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Abstract

The saturation-dependency behaviour of three-phase relative permeabilities is of central importance for modelling three-phase

displacement processes in porous media. In this paper, and in related work, a method has been developed to determine the satu-

ration-dependencies of three-phase relative permeabilities. This method is suitable for all types of mixed-wet and fractionally wet

porous systems that contain clusters of oil-wet and water-wet pores with constant but di�erent oil±water contact angles, re¯ecting

weakly wetted conditions. Based on the classi®cation of all allowed pore occupancies in a completely accessible porous medium,

saturation-dependencies of the corresponding relative permeabilities are derived. Furthermore, three-phase relative permeabilities

that appear to depend only on their own saturations are either linked to the corresponding two-phase relative permeabilities or it is

shown that such a link cannot be established. A comparison has been made with existing relative permeability models with respect to

their saturation-dependencies. Ó 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Three-phase ¯ow in porous media is important in
many subsurface processes such as those, which occur in
oil recovery and in aquifer remediation involving non-
aqueous phase liquids (NAPLs). The principal multi-
phase ¯ow parameters that appear in the governing ¯ow
equations are the three-phase capillary pressures and
relative permeabilities. These quantities, especially the
three-phase relative permeabilities, are extremely di�cult
to measure. Therefore, over the past 50 years many at-
tempts have been made to create analytical models of
three-phase relative permeability through combination
of two-phase relative permeability data. In linking three-
phase and two-phase relations it is important to deter-
mine for which phases three-phase relative permeabilities
depend only on their own saturations, as this may indi-
cate that the three-phase relative permeability relation

can directly be identi®ed with one of the two-phase
relations. In existing models, saturation-dependencies
have been based either on limited knowledge of the
underlying pore-scale physics or have been proposed
purely as empirical functions that ®t available data to
some degree.

The papers of Stone [36,37] provide examples of
models based on a pore-scale view of the physics,
whereas saturation-weighted methods (e.g. [3,4]) are
typically empirical models based on data ®tting and, in
some cases, on their limiting behaviour to corresponding
two-phase relative permeabilities [18]. It should be noted
that all existing models contain ®tting parameters that
incorporate the e�ects of trapping or hysteresis. How-
ever, in this work we consider only simple models, which
neglect these e�ects and focus principally on the
saturation-dependencies of the three-phase relative per-
meabilities. Although previously published pore-scale-
based models take a certain view on the microscopic
¯ow processes, they are developed assuming a priori
that relative permeabilities satisfy certain saturation-
dependencies. For purely water-wet systems, it is as-
sumed that oil is the intermediate-wetting phase; thus,
water and gas relative permeabilities depend only on
their own saturations, while the oil relative permeability
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is a function of two saturations. This particular as-
sumption is indeed supported by the pore-scale view
that water occupies the small pores, gas occupies the
large pores and oil resides in between [9,36]. Many ex-
periments indicate, however, that reservoirs are not
purely water-wet but can attain a wide variety of wet-
tability states in which certain clusters of pores are
water-wet and others are oil-wet [10,19,28]. For these
states, the saturation-dependencies of the relative per-
meabilities are not systematically known.

Related to assumptions concerning saturation-
dependencies are the assumed links between two-phase
and three-phase relative permeabilities. In models for
water-wet systems, it is assumed that water and gas
relative permeabilities are identical to the corresponding
relative permeabilities in two-phase water±oil and gas±
oil systems, respectively, while the oil relative perme-
ability is a combination of the oil relative permeabilities
in both water±oil and gas±oil systems. This assumption
is also a consequence of the pore-scale view that the
water and gas phases are spatially separated by the oil
phase, hence both water and gas have only interfaces to
oil, while oil has interfaces to both other phases [36].

More recently, van Dijke et al. [39] have determined
all allowed saturation-dependencies that may arise for
capillary controlled ¯ow in a mixed-wet bundle of ca-
pillary tubes, where the pores are either strongly water-
wet or strongly oil-wet, by working through all possible
pore ®lling sequences similar to Stone [37]. It was shown
that the values of the various interfacial tensions (thus
including spreading e�ects) also play an important role
in determining the saturation-dependencies. From this
simple model, it became clear that the saturation space
may be divided into two or three regions in which either
water, oil or gas is the intermediate-wetting phase
(analogous to oil in a water-wet system).

In this study, we generalise the approach of [39] to
account also for systems with weakly water-wet or oil-
wet pores, re¯ected by the oil±water contact angle that
takes constant but di�erent values in water-wet and
oil-wet pores. Furthermore, we consider all types of
mixed-wet and fractionally wet systems, in particular
also porous media in which pores of the same size may
be both water-wet and oil-wet. Not only the saturation-
dependencies are analysed, but also the conditions are
derived determining whether three-phase relative per-
meabilities can be linked to the corresponding two-
phase relative permeabilities.

