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Abstract

In this work we derive rigorously the free energy balance for three fluid phases in a straight capillary of arbitrarily shaped cross-section.
This balance is then used to derive the general equation for the capillary entry pressures of all possible two-phase and three-phase displac
ments. Moreover, the equation provides the criterion determining the existence of layers of the intermediate-wetting phase separating th
wetting and non-wetting phases in the cornersavitees of a capillary, by alsoéating the spreading of sucinlers as a capillary displace-
ment. For a number of combinations of interfacial tensions and contact angles, illustrating all the different relevant situations, we calculate
the criteria for spreading of such a layer iretcorner of a capillary with polygonal cross-8en. In a capillary with a cross-section in the
shape of an isosceles triangle of varying corner size, these criteria are used to determine the unique capillary entry pressures for piston-lik
displacement from alternative solutions of the general equation. These solutions relate to displacements in the presence or absence of lay
in the various differently sized corners.

0 2004 Elsevier Inc. All rights reserved.
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1. Introduction ties of the pore cross-section, even when more non-wetting
phases are present in the centre of the cross-section. Fur-
Pore-scale modelling of multi-phase flow processes is thermore, for most pore shapes the shape of the bulk-bulk
mainly determined by capillary forces, in particular by so- interface is difficult to determine. _
called capillary entry pressures or threshold pressures. The Despite the irregularity of the pore cross-sections Mayer
capillary entry pressure determines the pressure difference?d Stow€(1] and Princerj2—4] have developed a method
that is necessary for one (bulk) phase to displace another('éferred to as the MS-P method) that can be applied to
(bulk) phase in a capillary. In a capillary shaped as a straight determine the capillary entry pressure for two-phase flow
cylinder the Young—Laplace equation provides a simple ex- in straight capillary of irregular cross-section. Many re-

pression for the capillary entry pressure, based on the as_searchers after them have applied this method to study par-

sumptions that only one phase can occupy a given cross-ticular cross-septional shapgs and h.a_ve extended the method
go pores of arbitrary wettability conditions. The correspond-
ing references have been collected by Lago and ArEa]jo
who themselves have considered pores of general polygonal
cross-section and, more recently, pores with curved $&Jes
The MS-P method is based on the variation of free energy
for a long capillary in which two phases are separated by a
* Corresponding author. Fax: +44-(0)-131-4513165. bulk—bulk interface, as well as by interfaces in the corners
E-mail address: rink@pet.hw.ac.uk (M.1.J. van Dijke). and cavities of the pore cross-section.

a known (spherical) shape. However, in irregularly shaped
capillaries these assumptions are usually not valid as the
more wetting phase tends to be present in corners or cavi-
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Recently, van Dijke and Sorbj&] have extended the two-  in a pore with cross-section in the shape of an isosceles trian-
phase MS-P theory to systems of three fluid phases. Theygle for varying corner sizes. We show how the layer criterion
considered the capillary entry pressures for displacement ofdistinguishes between alteriva solutions for the capillary
two bulk phases in a capillary, where also the remaining third entry pressures, as it determines the conditions, i.e., pres-
phase is present in the corners and cavities. An equationsure combinations, under whiaftermediate-wtting layers
was formulated from which the capillary entry pressures for are present in the various corners Appendix Awe revisit
all possible two-phase and three-phase piston-like displace-the analysis of Dong et a8] for the existence of layers to
ments, relevant to pore-scale modelling, can be derived. Vanshow that their and our derivation lead to the same criterion.
Dijke and Sorbie illustrated the generality of the method by
deriving the entry pressures for pores of various polygonal
cross-sectional shapes, in particular for a rhombus, as the2, Freeenergy balance for threephasesin a closed
latter shape has in general two pairs of unequally sized cor-system
ners, which may lead to different corner phase occupancies.

In most cases where three phases are present in one capil- \when three fluid phases are present in a closed system
lary, the entry pressures for displacement between the twoyith rigid walls the total free energy differentialFr is
bulk phases can be shown to depend on the pressure in thgiyen by the sum of differentials,
remaining third phase. In this framework, also the situation
was discussed where in a given cross-section all three phaseg ;, — Z dF; + Z dF;s + Z dF;, (1)
are present, i.e., where the intermediate-wetting phase re- i=1.2.3 i=1.2.3 ij=12.13,23
sides as a thick layer, separated by two different interfaces,
between the wetting and the non-wetting phase. This situa-
tion markedly affects the capillary entry pressures.

The presence of these intermediate-wetting layers ha
been observed experimental§-10] and predicted theo-
retically [8,11,12] Fenwick and Blunf11] and Firincioglu

where the single numbered indices refer to the fluid phases.
The double indices refer to iatfaces between the fluid
Sphases mutually, as well as between the fluid phases and the
solid phases associated with the walls. Assuming that the
system is in thermal equilibrium with its surroundings, the

et al. [12] have only provided geometrical criteria, which equilibri_um condition for the ariation in (Helmholtz) free
can be seen as necessary conditions for the existence of th&Nergy isd Fr = 0[13,14] _
intermediate-wetting layers. Dong et {8] used a free en- Because of constancy oftemperature ahd 9hemlcal poten-
ergy approach to derive a sufficient criterion for the existence tial, .the differentials as.somated with the individual phases
of the layers in terms of the pressure differences between the? Fi in EQ. (1)can be written as
phases, which supposedly needed to be calculated numerile_ P4V )
cally. In this paper, we show that the sufficient condition, ~"*— “'* "
i.e., pressure combinations, for the existence of the layerswheredV; denotes the phase volume variations ahdie-
follows from the same general equation as is used to de-notes the (constant) pressure of fluid phagessuming very
rive the three-phase capillary entry pressures. These pressurghin interfaces between the phaséhe differentials associ-
combinations are then restricted by the mentioned geomet-ated with the fluid—solid amfluid—fluid interfacesd F;; and
rical criterion to determine uniquely the presence of these d F;; respectively, can be written as
intermediate-wetting layers.

In Section 2we derive rigorously the free energy balance dF;; =oisdA;s, dFij =o0ijdA;j, 3)

for the presence of three fluid phases in a closed system L . .
with rigid walls. In the present case, we consider the sys- whered A;; andd A;; denote variations in the corresponding

tem to be a capillary network, in which we look at phase surface areas. Furthermors; denptes the surface tension
volume variations in one capillary only, or, even simpler, between fluid phase and the solids ando;; denotes the

we consider a single closed capillary.$ection 3we show mttla_'rfamal ttehnsmn pﬁ;[ween ﬂu'g.?h;imldé'l ds 1o th
how this balance is applied to find the equation necessary tob | ence,f 'et 6(1UI ! L|um gon Idlg Th_ e? sto h €
determine the capillary entry pressures for all possible two- alance of virtual work produced by phase volume changes

phase and three-phase displacements. Moreover, we shov@nd the virtual work associated with the changes in interfa-

that this equation also leads to the existence criterion for the Cial areas for three fluids:

intermediate-wetting layers. The equation is valid for arbi- Z Pdv + Z o dAse 4 Z o dA =0
trary cross-sectional geometries, but to illustrate our ideas e pEsE vES T
best, we apply it to pores of polygonal cross-section. There- '~ >3 =123 ij=121323 )
fore, we state the corresponding relations for the corner
geometries irSection 4and we work out explicitly the cri-
terion for the existence of an intermediate-wetting layer in
such a corner. lisection 5 we give numerical examples of Z dV; =0, Z dA;, =0. (5)
the layer criterion and the various capillary entry pressures

Because of the rigid solid phase, the total fluid phase volume
and the total fluid—solid surface area remain constant, i.e.,

=1,2,3 i=1,2,3
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Fig. 1. Possible three-phase configurations in the corner ofaifostrated by a corner with straight walls and half angldn configuration 2 one corner
fluid—fluid interface (AM) is present separating the more non-wetting phésen the more wetting phasg In configuration 3 a layer of the intermedi-
ate-wetting phase 2 separates phases 1 and 3 and is surrourioieith byl 2 and a 23 AM. Additionally, the fluid—fluid contact anglgsare indicated.

