length of the profile can be
calculated. Note that the capillary pressure and relative permeabil-
ity models in Eqs. 26 through 28 are not always sufficient to
represent real data. In such cases, other representations must be
used (splines, polynomials, etc.).

If the saturation profile consists of both a spreading part and a
traveling wave part, the saturationS1

2 in Eq. 23 will not be exactly
the “shock front saturation,” but rather, the saturation at which the
spreading part and the traveling wave part are connected.24

The expression in Eq. 23 has also been used by Potter and Lyle25

to estimate the length of the stabilized zone. They only used qualitative
estimates and did not explicitly calculate the length of the zone.

Description of Example
To determine the relative permeability of Phasei from Eq. 13, we
need to measure the saturation and pressure of the phase as a
function of time at one position along the core. Only data for the
traveling wave profile can, of course, be interpreted by Eq. 13.

We also need to determinevD andC1 in Eq. 13. If the saturation
profile only consists of a traveling wave, the velocity is determined
from the initial and boundary conditions by Eq. 7. In general, the
saturation profile will consist of a spreading wave and a traveling
wave. From in-situ measurements of saturation (or pressure) at two
positions along the core, the traveling-wave part of the saturation
profile can be identified, and its velocity can be determined. This
will be necessary in most cases, because we rarely will know if the
saturation profile only is a traveling wave, or if there is a spreading
part in addition.

Fig. 1—The integral I in Eq. 24 divided by pb as a function of l for
different viscosity ratios m2/m1.
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The constantC1 5 f1
1 2 vDS1

1 is determined from the initial
saturation in the core and the corresponding relative permeability.
If the core is fully saturated with Phase 1, we haveC1 5 1 2 vD,
andC1 5 0 if the core is saturated with Phase 2. If the core initially
contains both fluids, the relative permeability can be determined
from the steady-state value at this saturation.

If the traveling-wave saturation profile is distorted by the end
effect, the measurements will be erroneous. The end effect must
therefore be minimized. If the core is much longer than the spread
of the traveling wave, measurements can be taken in the middle of
the core.

As an example, synthetic data from a numerical simulator were
used as input to the analysis. We performed a one-dimensional
simulation of a horizontal coreflood where a water/oil mixture
displaces oil. The fractional flow of water at the inlet isf1

2 5 0.79,
and is chosen such that the saturation profile consists of only a
traveling wave. In the simulation, 400 uniform gridblocks were
used. The dataS1(t), p1(t), andp2(t) were taken from Block 100
at 12.5 cm from the core inlet. The parameters used in the simu-
lation study are given inTable 1. The relative permeabilities are
Corey-type exponential functions of saturation. The capillary-
pressure curve is linear fromPc(S1 5 1.0) 5 0 to Pc(0.22) 5 6
kPa, but it is much steeper for lower saturations.

Results
The simulated dataS1(t) taken from Block 100 and Block 300 are
shown inFig. 2. The time scale for the data from Block 300 is
shifted with the time delayDt 5 Dx/v between the measurements,
Dx is the distance between the measurement positions, andv is the
velocity of the front. The match between the curves is very good,
validating that the profile indeed is a traveling wave. For each of
the saturation- and pressure-data series, 660 data points were used.
In the following, we demonstrate the calculation of the relative
permeabilities both by the pointwise and the integral-equation
method. We consider artificial data both with and without exper-
imental errors added. In cases with errors, we have used normally
distributed errors with zero mean and a standard deviation repre-
sentative of experimental uncertainties.

Pointwise Method. The relative permeability can be calculated
directly from Eq. 10. This involves differentiation, and errors are
magnified. One way of improving the situation is through smooth-
ing of experimental data.Fig. 3 shows the resulting relative
permeabilities when taking the derivative between successive pres-
sure data without smoothing. In this case, we use noise-free data;
only the numerical errors from the calculations are present. Also
shown are the results from a coarse-grid (100 blocks) simulation.
Whereas the results from the fine-grid simulations are relatively
smooth, just the numerical errors present in the coarse-grid simu-
lations result in significant oscillations. The oscillations are largest
in the oil-relative permeability at low water saturation. The oil
pressure is approximately constant, and the calculation ofkr2 is
very sensitive to errors becausedp2/dt ' 0 in the denominator.
Using real experimental data will result in even more oscillations.