We use these constraints ection 3 where we invoke an  and Princen2-4], the MS-P method, who derived capil-
infinitely small displacement of the phases to derive the cap- lary entry pressures in two-phase flow. In this method, it
illary entry pressures in a capillary with rigid walls. is assumed that in a long capillary a main terminal menis-
Further, in the presence of pore walls contact anglgs cus (MTM) exists, which separates longitudinal sections of
ij =12, 13,23, can be defined, measured through phjase the capillary with different cross-sectional phase configu-
which obey Young'’s equation rations. In the cross-sections far away from the MTM the
interfaces between the fluid phases form arc menisci (AM)
with radii of curvature;;. The crux of the MS-P method lies
For the three phase paiEg). (6)combines into the equation  in comparing the effectiveadius of curvature at the MTM
of Bartell and Osterhdfl5], with the radii of the AMs. Broadly speaking, if in a cross-
section all three phases are present, the non-wetting phase
tends to reside in the centre or bulk of the capillary, the
Notice, that the introduction of contact angles allows the wetting phase resides in the narrower parts or corners and
balance(4) to be valid for systems of arbitrary wettability —the intermediate-wetting phase forms layers between these
and we choose the numbering of the phases (from non-phases. The phases are separated by the AMs. Also if two
wetting to intermediate-wetting to wetting as 1, 2 and 3) phases are present, the more wetting phase resides in the nar-
based on the values of the contact angles. As a result, werower parts of the capillaries. To analyse the cross-sectional

Ois — Ojs = 0jj COS@,']‘. (6)

013C08013 — 023C0OSH23 = 012COSH12. (7)

can assume without loss of generality that 6;; < /2 for phase occupancies it is sufficient to identify the AMs in the
ij =12 13, 23, with the subscripts in this order. various corners and cavities.

Using Egs. (5) and (6)we may eliminate any one of the For a capillary of polygonal cross-section van Dijke and
termsdV; andd A;; from the energy balandd), for example Sorbie[7] have identified all possible cross-sectional con-
dV3 andd A3y, to obtain the slightly more compact form figurations from the occupancies in the individual corners

of the capillary, where the latter are summarisedrig. 1

—P13d V1= Po3dVz + o12d Axz Also in the general case, wheein a cross-section the pore

+ 013(d A13+ COsH13d A1) walls are not straight, the essence is to identify the AMs in
+ 023(d Az + COSHa3d Agy) = 0, (8) the narrower parts of the cross-section as demonstrated for
) - two-phase flow by Mayer and StowW&] and Princerj2—4]
where we have also introduce}; = F; — P; for ij = and, more recently, by Lago and Araug]. The corner oc-
12,23, which satisfies by definition cupancies constitute the phase occupancy in an entire cross-
Pi3= Pip+ Po3. 9) section, of which examples are given for an arbitrary triangle

in Fig. 2a Observe that there is one bulk phase present in
Notice that the formulation dEq. (8)is slightly “asymmet- each cross-section, i.e., phase kiand phase 2 at, but
ric” as, for example, the term involving; is different from that in the various corners diffent phases are present, i.e.,
the terms involvingr13 andozs. Therefore, althougBa. (8)  gifferent AMs. InSection 4.1we discuss the precise condi-

is as general a&q. (4) we use the latter as the starting point  tjons for the presence of the various AMs for a polygonal
for our derivation in the next section. cross-section.

Combination of cross-sections and » of Fig. 2afor
a slice along a long capillary, separated by the MTM, is
shown inFig. 2h For this example, at the MTM three differ-

. - , ent fluid—fluid interfaces arerpsent, although their precise
As described by van Dijke and Sortjig], capillary en- shape is unknown due to the irregular shape of the cross-

try pressures for piston-like d|§placement of two phgses N Section. However, according to the Laplace equation
a pore in the presence of a third phase can be obtained us-

ing a free energy balance. The work of van Dijke and Sorbie 0ij
is a generalisation of the method by Mayer and St¢tle Pij ==

3. Three-phase capillary entry pressures

(10)

rij
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Fig. 2. (a) Cross-sections of a tnigular capillary with possible phase con-
figurations with either phase 1 or @2 as bulk phase. (b) Section through
A-B-C of part (a) along the length of the capillary with three fluid phases.
The cross-sectiona and b in part (b) are taken at locations where the
fluid—fluid interfaces can be assumed to be parallel to the pore walls.

the effective radii of curvaturg;, ij = 12,13, 23, for these

interfaces can be defined in terms of the phase pressure dif-

ferences. To determine these radii, we consider the fluid con-
figuration at thermodynamicagilibrium. At equilibrium,

the effective radii at the MTM are equal to those for the
AMs, if present, of which the actual radius of curvature is

187

Fig. 3. Cross-sectional aree;]f) occupied by phasg in cornera in the
presence of bulk phase The lengths of the surrounding fluid—solid and

fluid—fluid contact lines are indicated a§"}j andL(fkl).j, respectively.

dAjy = (Lisla — Lislp) dx fori=1,23,
dA,'j S (L,'j la — L,’j |p) dx for ij= 12,13, 23,

(11b)
(11c)

where A;|, for z = a, b denotes the area of cross-section
z that is occupied by phase Similarly, L;s|, denotes the
length of the contact-line between phasand the solid,
while L;;|, denotes the length of the contact-line between
phases and; in cross-sectiorr. Notice, thatA;|;, Lis|;
and L;;|, are equal to zero if the corresponding volumes
and interfaces are not presentthe indicated cross-section.
For example, for the phase configuratiorFig. 2bd A1z =
Lio|adx, dA13= L13|s dx andd Az = (L23|, — L23|p)dx.
Observe thakgs. (11a) and (11lbare consistent with the
conservation equatior{s), since

> Ail:=A and
i=1,2,3

Z Lis|;=Ls forz=a,b,
i=1,2,3
whereA andL; are the total area and perimeter of the cross-
section, respectively.
Substitution ofEgs. (11)in Eqg. (4)and considering that

equal tor;;. Furthermore, because the phase pressures arghq displacementx is arbitrary yields

constant throughout the system, AMs of the same fluid—fluid

combination have the same radius of curvature on either side

of the MTM.

3.1. General derivation

The free energy balance for such a three-phase configu-

ration, given byEq. (4) is based on a small variation of the
phase volumes. In a system composed of a sufficiently long
closed capillary, we may assume that small variations of the
phase volumes lead to changes in the lengths of the fluid
distributions only and that the shape of the MTMs remain
constant. We associate these length variations with a small
displacement of the MTM in thdirection along the length
of the capillary, saylx.

Hence, taking/x directed from cross-sectian towards
cross-section, the volume and area variationskia. (4)can
be expressed as

dV;=(Aila — Ailp)dx fori=1,23, (11a)

- Y PAi+ Y oisLis+ Y.

i=1,2,3 i=1,2,3 ij=12,1323

_{_ Z PA; + Z oisLig

i=1,23 i=1,23

+ Z GijLij}

ij=12,13,23

{

O‘ijL,'j}

a

=0,
b

(12)

which may be viewed as a balance of the forces acting on
either side of the MTM.

For convenience, we writd; in terms of the total area
A of the cross-section and the corner arﬂé]"s), which are
bounded by the AM between phaseand j in a particu-
lar cornerk. Similarly, we write the fluid—solid contact-line
lengths in terms of the total perimeter of the cross-sedtion
and the fluid—solid contact-line lengths in the corrlié’i’i)j.
The corner notation is illustrated Fig. 3for a simple cor-
ner with straight walls. The advantage of this notation is that
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we only have to deal with the constant total area and perime- Y 0isLisle = Y 0isLsSi

ter, separate from the corner quantities, which vary with the i=1,2,3 =123
indicated AM only. For exampld,ikl.). depends on the AM n
Jdj . y g (k) (k)
between phaseisand j only, parameterised by the radius =Y Y ool s,
of curvaturer;; and the contact angt;. In Section 4.1we k=1ij=12,1323 (15b)
work out the expressions for these corner quantities for a n
simple corner with straight walls. Yo oiiLil=)_ > O’ingifngi(]]i)Z, (15¢)
In general, assuming that we have a cross-sectionmvith ij=12,1323 k=1ij=12,1323
corners or cavities, where possible AMS can be identified, where we have used the definitigyy = P; — P; in relation
we can express the areas and contact-line lengths as (15a)and Eq. (6)in relation (15b), similar to the deriva-
B tion of Eq. (8) Furthermore, the difference of the bulk phase
k) ¢ (k k) o (k i i -secti
A1l, = AS1 . — Z(Aiz)%)z + A(13)8§3)z) terms in relationgl5a)and(15b)for the two cross-sections
1 a andb can be expressed as
n
1) o (k 1) o (k — (P;A —o0isLs)biq + (P;A —o0isLs)dip
A2|z=A82,Z_Z(Agg)8§3)’z_A§_2)8:(|_2)’z)a i=§3 i islts)0ia i:§3 i islis)Oj
k=1 - ”
. o - =— Z (PijA — 07 COSH;j Ls)Sij.ab, (16)
Asgl:=Ad3. — Y (—AY98Ls, — AS85) ). (13a) j=12.13.23
k=1 whereé;; ., denotes the indicator function for the combina-
Lislo = Lbps Z(Lgkiz5¥{2) N LE%S&"; ) tion of bulk pha'ses on either side of the MTM, defined as
= R . 1  if bulk phase present at: and
" P bulk phasej present ab, (17)
*) (k) *) (k) i:ab =1 _1 if bulk phasej present at and
Log|, = Lsé2, — L7568 — L8 ,
sle = Lsb2z ,;( s223: = Ls112.) bulk phase present ab.
n To arrive at a compact canonical form of the energy balance
Lag|, = L83, — Z(—Lilfﬁafgz — Li’fgaggz), (13b) (12), we use the geometrical functiof@
k=1 A
n g(r,0) = — —cosh - Ly, (18a)
k k .. r
Lijl. =Yy L) 6l forij=121323 (13c) A© G 0)
=t gPr0)=—"=+1P0.0
. - - . r
In Egs. (13)we have used the following indicator notation — cosh - L§k>(r,9), (18b)

convention, similar t¢5]:
with A® (7, 6,) = Ag{). L (rij 0;) = LY) L(f) (rij, 0ij)

1 if phasei present at, S
iz = { 0 otﬂerwise?, (14a) = L;kgj Relat?on(18a)only.involves the geometry of the t(_)—
it . tal cross-section and relati¢gh8b)relates to the geometry in
5}1"1 - { é Iotlhjef\le\//ilslzresem In cornek atz, (14b) the corners. Usingq. (10) we find that with relation§l15),

(16) and(18)the energy balancd 2)is equivalent to
Notice, thats; , refers to bulk phase occupancy a&‘@ _ Z o119 (i 6i1)8:

to corner occupancy. Furtheare, since each cross-section e T 181 Zij)0t,ab

contains only one bulk phase, thg. satisfy ";_; 5 38:.- Ve

= 1. On the other hand, there is no similar constraint for the . *) (k) (k)
Sfjk)z since zero, one or even two AMs may be presentina 1; 3 ;3 230115' (rij 0 (8.0 = 8;j.) =0 (19)
y =1ij=1213,

given corner. However, the presence of AMs, therefore the
values ofgi(lf) , is constrained by the type of bulk phase, as Notice that we have eliminated the length of the displace-

indicated inSection 3.2elow. mentdx, but if we assume thatx is positive, the sign of the
Using Eqgs. (13)the individual summations ifEq. (12)  left-hand side o&qg. (19)is also the sign of the original free
relating to one cross-sectiartransform into energy variation ireq. (4)
— > PAil:=— ) PAS; 3.2. Application of the general equation
i=123 i=123

n The general equatiof19) applies to a straight capillary
+ Z Z P Agf)(g(/f) (15a) of any cross-sectional shape wherecorners or cavities

D1ij—121323 e with possible AMs can be identified. To use this equation
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the geometry of the pore cross-section needs to be deter- For the 12 and 13 bulk phase combinatidag, (19)can
mined, distinguising bulk space and corners or cavities, be simplified to

which yield the functiong andg®, respectively. Identify- ;

ing these corners for irregularly shaped pores is not always — 0128 (r12, 012) + Z Z ai,-g(k)(rij, 9ij)5i(/-{)
easy, but in general we may define them as parts of the pore i—lij—121323 4
space where wetting phase with an associated AM can be

n

present. Then, the pair of bulk phases determines the value _ ) * _
of the indicator functiord;; ., and for each corner the pres- ,;GBg (723, 0290023 =0 (212)
ence or absence of a particular interface determines the value "
of the indicator fUI’lCtiOﬂﬁi(]]i)Z. —0138(r13, 013) + Z oij g(k) (rij, 9,']‘)5[»(;-{’)“ =0,

Equation (19)is the same as Eq. (18) of van Dijke and k=1ij=12,1323
Sorbie[7] but in a different notatiod.As outlined in[7], (21b)
Eqg. (19)depends in general on the three radii of curvature respectively. Taking the configuration &ig. 2 as an ex-
for which we have one additional equation, i.e., ample of a 12 displacement, we find faqg. (21a)that in

o1 _ o012 023 cross-section, 85’211 =1 and(Sg‘;a = 1 in the lower right

= , 20 . . -
3 ri2  r23 (20) corner, Whlleﬁig)’a =1 in the lower left corner. Similarly,

which follows fromEgs. (9) and (10)Therefore Eq. (19) [N cross-sectior, 5%),1; =1 in all corners. Notice, that in
can be reduced to a functional relation between at most two the lower right corner the differendg; , — 653, is equal to
of the radii of curvature. This means that, given one of the Z€r0, as the same 23 AMs occur in both cross-sections.
radii of curvature, i.e., one pressure difference, the remain- Moreover, for thg 12 displacement a special case arises
ing radii can be calculated. In case of different bulk phases When bulk phase 1 is completely surrounded by layers of the
on either side of the MTM, the resulting pressure difference intermediate-wetting phase, such that 13 AMs are alfggnt
between these phases is identified as the capillary entry presThen, only the difference(y, — 513, in Eq. (19)is non-
sure, which then generally varies with one of the remaining zero andEq. (21a)depends o2 only. Similarly, for the
pressure differences. 13 displacement in the absence of layers, only 13 AMs can
Using Egs. (19) and (20ve can derive the capillary en-  be present anflg. (21b)depends omy3 only. In both special
try pressures for displacements related to all possible two-cases, as well as for the 23 displacement, where only 23 AMs

phase and three-phase configurations in a capillary of ar-can be present anywag. (19)reduces to the two-phase

bitrary cross-section. Van Dijke and Sorl{i¢] have dis- equation

cussed in detail the displacemts in capillaries of polygonal n

cross-section, for all possible combinations of differentbulk —g(r;;,6;;) + Z g® @y, eij)(slfj’F)a =0 (22)
phases on either side of the MTM. A classification of the dif- k=1 '

ferent displacements can be deebased on the combinations ¢, ij=12 13 23.
of bulk phases in cross-sectiomsandb, of which there are L
six, i.e., 12, 13, 23, 11, 22 and 33. It follows easily that the th
combinations 21, 31 and 32 lead to the same solutions as for
12, 13 and 23, respectively. —g(rij,0ij) =0. (23)

As mentioned earlier, the presence of a given bulk phase
restricts the number of AMs that can be present in the con-
sidered cross-section, since additional phases present in th
narrower parts of the capillary must be wetting relative to
the bulk phase. This means that bulk phase 3 does not allowrl,j __r ) (24)
any AMs, whereas bulk phase 2 only allows 23 AMs. For 2 cow;;

bqu'phase 1 all three AMs can be presentin a givgn Cr0SS-Then, according tdEq. (10)the pressure difference;;,

section, although the 23 AM occurs only when a thick layer \yhich we identify with the capillary entry pressure ;;,

of the intermediate-wetting phase separates phases 1 and 3)peys the traditional Young—Laplace equatidh o=

as sketched in configuration 3 Bfg. 1 for a simple corner. 20;; COSH;j /1. '

In other words, for bulk phase 1 a 23 AM occurs only in | Section 5we will discuss examples of the above dis-

combination with a 12 AM. IrSection 4.1we discuss the  placements for a specific crossetion. As indicated above

precise necessary criteria for the presence of a given AM in 4,0 validity of some of these solutions also strongly de-

corners with straight walls. pends on the presence of layers of the intermediate-wetting

phase 2. In the next section we show how the existence of

1 Notice that there is a typographical error in Eq. (18)df the third these layers fOHOV_VS frorEq..(19) when considering the 11

line of the equation should start with a minus sign, &g12¢@ (12, 612) bulk phase combination. Since for the 33 bulk phase com-

+ -0} bination, no AMs can be preserig. (19)reduces to the

Notice, that if no AMs are preseifiqg. (22)reduces fur-
erto

This equation can be used for example for a capillary of
cylindrical cross-section with radius Using A = -2 and
%, =27 in Eq. (18) we find
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meaningless equation8 0. We comment on the 22 bulk between phases 1 and 3 and a negative valugxoforre-
phase combination at the end®gction 3.3which may only sponds to retraction of the phase 2 layer. Hence, if for some
lead to a rather trivial displacement. combination of radii, or equivalently phase pressures, the en-
In summary, non-trivial displacements arise from the 11, ergy variation satisfied F; > 0, spreading of the phase 2
12, 13 and 23 bulk phase combinations. The 11 combinationlayer is unfavourable, and, vice versadifr < 0, spreading
leads to a criterion for the existence of phase 2 layers, theis favourable.
12 and 13 combinations correspond in general to genuine In Section 4.2ve show that for corners with straight walls
three-phase displacements, but they may degenerate suchs shown irfFig. 1, Eq. (25)can be worked out to find an ex-
that effectively two-phase sjplacement results, and the 23 plicit solution, which delineates the corresponding radii of
combination always corresponds to a two-phase displace-curvature, i.e., pressure differences for which layers may or

ment. cannot exist. However, the free energy differential is not the

only criterion for the existence of layers. Also geometrical
3.3. Capillary entry of layers of the intermediate-wetting criteria play a role, which have been derived for simple cor-
phase nersin[11,12]