Integral Method. To avoid differentiation of measured data, we
calculate the relative permeability from Eq. 13. We represent the
measured saturations by a B-spline expansion and determine the
coefficients through the solution of a linear least-squares problem.
This enables a good approximation of the saturation measurements,
even with measurement errors present. The B-spline expansion is
also convenient when performing the calculations for solving the
linear system in Eq. 17 with respect to the coefficientscj

h.
First, we show the result without any errors in the saturation or

pressure measurements. To have sufficient flexibility, 50 knots are
used in the partition of the time interval. No regularization is used
in this case. The resulting relative permeability curves for both
phases are shown inFig. 4, together with the true relative-perme-
ability curves. For the relative permeability of Phase 1 (water),
there is good match between the calculated and true curves, whereas
there is a small deviation between the calculated and true curves for
the oil-relative permeability. The deviation is caused by numerical
dispersion. The curves here are smoother than the results from the
pointwise method shown in Fig. 3.

Next, errors are added to the data. Errors in saturations are
smoothed out well when the measurements of saturation vs. time
are approximated by a B-spline function. We will not discuss this
further here, but rather concentrate on the effect that errors in
pressure have on the solution.

To the pressure datap1(t) are added normally distributed errors
with zero mean and variance equal to 1% of the maximum pressure.
This corresponds to the accuracy in the pressure measurements. No
errors are added to the saturation data. We use 50 knots in the
representation ofh(t). We have found that using too few knots
leads to problems in solving the integral equation. The solution of
the integral equation gives the inverse of the relative permeability

TABLE 1—DATA FOR THE SIMULATION STUDY

Length of the core 50 cm

Cross-section area 11.1 cm2

kh, kv 100 md

f 0.20

m1, m2 1.0, 1.2 cp

Residual saturations (S1, S2) 0.16, 0.0

S1
1 0.16

f1
2 0.79

Total flow rate 0.2 cm3/min

No. of grid blocks 400

Fig. 2—Water saturation vs. time from simulation, taken from
Blocks 100 and 300. To match the curves, the time scale for data
from Block 300 is shifted with the time delay Dt 5 Dx/v between
the measurements.

Fig. 3—Relative permeabilities for Phase 1 and Phase 2 from
pointwise calculation. Fine grid is 400 blocks, whereas coarse
grid is 100 blocks.

95SPE Reservoir Evaluation & Engineering, April 1998



as a function of time. The results are shown inFig. 5 for two
different values ofL. The corresponding plot of relative perme-
ability vs. saturation is shown inFig. 6. The valueL 5 1.0 is close
to the corner of the L-curve, and should be a good choice according
to Hansen.20 However, oscillations are still present in the estimated
curve, because of the extra flexibility given from the added errors.
High L-values have given solutions which, on average, deviate
from the true solution; see Kolltveitet al.26 Here, we have not
investigated further the effect of using a highL-value for different
realization of the error vector.

Discussion
A new method to calculate relative permeabilities from the trav-
eling-wave part of the saturation profile has been presented. In-situ
measurements of saturations and phase pressures are needed. Cap-
illary pressure is included in the analysis, and the experiments can
be run at low rates. The new method makes it possible to calculate
relative permeabilities for the saturation interval that cannot be
analyzed by the standard JBN method (i.e., the saturation shock).

To make good measurements of saturation and phase pressure
over the traveling-wave part of the saturation profile, the traveling
wave must be sufficiently spread out. This is accomplished by
lowering the injection rate. The response time of the pressure
transducers must also be analyzed together with the velocity and the
spread of the profile. The response must be sufficiently fast to allow
measurements of phase pressures at transient conditions.

The spread of the profile can be estimated from Eq. 23 or from
simulation. In either case, an initial guess of relative permeabilities
and capillary pressure is needed, giving only a rough estimate of the
true saturation profile. The spread of the traveling wave should,
however, not be so wide that the measurements are affected by the

end effect. The whole traveling wave must pass the measurement
position before it is influenced by the end effect. A long core can
be used to ensure that the end effect is important in only a small
fraction of the core length. The end effect is discussed further by
Helsetet al.27

Eq. 10, which allows calculation of relative permeabilities,
involves the time derivative of the measured-phase pressure. Tak-
ing derivatives of measured quantities will magnify measurement
errors. We present an integral method to deal with errors in the
measurement in a systematic way. Expanding the inverse of the
relative permeability by B-spline functions reduces the problem to
a system of linear equations that is solved by a least-squares
procedure. Tikhonov regularization is used to ensure smooth so-
lutions. The choice of the regularization parameterL is important.
Wrong choice ofL will either lead to oversmoothing or under-
smoothing of the solution. Objective methods for choosing the
regularization parameter have been proposed. However, different
criteria might give different values forL, and care should be taken
to choose the properL. We have used the L-curve method here
because it uses directly the balance between minimizing the set of
linear equations and the regularization term.