For the 11 bulk phase combination, a non-trivial displace- Remark. For the 2 bulk phase combination we may consider
ment exists associated witag. (19) which has not been  similar to the spreading of a phase 2 layer, the spreading of
identified in [7]. In this case a thick layer of phase 2 is a phase 3 wetting film in the corner or cavity of a capillary
present in cross-sectian surrounded by 12 and 23 AMs, that is bulk filled with phase 2, respectively. Then, for one
while in cross-sectio» only a 13 AM is present. Assum-  corner we find similar t&qg. (25)
ing that these layers occur independently in different corners ,
or cavities, we consider this displacement separately in a8 (r23, 623) = 0 (26)

given cornerk. A section of a capillary through such a cor- - a5 only on one side of the MTM a single 23 AM is assumed
walls, the respective corner cross-sections are shown in congq. (26)has the trivial solutiom3 = 0 and that, based on the
figurations 3 and 2 (with phases 1 and 3)F8§. 1 For  corresponding energy variation, the spreading of the wetting
the remaining corners identical AMs are assumed in either fjim is favourable for all radiir3 > 0. Consequently, if a
cross-section. _ 23 AMis allowed, the wetting phase will be present in the
Notice that inFig. 4 the most general configuration is  corer for all positive values of the pressure differefeg
ShOWh, where all three AMs are allowed to be present. For which we expect phyS|Ca”y S|m||ar|y, for the 11 bulk phase

cross-sections andb, exceptin cornet. Hence, inEq. (19) the corner.
the bulk phase term is absent and only in corfapn-zero
contributions arise, i.eaikz)’a =1, ‘Séks),a =1 andaﬁo’)’b =1,
yielding 4. Geometrical relationsand conditionsfor the presence
of interfaces and inter mediate-wetting phase layersin
0128 ™ (r12, 012) + 0238 (123, 623) (25) polygonal cross-sections ap Y
— 0138 (r13, 613 = 0.
4.1. Geometrical relationsfor capillaries with polygonal

In the derivation ofEq. (19)we have preserved the sign of .
cross-section

the original energy variatiod Fr from Eq. (8) This energy
variation is associated with a small displaceméntwhich o , . L
is taken positive when in the configuration Bfg. 4 the _ For capillaries with polygonal cross-sections it is rela-
lengths of the 12 and 23 interfaces increase and the length ofiVely €asy to work out the geometrical functions needed in
the 13 interface decreases. Ither words, a positive value the derivation of capillary entry pressures and the criterion

of dx corresponds to (further) spreading of the phase 2 Iayerfor existence of intermediate-wetting layers. Most important
are the areas and lengths aintact, which are indicated in

I pore wall I Fig. 3for a simple corner with straight walls.
| 3 | Following[7], we write
I |
) L X 2 o 7 cosd :
I | AR =20 4+y® _— L cosh( ——— —sing ) |,
! ATM I ( v 2 tany ®
i ! (27a)
! I cosd .
! 1 ! LO =27 —" —sing ), (27b)
tany ®
Fig. 4. Section through a corner along the length of a capillary where the T
MTM separates cross-sections with and without a layer of phase 2. L;) =2r <— -6 - V(k)> (27¢)
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Notice that for this corner geometBqg. (18b)reduces to which has the two solutions

A® (0 (2)
—%ﬁl. (28) ro3) .

2 g (k) —_ 52 pk) _ 52 k) /
Furthermore, similar to the functiofy of [5], we introduce _ 0137 (013) = 01ph T (012) — 05 (023) £ VD 7
the function 20120230 %) (612)

g®r.0)=~

(34)

A0y =6 +,® I 4 cosQ(Ls?k) _ smg) (29) identified by the sign before’D, if the discriminant
2 ta ’

which depends o@ only for a given corner, such that (o3 , (le)k 912 k( 12) — 351" (629))

AN (,0) =r*h®®). — 40 2,055h ™ (012)h™V (029) (35)
The actual presence of an AM for a given fluid—fluid s greater than or equal to zero. ObviouslyDit= 0 the two

combination is determined bysimple geometrical criterion so|ytions coincide and no solutions exisfif< 0.

relating the contact angle of the interface to the corner half  opserve thaEq. (34)predicts combinations of the radii

angle, i.e., r12 andrz3, hence usingq. (20)also the radius; 3, at which
T . phase 2 starts spreading (or retracting) between phases 1
0<5- y®. (30) and 3. However, because this is not a bulk displacement,

we cannot identify one associated capillary entry pressure,
Additionally, for the presence of two AMs in one corner g e would do for the other bulk displacements associated
surrounding an intermediate-wetting layer, as sketched inwith Eq. (19) Instead, we find a combination of capillary
configuration 3 ofFig. 1, the necessary geometrical condi- pressures, sapi» and P23, at which the displacement of the

tionis[11,12] phase 2 layer occurs.
costtrsty®) Considering the sign of the left-hand side&f. (33) i.e.,
ri2 08012ty ®) if 623 < 012, 31 the sign of the associated energy variatdfy, it is easy to
g costps—sinyY o o (31) show thatr®) () > 0 if for a given AM condition(30) is
cosip—siny ® ’ satisfied. Therefore, iD > 0 and conditior(30) is satisfied

in terms of the associated radius of curvatures. In other for all three AMs, the energy variatiahFr is positive for
words, if condition (30) is satisfied for the 12 and 23 r12/r23 lying between the two solution@4) and negative
AMs and additionally conditiorf31) applies, a layer of the elsewhere. Moreover, unddrgse conditionboth solutions
intermediate-wetting phase 2 may arise. However, if condi- &ré positive. Hence, in terms of the free energy variation, a
tion (30) s also satisfied for the 13 AM in the same corner, layer of phase 2 can exist only if

the. presence of a single 13 AM in that corner is an alter- ,, 12 12 12

native configuration that emot be ruled out by conditions ~ ~~ < { .- or a7\ (36)
(30)and(31)only. The sufficient condition for the existence - o +. _

of such a layer follows fronq. (25) which we work out in If D < 0 but condition(30)is still satisfied for all three AMs,
the next section. no solutions oEq. (33)exist and the left-hand side of the lat-

ter is negative for alk12/r23, i.e., the associated free energy
is always decreasing. This means that in terms of free en-
ergy a layer of phase 2 can exist for any radius or pressure
combination.

However, not only the free energy differential but also
the geometrical conditio(31) determines the actual exis-
tence of intermediate-wetting layers. A further complication
of the existence criterion is th&g. (25) as well as condi-

4.2. Existence of a layer of the intermediate-wetting phase

Equation (25escribing the displacement where phase 2
invades in the form of an intermediate-wetting layer can be
worked out for a simple corner, usifigy. (28) as

AW A0 A0 ) ! _ W
—010—22 555228 4 513718 0, (32) tion (31), degenerate if according to conditi¢80) one or

r2 r23 r13 more of the AMs cannot be present in the corner. We will
Then, usingEq. (20)for r13 andEq. (29)in Eqg. (32)yields dea! with this complicatipn below, when'discus.s?ng the nu-
the quadratic equation for the ratig/ 3, merical examples irBection 5 However, if condition(30)

is met for all 3 types of interfaces in a particular corner and
L 12\ 2 D > 0, a thick layer of phase 2 exists if both conditi¢B4)
—012023h" (612) <r—> and(36)are met. WheD < 0 a thick layer of phase 2 exists,
23 if only condition(31)is met.
It is worthwhile to mention that for most parameter com-
r23 binations leading t@® > 0 condition(31)includes12/r23 >
— 0‘120‘23h(k) (623) =0, (33) (r12/r23)+ but excludesriz/roz < (r12/r23)—, such that

ri2
+ (0Zh™® (B13) — 051 M (012) — 0Z5h ™ (629)) ==
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Table 1
Fluid—fluid parameters (interfacial tension ratio and contact angleg)ef@rmination of radii of curvatures for capillary entry pressures anthéopresence
of a phase 2 layer in the corner of a capillary. Furthermore, we list a characteristic feature for each case and indicate in which figure theseethses are us

Case 012/023 023 012 013 Comment

1 0.2 0 0 0 D = 0: one solution used iRig. 9

2 0.3 0.5 0.813 Q444 D > 0: general case used figs. 8 and 10
3 0.2 05 0 0456 D < 0: still condition(31)

4 05 0 116 0 12 AM absent

5 05 12 0.938 0990 23 AM absent

6 05 14 0.865 115 13 and 23 AMs absent

7 0.3 10 0.733 Q0881 D > 0: general case usedffig. 11

the conditionri2/r23 > (r12/r23)+ is sufficient. Situations
where conditior{31)does not exclude the latter involve fluid
configurations where the distances between the involved
fluid—fluid interfaces becomeery small and other forces
that are not included in the present model, such as the dis-
joining pressure, start to play a major role.

Observe that spreading of the phase 2 layer may happen -~
even if the spreading coefficient of phase(®,» = 013 —
012 — 023, IS negative. The latter would prevent spreading of
phase 2 in a free fluid situatidd 6], but in a capillary also
fluid—solid interactions play a role, captureddy in condi-
tions (30), (31) and(36), which lead to a more complicated YieldsCs 2 = 0, hence alsé:2 = 0. For the remaining cases
criterion. On the other hand, dccording to the spreading Cs.2 < O reflecting non-spreading conditions.
coefficient phase 2 spontaneously spreads between phases 1 We take the isosceles triangle as an example of an angular
and 3, the above criteria may prevent the existence of a thickpore cross-section with two unequal corner sizes, of which
layer of phase 2 for certain radius combinations. However, the geometry is sketched Fig. 5 The area and perimeter
in these circumstances a molecularly thin film of phase 2 of this triangle areA = r,,rq and Ly = 2(d + rq4), whereas
must exist between phases 1 and 3, but this phenomenon ighe inscribed radius is" = ry4(d — r4) /rw. The geometrical
not captured in our model, as we give only criteria for the functions are given bigs. (27) with tany® = r4/r,, and
existence of a thick layer. tany @ = (d — ry)/r,. Additionally, we define the aspect

In Appendix Awe show thaEq. (33)can also be derived ~ ratiog =ry /rq.
from the free energy balance for the spreading of a phase 2 ~ The snap-off radius}®*for the phase combinations =
layer, where the lengthening of the layer is balanced by the 12, 13,23 is found as

Fig. 5. Dimensions of isosceles triangle whef@ = 3.

reduction of its thickness. This case was studied originally d it D <@
by Dong et al[8] who came up with an equation for the radii St 2(%—sin0ﬁ)aff) VeUsT
. . . =><\tan A
of curvature that is eventually identical . (33) although ~ r,7®= vy D@ (37)
they failed to find the explicit solutio(84). —(t::sye(,-é) “singy )3 ity >y,

where(Sl.(’.‘) is used aél.(]'.‘q)Z in Eq. (14b) but without reference
5. Numerical examplesfor a capillary with a to a specific side. Beyond this radius the AMs from dif-
cross-section in the shape of an isoscelestriangle ferent corners meet and the corner phase snaps off the bulk
phasg7]. Notice that-/"®* = oo if any of the denominators
To illustrate the impact oEq. (19)we show a number in Eq. (37)vanishes, i.e., when the corresponding AMs are
of examples of calculation of the radii of curvature related to absent, hence no snap-off waccur. A rather exceptional
both piston-like displacements and to the presence of phase Zase, which we will not discuss any further, may arise when
layers in a single corner. For these calculations we fix the AMs of different types meet.
ratio of interfacial tensiow13/023 = 1.2 and vary the ratio
o12/023as well as the contact angles as showidhle 1 Al- 5.1. Alayer of the intermediate-wetting phase in one
though the values of the contact angles are constrained by thesorner
Bartell-Osterhof equatio(v) and an additional linear rela-
tionship between the cég as explained iffi7,17], this does First, we examine the existence of thick layers of the
not restrict the generality of the method. Notice that cases 1intermediate-wetting phase for a single corner, as discussed
and 3 reflect the conditions of a spreading oil in a water-wet in Section 4.2 For the half angle of the corner we take
pore, since the spreading coeffici€ht > = 013 — 012 — 023 y® = /6, which is the value for an equilateral triangle.
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Fig. 6. Criteria for existence of a layer of the intermediate-wetting phase for (a) case 1, (b) case 2, (c) case 3, and (d)leht®e Bretpectively. The solid
lines are solutions dEq. (34)and the dashed lines relate to condit{@i). Layers can occur only for combinations of the AM radii of curvaturgandrag,
whend Fr < 0, as indicated, and conditiq31) is satisfied, i.e., above the dashed lines.

Because we will connect the exasice of layers with the cap-
illary entry conditions for pigin-like displacement of phases
1 and 2 inSection 5.2we have chosen to plot the layer cri-
teria in the(r12, r23) plane, as presented kig. 6.

The parameters of case 1 dable 1reflect a strongly
water-wet corner with a spreading oil. Obviously, condition
(30) is satisfied for all three AMs. Sinc® = 0, Eq. (33)

cannot be present in the corner, hence a layer of phase 2
cannot exist at all. On the other hand, case 5 reflects a very
weakly water-wet pore with a non-spreading oil, such that
623 does not satisfy conditio80). Since the remaining two
contact angles still satisfy this condition, we may have a dis-
placement as sketchedpHig. 78 where phase 2 occupies the
corner as if it were the wetting phase. N&g. (32)degen-

has only one solution;2/r23 = 1, which coincides with the  erates to

criterion following from conditior(31). Therefore, although 4® Ak

we findd Fr < 0 on either side of the solutions as shown in  —g1,~12 4 51,213 — (38)
12 r13

Fig. 63 a layer of phase 2 can exist only fap/r23 > 1.

Case 2 reflects a weakly water-wet corner with a non-
spreading oil. Conditior{30) is still satisfied for all three
AMs, but in this case we find> > 0, such thateq. (33)
has the two solution§34). Hence, two areas exist where
dFr < 0 and a layer may arise as shownFhig. 6b but
condition (31) excludes the area below2/r23)—. Case 3
reflects a weakly water-wet corner with a spreading oil. Con-
dition (30)is satisfied for all three AMs, but we find < 0,
such thatEq. (33) has no solutions. Therefore, we have
dFr < 0 for all positive values of12 andr;3, although con-

yielding one solution for the ratie;»/r13. However, using
relation (20), we may rewrite this solution in terms of>
andro3, yielding

r2 o Zh® (013) — o 5h® (012)
r23 0120231 ) (612)

In Fig. 6dwe have plotted this solution, whedd; < 0 for
r12/r23 above this value, as can be derived from the left-hand
side of the reduced equati@¢®3). Notice, that in this case
condition(31) is not applicable, since the 23 AM is absent
dition (31)restricts the existence of a layer of phase 2 to the and the presence of a layer is purely restricted by the single
area above the criterion indicatedkig. 6¢ solution ofEq. (33)

The parameters of cases 4-6 correspond to situations in  Finally, case 6 reflects a very weakly water-wet pore,
which one or more of the AMs cannot be present in the where not only the 23 but also the 13 AM cannot be present.
corner. Case 4 reflects a strongly water-wet corner with a In this case we may have a displacement as sketched in
non-spreading oil. Althougld13z and 6,3 satisfy condition Fig. 7band the corresponding equation follows, similar to
(30), this is not the case fdto. Consequently, the 12 AM  Eq. (26) asg® (r12, 612) = 0. This leads to the single trivial

(39)
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Fig. 7. Sections through a corner along the length of a capillary where the
MTM separates cross-sections with and without a layer of phase 2, but (a)

without a 23 AM and (b) without both a 13 and a 23 AM.

solutionri2 = 0, while we find easily thatl Fr < 0 for all
r12 > 0. Hence, this type of layer will always exist, i.e., un-
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Fig. 8. Varying and constant dimensiess solutions for the radius of cur-

vature p12, corresponding to the capillary entry pressures for piston-like

displacement of phases 1 and 2 in an equilateral triangle, as a function of the
normalised dimensionless radipsg, which represents the wetting phase 3

pressure, for the parameters of case 2. Additionally, the sloped line is the
relevant solution for layer displacements separating the ranges of validity
of the constant and varying solutions, which are indicated as solid curves

when valid and as dashed curves when not valid.

5.2.2. Bulk phase displacement of phases 1 and 2 affected

der the given circumstances phase 2 spreads unconditionallyy phase 3

in the corner of the capillary in the presence of bulk phase 1.

5.2. Capillary entry conditions for the isoscelestriangle

5.2.1. Two-phase displacements

For the isosceles triangle the relevant two-phase solutions

follow from Eq. (22) withn =3 and(Sl.(’.")a =1inthe corners
where condition(30) for 6;; is satisfied Equation (22)can
be written in quadratic form and solved explicitly foy; .
For example, for the equilateral triangle wher&) = /6,
we arrive at the well-known solutiorj$8,19]

in

= L = if Qij < %,

rij = COS(::]‘:E\/\—[B(g—G,‘j-'FSIn@,‘j cosd;j) (40)
r if Q.. s
2 cog;j if 91] P 3

Foro;; < m/3 the solution with the- sign in the denomina-
tor is normally discarded, becseifor this solution the radius
is larger than the snap-off radius, i.g;, > rl.r}“ax, wherer1
is defined byEq. (37) For6;; > m/3 the solution follows
from Eq. (23) and it is the same as for a circular cross-
section(24) with " = r.