In general, the saturation profile will consist of a combination of
a traveling wave and a spreading wave. In a two-phase system
having a typical S-shaped fractional-flow curve, the traveling wave
will have higher velocity than the spreading part of the saturation
profile. The expressions in Eq. 10 are then still valid because they
only involve quantities ahead of the traveling wave. This is also true
within each wave family in a three-phase system.15

Conclusions
A method for calculating relative permeabilities from the traveling
wave part of the saturation profile in a displacement experiment has
been derived. In the analysis, capillary pressures are included. From
this analysis, relative permeabilities from displacement experi-
ments can be determined for the whole saturation range, in contrast
to the traditional JBN method, which is not valid over the saturation
shock. Using the new method, it is also possible to perform the
experiments at low flow rates corresponding to realistic reservoir
rates. The experimental data needed are in-situ measurements of
saturation and phase pressure. The equations for determining the
relative permeabilities for each phase are decoupled, meaning that
the determination of relative permeability of one phase only de-
pends upon the saturation and pressure of this phase.

Nomenclature
A 5 matrix, t, s
bW 5 vector, t, s
B 5 B-spline function, dimensionless
C 5 constant of integration, dimensionless
f 5 fractional flow, dimensionless

Fig. 4—Relative permeability curves for Phase 1 and Phase 2
calculated by the integral method. No errors are added to the
data. The true relative permeability curves are shown for com-
parison.

Fig. 5—Inverse of the water-relative permeability vs. time from
estimation.

Fig. 6—Water-relative permeability vs. water saturation from
estimation compared to the true water-relative permeability
curve. Results with and without experimental errors added, and
using different regularization parameter L are shown.
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g 5 scalar component of gravity, L/t2, m/s2

h(t) 5 1/kri (t)
I 5 Integral defined in Eq. 24, m/Lt2, Pa
k 5 permeability, L2, m2

l 5 length of the core, L, m
L 5 operator
n 5 number of B-spline, dimensionless
p 5 pressure, m/Lt2, Pa
S 5 saturation, dimensionless
t 5 time, t, s
u 5 Darcy velocity, L/t, m/s
v 5 velocity of traveling wave, L/t, m/s

vD 5 vf/u, dimensionless
x 5 spatial coordinate, L, m
xW 5 vector, dimensionless
X 5 length of traveling wave, L, m
yW 5 partition vector, dimensionless
l 5 mobility, L3t/m, m2/Pa z s
L 5 regularization parameter, dimensionless
m 5 fluid viscosity, m/Lt, Paz s
j 5 x 2 wt, traveling-wave coordinate, L, m
r 5 fluid density, m/L3, kg/m3

f 5 porosity

Subscripts
b 5 threshold pressure
c 5 capillary

D 5 dimensionless
h 5 horizontal
i 5 fluid phase;i 5 1, 2
r 5 relative, residual
t 5 total
v 5 vertical

Superscripts
1 5 right state of a shock
2 5 left state of a shock
m 5 order of spline

Operators
9 5 derivative

D 5 difference,Drij 5 ri 2 rj

i z i 5 2-norm
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Appendix: Derivation of the Time Derivative of the
Phase Pressure (Eq. 10)
For the pressure gradient of Phasei at the traveling-wave part of
the saturation profile, we have

­pi

­x
~x, t! 5

­pi

­x
~x 2 vt!. . . . . . . . . . . . . . . . . . . . . . . . . .(A-1)

We can write

­

­xS­pi

­x
~x, t!D 5 2

1

v

­

­tS­pi

­x
~x, t!D

5 2
1

v

­

­xS­pi

­t
~x, t!D . . . . . . . . . . . . . . . . .(A-2)
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or

­

­xF­pi

­x
~x, t! 1

1

v

­pi

­t
~x, t!G 5 0. . . . . . . . . . . . . . . . . . .(A-3)

This implies

­pi

­x
~x, t! 1

1

v

­pi

­t
~x, t! 5 A, . . . . . . . . . . . . . . . . . . . . . .(A-4)

whereA is not dependent ofx. At the core outlet,x 5 L; Si 5 Si
1,

the phase pressure, being a function of saturation, is constant before
breakthrough of the traveling wave. This implies­pi/­t(L, t) 5 0,
and, from Eq. A-4,

A 5
­pi

­x
~L, t! 5

­pi

­x
~Si

1!. . . . . . . . . . . . . . . . . . . . . . . . .(A-5)

Using Eqs. A-5 and 5 in Eq. A-4 gives Eq. 10. Note that Eq. 10 is
only valid before breakthrough. Modified equations valid after
breakthrough are given by Helsetet al.27

SI Metric Conversion Factors
cp 3 1.0* E203 5 Pa z s
ft 3 3.048* E201 5 m

in. 3 2.54* E100 5 cm
knot 3 5.144 444 E201 5 m/s
md 3 9.869 233 E204 5 mm2

psi 3 6.894 757 E100 5 kPa

*Conversion factor is exact. SPEREE
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