As discussed iBection 3.2in three-phase flow there are
essentially three genuine #e-phase displacements. First,

For the three-phase displacement of phases 1 and 2,
where 13 AMs are present in every corner on one side of
the MTM and 23 AMs are present in every corner on the
opposite side of the MTME(Q. (21a)applies as

3
—0128(r12,012) + 013 Y g% (113, 619)
k=1
3
—023) g% (r23, 023) = 0. (41)
k=1

Using relation(20), we may writeEq. (41)as a functional
relation between any two of the three radii of curvature. Us-
ing alsoEqg. (7) we choose to writdq. (41)as a relation
between the radiiiz andrps, i.e.,

3
o 13{ —g(r13,6013) + Z g9 (r13, 613) }

k=1

3
- 023{ —g(r23.023) + Y _ g™ (ras, 923)} =0, (42)
k=1
where the first two terms and the last two terms have the
same form as the left-hand side of the two-phase equa-
tion (22). Hence Eq. (42)can be written as a quadratic equa-
tion for the radiusr13, which depends on the value ofs.

there is the layer displacement. Second, there is the bulkConsequently, for those valueseg for which the discrim-
phase displacement of phases 1 and 2 with phase 3 in thénant of this equation in terms of3 is positive Eq. (42)has
corners, such that phases 1 and 3 share an AM in at least onéwo solutions. Using again relatiq@0), we transform these
corner. Third, there is the buphase displacement of phases into two solutions for2, which vary with the radius;s.

1 and 3 where phases 2 and 3 share an AM in at least one In Appendix Bwe discuss the physical constraints that
corner. In the next subsections, we discuss examples of theeave us with only one of these solutions fgs for a limited
latter two displacements and cbine them with the criteria  range ofrp3 values, which is plotted ifrig. 8 for the para-
for the existence of layers. meters of case 2 iMable 1in case of an equilateral triangle.
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. . - 0.75
These constraints are, basically, that the radii of curvature at

the relevant AMs and the MTM are positive and that the radii
at the AMs are smaller than the corresponding snap-off radii >
r/", as defined ifEq. (37) In Fig. 8we have introduced the 05 1

dimensionless radjp = /™ and we have normalised the P13
p23 values by the snap-off valye€)™ for comparison with
other cases. The radiyss represents the value of the pres-
sure in the wetting phase 3, which does affect the value of
the radiusp12 reflecting the 12 capillary entry condition.
In Fig. 8 we have added, in dimensionless form, the 0 T T .
remaining relevant solutioo12/023)+ for layer displace- 0 0.25 0.5 0.75 1
ments following fromEq. (34) As explained forFig. 6b palp ™™
layers of phase 2 are absent belGwi2/023)+, hence the
varying solution ofEq. (41)is valid on this side of the Fig. 9. Varying and constant dimensi_ess solutions for the radiuslof cur-
(p12, p23) plane only. On the other hand, when Iayers are vature p13, corresponding to the capillary entry pressures for piston-like

. I h uti foll displacement of phases 1 and 3 in an equilateral triangle, as a function of
present in all corners, the constant solution fgs follow- the normalised dimensionless radjuss, which represents the intermedi-

layer
0.25 - criterion

ing fromEq. (40) which is also presented Fig. 8, is found. ate-wetting phase 2 pressure, for the parameters of case 1. Additionally, the
Obviously, this solution is valid only when layers of phase 2 sloped line is the relevant solution for layer displacements separating the
are present, i.e., above12/p23) . ranges of validity of the constant and varying solutions, which are indicated

Observe tha(plz/p23)+ and the constant and varying as solid curves when valid and as dashed curves when not valid.

solutions forpy» intersect at exactly the same point. This . . .
can easily be explained from the underlying equati@, As .for th.e 12 dlsp'lacement, d!scusseoEieptlon 5.2.2we
(24) and (41), respectively, and it confirms thab2/p23)+ |nFI|cate |nApp¢nd|x Bthe phyS.IC6.1| constraints that leave us
provides indeed the necessary and sufficient condition for With one solution for-13 for a limited range of2s values,
distinguishing between the constant and the varying so- Which is plotted inFig. 9 for the parameters of case 1 in
lutions. Notice that these solutions intersect again, which Table lin case of an equilateral triangle.
corresponds to the intersection with the discarded solution I this case the dimensionless radjus represents the
(p12/p23)— of Eq. (34) valpe of the pressure in the mtermeo!mte-wettmg phase 2,
A final restriction on the validity of the above solutions Which does affect the value of the radius, reflecting the

arises in an interconnected network of pores when phase 313 capillary entry condition. Ifig. 9we have added the re-
is available as bulk phase in a capillary adjacent to the con-maining relevant solution fdayer displacements following
sidered capillary. Then, for sufficiently large values of the from Eq. (34)as(p13/p23)+. Layers of phase 2 are present
phase 3 pressure, this phase may displace the bulk phase thd@r values of 13, p23) above(pis/p23)+, hence the solu-
is present in the capillary, before the targeted displacementtion of Eq. (43)is valid on this side of the plane only. On
between phases 1 and 2 can occur. For example, if phase 3n€ other hand, when layers of phase 2 separating phases 1
is present in the capillary and in an adjacent capillasy and 3.are absentin all corners, the constant squu_omfg)r
exceeds the two-phase value for 23 displacement following following from Eq. (40) which is also presented iig. 9,
from Eq. (40) phase 3 will displace phase 2 before phase 1. i found. This solution can only be valid belawis/p23)+-
For the parameters of case 2, the value of the two-phase dis/A92iN (p13/p23)+ and the constant and varying solutions for
placement radiug,3 is 0.615, i.e., 0.370 when normalised. ~ ©13 intersect at exactly the same point.

FromFig. 9it is clear that the possible range of valid-

5.2.3. Bulk phase displacement of phases 1 and 3 affected ity of the varying solution abovéni3/p23)+ is very small
by phase 2 and it is very close to the constant solution. For most pa-
For the three-phase displacement of phases 1 and 3fameter com.binations_we find that the impa_ct ofa.possible
where 12 and 23 AMs are present in every corner to form Varying solution forpy3 is very small and we will not discuss
layers of phase 2 on the side of the MTM where phase 1 is this @splacement any furthéfhe alternative to the varying
presentEq. (21b)reduces to solution above(p13/p23)+ would be the constant solution,
which occurs when no layers of phase 2 are present. But in
s ® a three-phase system where phase 2 is sufficiently available,
—0138(r13, 613) + ‘71228’ (r12,612) layers must be present, hence the constant solution will not
k=1 be found either, as indicated Fig. 9. In this case, phase 2
® in the layer will snap off bulk phase 1, before the intended
+ ‘7232 8" (r23,023) = 0. (43) 13 displacement occurs. However, if phase 2 is not available
k=1 to the considered capillary, which is well possible in an in-
Using relationg7) and(20), we choose to writ&q. (43)as terconnected pore network, the constant solution becomes
a relation between the radii2 andr,3 similar to Eq. (42) possible again, although it relates now to a two-phase dis-

3
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Icar?;:ion find two different layer criteria, which indicate that between
corners ~———p these two criteria a regime exists where a phase 2 layer can
2and 3y ;5 Hogeetess K mms be presentin one corner only, in this case the smaller top cor-
ner 1. Notice that each of these criteria follow fr&q. (34)
varying with layer in as (r12/r23)+ for the respective corners, which in turn sat-
Pz 059 [ ~ comer1only isfy condition(31). Because there are criteria for two corner
criterion sizes, we must not only consider the constant solution for
0.25 / comer layers in all corners, following froriq. (22) and the vary-
ing solution for no layers, following froriqg. (41) but also a
0 . . : varying solution when a layer of phase 2 is present in corner
0 0.25 0.5 0.75 1 1 only. In the latter casEq. (21a)educes to
PPz —0128(r12,612) + 013 Y _ % (r13,619)
@ k=2,3
1 +0128 W (r12,612) — 023 ) gW (123,629 =0, (44)
_________ X k=2,3
0re Y varying with layer in similar to that for a pore of rhomboidal cross-sect{@.
i 05 corner 1 only Equation (44)cannot be solved analytically, therefore we
12 o iy

have used a Newton—Raphson method to find the relation
layer betweenr1> andrs. In Fig. 10awe find that the constant so-

0.25 - criterion lution and the solution oEq. (44)intersect in one point with
corner 1 S
the layer criterion for corners 2 and 3. Furthermore, the two
0 i : : varying solutions intersect in one point with the layer crite-
0 0.25 05 0.75 1 rion for corner 1. This is consistent, since the layer criterion
P for corners 2 and 3 separates the regimes where the constant
®) solution and the solution for one layer are valid. Similarly,

the two varying solutions connect continuously at the cri-
Fig. 10. Solutions for the radius of curvatysgp, corresponding to the cap-  terion for corner 1. Notice that for this value of the aspect

?Ilary entry pressures for piston-like.displacement of pha;es 1land2inan ratio the three solutions can be well distinguished from each
isosceles triangle with (a) aspect ragie= 3 and (b) aspect ratig = 10, for other

the parameters of case 2, as a function of the normalised dimensionless ra- .
dius p23. The sloped lines indicate the layeriteria separating the ranges For each of the three solutions we have checked that the

of validity of the various solutions, which are drawn as solid curves when involved AM radii of curvature do not lead to snap-off of one
valid and as dashed curves when not valid. of the phases. For the 23 radius this is simply represented in
Fig. 10a since we have plotted the solution fogz < p5™
placement in a (locally) two-phase system. We will work only. Notice that this condition is relevant for the solution
out the various displacements for limited phase availability without layers only, as only the range of this solution ex-

in more detail in a future paper. tends top23 = py5>. A similar argument applies to snap-off
of the 13 AMs, which occur only in the configurations re-

5.2.4. Displacement of phases 1 and 2 for an isosceles lated to the two varying solutions. For the range of values

triangle of varying aspect ratio 0 < p23 < P2 the p13 associated with these solutions is

In Fig. 8we have connected the criterion for existence of always well belowp. Similarly, the 12 AMs occurring
a phase 2 layer with the entry conditions for displacement of for the constant solution and the solutionExdf. (44)satisfy
phases 1 and 2 in a capillary of equilateral triangular cross- p15 < p*.
section. Here, we consider the entry conditions for the more  In Fig. 10bwe have plotted the possible solutions for
general geometry of an isosceles triangle with varying aspectaspect ratiog = 10. In this case all three AMs can still
ratio ¢ for the parameters of case 2Table 1 as sketched in ~ be present in all corners of the triangle according to con-
Fig. 5. In the general isosceles triangle two differently sized dition (30). However, the layer criterion for corners 2 and
corners arise, each of which has a different criterion for the 3 has become indistinguishable from the vertical axis. This
existence of layers of phase 2. We choose to vary the aspectlready approximates the situation in whitah does not sat-
ratio such that the top corner 1 is always smaller than the isfy condition(30)in corners 2 and 3, which happens beyond
base corners 2 and 3. q = 17.9, such that a layer cannot be present in these cor-

In Fig. 10we have plotted the capillary entry conditions ners. We find again two varying solutions of which one cor-
for two different aspect ratios of the triangle for the para- responds to the presence of a phase 2 layer in corner 1 only,
meters of case 2 ifiable 1 For aspect ratig = 3 all three which is calculated fronkq. (44) This solution is valid for
AMs can be present according to conditi@®) in both the a significant regime above the remaining layer criterion, al-
top corner and the base corners of the triangl€i¢gn 10awe though it is not very different from the constant solution. On
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Fig. 11. Solutions for the radius of curvatysgy, corresponding to the cap-
illary entry pressures for piston-like displacement of phases 1 and 2 in an
isosceles triangle with (a) aspect ragjo= 2, (b) aspect ratigy = 3 and

(c) aspect ratia; = 10, for the parameters of case 7, as a function of the
normalised dimensionless radips3. The sloped lines indicate the layer
criteria separating the ranges of validity of the various solutions, which are
drawn as solid curves when valid and as dashed curves when not valid.

the other hand, the solution corresponding to the absence of

layers in all corners varies significantly with the radps.

In Fig. 11we present also the entry conditions for dis-
placement of phases 1 and 2 in a capillary of which the
cross-section is an isosceles triangle, as sketch&igins,
but now for the parameters of case 7Table 1 The main
difference with case 2 is that for case G4z and 623 are
significantly larger, which reflects a more weakly water-wet
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capillary. This leads to an important difference in the layer
criteria. It follows easily fromEqg. (34)that for case 2 the
relevant solution(r12/r23)+ is larger for corner 1 than for
corners 2 and 3, whereas for case 7 itis the other way around.
This means that for case 7 a regime exists where layers can
be presentin the larger corners 2 and 3 but not in the smaller
top corner 1. For this case again a different varying solution
is found, satisfying the equation

—0128(r12, 612) + 0138 P (r13, 613)

+o12 Y g% (r12.012) — 0236 (r23, 623) =0,
k=23

provided that the three AMs satisfy conditi0)in all cor-
ners, which is the case for aspect ratie- 2.

The solution ofEq. (45)together with the usual constant
and varying solutions are plotted lfig. 11a For this aspect
ratio the two layer criteria are close together, because the
geometry of the triangle is still close to equilateral, hence
the range of validity of the solution &q. (45)is small. Fur-
thermore, the latter solution is close to the constant solution.
Although not well visible, we find consistently that the two
varying solutions intersect in one point with the layer crite-
rion for corners 2 and 3.

For aspectratig = 3 the 23 AM can no longer be present
in corners 2 and 3. Therefore,ggible layers in these corners
are of the type sketched Fig. 7ato the left of the MTM,
where phase 3 is absent from the corner. The correspond-
ing criterion is discussed i®ection 5.1related to case 5.
Because the 23 AMs cannot be present in corners 2 and 3,
Eq. (41)for the case without layers reduces to

(45)

3

—0128(r12, 012) + 013 Z W (r13, 613)
k=1

(46)

Notice thatEgs. (22) and (45pr the case with layers in cor-
ners 2 and 3 remain the same, as these do not involve the
23 AMs in these corners. The solutionsBds. (22), (45)
and (46)are plotted irFig. 11h For this aspect ratio the two
layer criteria are far apart, hence the range of validity of the
solution ofEq. (45)is significant. In several ways the entry
conditions for this case vary opposite to those for case 2,
presented irFig. 10 For the larger aspect ratio the vary-
ing solution for layers in corners 2 and 3 only approaches
the remaining varying solution, rather than the constant so-
lution, and the range of validity of the constant solution has
increased.

For aspect ratig = 10 additionally the 13 AM can no
longer be present in corners 2 and 3. As discusseseirt

tion 5.1for case 6 in these corners layers of phase 2, in the
sense ofFig. 7k are present unconditionally, as the corre-
sponding layer criterion disappears. Hence, only the constant
solution following fromEg. (22)remains and the varying so-
lution following from Eq. (45) corresponding to layers in
corners 2 and 3 only. We have plotted these solutions in

— 023V (r23, 623) = 0.
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Fig. 11¢ together with the remaining layer criterion for cor- spread between the remaining two phases in the cor-

ner 1, as the criterion for corners 2 and 3 coincides with ners of a capillary.

p12 = 0. There exists a large regime in which the constant (ii) The formulation of the general equati¢t®)shows that

solution is valid, while the deviation of the varying solution all possible displacementsan be classified according

in the remaining regime is significant as a result of the large to the combination of bulk phases on either side of the

aspect ratio. main terminal meniscus (MTM). Combination of dif-
The above leads to the interesting conclusion that in a ferent bulk phases corresponds to piston-like displace-

more weakly water-wet capillary, i.e., whépg is relatively ment and combination of identical bulk phases corre-

large, the potential for layer spreading is greater in the larger sponds to spreading of layers and films in corners.
than in the smaller corners, while in a more strongly water- (iii) When complemented with the necessary geometric

wet corner, wheidos is relatively small, the opposite is true. condition for the existence of layef$1,12], the pres-
This is consistent with cases 5 and 6 discuss&ekiction 5.1 ently derived criterion uniquely determines the pres-
wherefos is so large that the 23 AM cannot be present in the ence of layers of the intermediate-wetting phase in most
corners, which may even lead to spontaneous spreading of relevant cases.

phase 2, irrespective of the phase 3 pressure. (iv) Because the capillary entry conditions and the layer

criterion are derived from the same free energy bal-
ance, the different possible entry conditions for a given

6. Summary and conclusions piston-like displacement carry over into each other con-
tinuously at the pressure combination corresponding to
We have derived the free energy balance for all possi- the relevant layer criterion.
ble equilibrium configurations of two and three phases in (v) A particular case of layespreading occurs when the
a straight capillary of arbitrary cross-section. This balance wetting phase cannot be present in the corner. In this
has been reformulated into a general equafi®) to find case, the intermediate-wetting phase can spontaneously
the effective radii of curvatures or, equivalently, the Capil- spread between the non_Wetting phase and the solid.

lary entry pressures related to piston-like displacements of  This is consistent with the observation that in a more
two bulk phases, where also a third phase may be present.  \eakly wetted capillary the potential for layer spread-

Moreover, the general equaticuccessfully applies to the ing is greater in the larger than in the smaller corners,
spreading between the wetgiand the non-wetting phase of whereas the opposite is true for more strongly wetted
a thick layer of the intermediate-wetting phase in a corner or capillaries.

cavity of the capillary. When treating this spreading behav- (vi) When layers of the intermediate-wetting phase entirely
iour as a capillary displacemgrthe corresponding radii of separate the wetting and the non-wetting phases in the
curvature can be found, similar to those related to the piston- cross-section of a capillary, the capillary entry pres-
like displacements. Furtherme using the energy balance sure for piston-like displacement of the non-wetting
all combinations of radii of curvatures, i.e., phase pressure and intermediate-wetting phases does not depend on
combinations, can be determined for which such a layer ex- the pressure of the wetting phase. However, in many
ists. For a number of combinations of interfacial tensions cases the pressure combinations for which layers oc-
and contact angles, illustrating all the different relevant situ- cur in all corners is very limited and capillary entry
ations, we have calculated the criteria for spreading of a layer pressures arise, which may vary significantly with the
in the corner of a capillary with polygonal cross-section. wetting film pressure.

As shown in[7], the presence or absence of layers in the
corner leads to different entry conditions for bulk—bulk dis-

placements. Therefore, we have additionally calculated the
capillary entry pressures for piston-like displacement in a

capillary with a cross-section in the shape of an isosceles .

triangle of varying corer sizes to illustrate how the layer  1heauthorsare grateful to A. Danesh for his helpful com-

criteria can distinguish between the possible entry pressuresMents: M.I.J. van Dijke and K.S. Sorbie would like to thank
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(i) The free energy balance for three phases in a capillary
rigorously leads to the equation derived[if] for the
capillary entry pressures related to any piston-like dis-
placement of two bulk phases in the presence of the re-
maining third phase, which actually applies in a straight Appendix A. Review of analysisby Dong et al. [8]
capillary of any arbitrary cross-section. This equation
additionally provides the phase pressure differences at Dong et al. analysed the spreading of the intermediate-
which a layer of the intermediate-wetting phase will wetting phase 2 between thm@n-wetting and the wetting
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phases, 1 and 3, respectively, through analysis of the as- To find a relation between the various radii of curva-
sociated changes in surface free energy. They considered dure for the configuration ahermodynamic equilibrium, we
water-wet system with oil as the intermediate-wetting phase apply again the energy balan¢4). For the current small
and gas as the non-wetting phase, but it is clear that thedisplacement the area vatitans of the contact surfaces are
analysis is applicable to any system of three fluid phases.given by

However, contrary to the present analysis, Dong et al. con-

_ (k) (k)
sidered also volume changes in the transversal direction, al-dA12=xdL 15+ Lyydy, (A.2a)
though assuming that.these changes Qid not.affect the phasgA13 — —Lﬁf)13dx, (A.2b)
pressures. They obtained an algebraic relation between the ’(k) ®
radii of curvaturer1z androg constituting the critical thick- ~ dA23=xdL 53+ L 53dx, (A.2¢)
ness at which the layer spreads, which they solved numer- k k k
yer sp y = —xdL®},— (LY, — LN, dx, (A.2d)

ically. Below we review their analysis and show that their

expression for the variation of surface free energy is exactly d A2, = x d (Likiz - Likgg) + (Likiz - Li’%) dx.  (A.2e)
the same as our equation for the total variation of free en-
ergy(32). Hence, their equation for the radii of curvature at
critical thickness is the same as ours and their equation can o, ,x d(L(;)lz — C05912L§k}_2)
also be solved analytically. ’ ’

Hence, when also using relati¢n), Eq. (4)reduces to

. (k) (k)
In Fig. 12awe show the change of contours of the layer, + Glz(l‘f,12 - COS@lZLs,lz) dx
when phase 2 spreads out slightly between phases 1 and 3, _ 013(145?13— 005913L§613) dx

by a distancelx in the direction along the length of the

capillary. As a result the 12 and 23 contacts surrounding ~ +o23xd (Lgf)%— 005923L§123)

the layer change, but the 13 contact is untouched. During ) () .

this displacement volume of all phases is conserved, i.e., +023(L 23— COSAaalL 5g) dx = 0. (A-3)

dV1=dV,=dV3=0, hence from the geometry &fg. 12 FromEgs. (27)we derive the relations between the lengths

we obtain and areas of a phase occupyia corner and between their
derivatives as

_ (k) (k) (k) _
dvi=—xdAY) — (a8 — al)ax =0, (A.1a) e 2"
dVa=xd(Af) — AS) + (Af) —A¥)dx=0, (a1p) T5 T =TT
dA®
where the cross-sectional aret¥’ are defined ifFig. 3and ~ d(L' — cos - L®) = — , (A.4)

shown inFig. 12bwith the area variations resulting from the ) ) d
which transfornEg. (A.3)into

displacement. For symmetry reasons we consider only one

half of the layer, which has finite lengih da® Q) AR
12 12 13
—012X — 2012—=dx + 2013—=>dx
pore wall 2 ® 2 ® 3
_ dAys _ Az
023X 2023 dx =0. (A.5)
r23 r23
Application of the volume balancd#.1) to Eq. (A.5) and
taking outdx yields
(k) (k) (k)
A A A
b —012—22 4 01322 — 5,3—22 =0, (A.6)
r12 r13 23

which is exactly the same &8q. (32) We have already
shown that an analytical solution of this equation can be
found in terms of the ratie;2/rp3 of the radii of curvature
for the fluid—fluid surfaces surrounding the layer of phase 2.
A® These radii of curvature can be used to find the critical thick-
3 ness introduced by Dong et al. and it can be shown that our
b analytical results are the saras their numerical findings.
Interestingly, the various assumptions regarding the vol-
ume variations do not affect the resulting equation. That is,
Fig. 12. (a) Section through agorneoag the length of a capillary cqntain- _Dong et al. considered changes in width of the phase dis-
ing a layer of phase 2 sepa_ran_ng phases 1 and 3. (b) Cross-sec_tlons of thl%ributions to be volume balanced by changes in length, for
corner. The dashed curves indicate the contour changes after slight spread- !
ing of the layer and in (b) the accompanying changes in cross-sectional Which they had to assume explicitly that the phase pressures
areas are shown. were constant. In the present analysis we assume variation in
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the length of the distribution only, allowing a slight change consider only positive values of the radii of curvatutig

of phase volumes. andrzz, as may be expected for realistic displacements in
uniformly wetted pores in the absence of contact angle hys-
teresis[19]. Notice thatriz is not directly represented in

Appendix B. Constraintson the varying solutionsfor Fig. 133 but using relatior{20) we find the straight line in
theradii of curvaturerelated to three-phase piston-like the(r12, r23) plane where3 changes sign, such thag > 0
displacements above this line. Based on this criterion all radius combina-

tions in the first quadrant of th12, r23) plane are allowed.

For the three-phase displacement of phases 1 and 2 disThe next restriction is that bothz andr,3 should be below
cussed irSection 5.2.2where 13 AMs are presentin every their respective snap-off values, given By. (37) For the
corner on one side of the MTM and 23 AMs are present in parameters of case 2 we finfli* = 1.53 andri3® = 1.66,

every corner on the other side of the MTHg. (41)yields where the former traslates into values of;», such that also
a relation between the radii> andrz3. For displacementin  the top curve in the first quadrant Bfg. 13amust be dis-

an equilateral triangle this relation is plottedFig. 13afor carded. Using the described constraints, the remaining single
the parameters of case 2Tdble 1 We observe that formost  yalued part of the relation betweeg, andrss is shown in

values ofr»3, there exist two distinct solutions fer,, except Fig. 8
for a small range of negatives values. However, we will For the three-phase displacement of phases 1 and 3 dis-
discard most of the radius combinations as non-physical, acussed inSection 5.2.3where 12 and 23 AMs are present
prOCEdUre for which we have to look Carefu”y at the geom- in every corner on the side of the MTM where phase 1is
etry of the corresponding interfaces. presentEq. (43)yields eventually a relation between the
During the considered 12 capillary displacement there are radii 13 and rp3. For displacement in an equilateral trian-
13 and 23 AMs present in the corners. For these AMs we gle this relation is plotted ifrig. 13bfor the parameters of
case 1 ofTable 1 Again, we consider only positive values
of the AM radiir12 andrz. From relation(20) we find the
straight line in the(r13, r23) plane wherer12 changes sign,
i.e.,r12 > 0 below this line. This discards the entire lower
5 curve shown irFig. 13h Furthermore, the snap-off value of
the 12 AMr% = 1.0 poses a strong restriction. This restric-
Fia | S ~o tion means that if the pressure in the phase 2 layer becomes
S < too high, phase 2 will snap off bulk phase 1, before the in-

7 ' <~ - tended 13 displacement can take place. Taking into account
0 -5

10
LAY

for 4

TSso 10 the 12 snap-off value, transformed in terms-gf as well as
™S the 23 snap-off value, the remaining single valued part of the
relation betweem; 3z andrp3z is presented iifrig. 9.
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