In Section 2, the capillary tube model is described
together with the appropriate entry conditions. In Sec-
tion 3, we introduce consistent relations between the
three contact angles and the three interfacial tensions
that allow us to analyse systems with weakly wetted
pores. Section 4 describes the allowed three-phase pore
occupancies from which the saturation-dependencies of
relative permeabilities are formally derived. Also the

possible links between two-phase and three-phase rela-
tive permeabilities are addressed. In Section 5, a simu-
lation is ®rst presented with realistic values of the
physical parameters to illustrate the existence and extent
of regions with di�erent saturation-dependencies in the
three-phase saturation space. Then the general appear-
ance of these regions is discussed for all possible com-
binations of porous media and ¯uid parameters. Finally,
it is indicated in which sections of the saturation-
dependency regions two-phase and three-phase relative
permeability relations can be related. In Section 6, a
comparison is made between the present approach and
existing relative permeability models with respect to
saturation-dependency and the links between two-phase
and three-phase relations. This section also provides a
brief overview of the relevant literature.

2. Description of the porous medium and three-phase ¯ow

The porous medium is represented as a bundle of
parallel cylindrical tubes or pores. A given fraction of
pores is water-wet, with pore radii varying in size from
rw

1 to rw
2 , and the remaining pores are oil-wet, with pore

radii varying in size from ro
1 to ro

2 . Thus, we may rep-
resent di�erent kinds of mixed-wet systems. For exam-
ple, if rw

2 6 ro
1 a mixed-wet system with the larger pores

oil-wet (MWL) arises, whereas ro
2 6 rw

1 gives a mixed-wet
system with the smaller pores oil-wet (MWS). Frac-
tionally wet (FW) systems arise when rw

1 � ro
1 and

rw
2 � ro

2 , but in general any system may occur where
pores of the same size may be both water-wet and oil-
wet. The degree of wettability of a pore is de®ned as the
cosine of the oil±water contact angle cos how (measured
through the water phase), water-wet pores have a con-
stant oil±water contact angle (indicated with the super-
script w) with values between 0° and 90°, hence
06 cos hw

ow6 1; similarly oil-wet pores have a constant
oil±water contact angle with ÿ16 cos ho

ow < 0. If
cos hw

ow 6� 1 or cos ho
ow 6� ÿ1, then the pores are weakly

water-wet or oil-wet, respectively.
We consider three phases, water w, oil o and gas g,

which are assumed to be incompressible. Between the
phases, interfacial tensions rij exist, ij � ow; gw; go,
whereas for pores of given oil±water wettability, the
gas±water contact angle hgw (measured through the
water phase), and the gas±oil contact angle hgo (mea-
sured through the oil phase) are also de®ned. In Section
3, the relation between the three hij for one pore is dis-
cussed, such that also the cosines of the gas±water and
gas±oil contact angles are speci®ed di�erently for water-
wet and oil-wet pores.

The modelling of three-phase ¯ow in the tubes of ®-
nite length is represented as follows. Initially, all pores
are ®lled with one phase. One side of the pores, say the
outlet, is connected to a vessel containing this phase,
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whose pressure is kept constant during the entire pro-
cess. The inlets of the pores are connected to a vessel
containing a di�erent phase, whose pressure is gradually
increased to allow subsequent invasion of the pores.
Once a pore is invaded, we assume that its outlet also
becomes connected to the vessel with the invading
phase. When a prescribed number of pores are invaded,
the inlets of the pores are connected to a vessel con-
taining the remaining third phase, whose pressure is
gradually increased to allow invasion. During this stage,
which is the actual three-phase ¯ow process, the
pressures of the ®rst and the second phases are kept
constant at the outlets. The pressure changes so slowly
that we may assume capillary equilibrium between the
phases. Furthermore, all displacements are assumed to
occur in a piston-like manner.

It may be clear that each invasion of a pore is a two-
phase event, whereas the subsequent ®lling of pores
occupied by di�erent phases constitutes the three-phase
¯ow process [35]. The condition for invasion of phase i
into a pore occupied by phase j is given by

Pinv;i P Pentry;i; �1�
where Pinv;i denotes the pressure of the invading phase,
and Pentry;i denotes the entry pressure, which under
capillary equilibrium is given by

Pentry;i � Pj � Pc;ij �2�
for i 6� j, where Pc;ij denotes the capillary entry pressure
of the target pore with respect to the ¯uids i and j
[27,39].

In three-phase ¯ow, the capillary entry pressures Pc;ij

in a cylindrical pore with radius r for each pair of phases
are determined by the interfacial tensions and contact
angles through the Young±Laplace equation

Pc;ij � 2rij cos hij

r
�3�

with ij � ow; gw; go. Since we specify only the oil±
water contact angle through cos how, the degree of oil±
water wettability of the pore, the values of the remaining
contact angles are to be found as functions of cos how to
establish a complete set of entry conditions (1) and (2).

When gradually increasing the pressure of the in-
vading phase, the entry pressures (2) are met pore by
pore and the pores are invaded accordingly. This order
is determined by the pressure of the phase that is already
present in a pore Pj, which may be di�erent from pore to
pore, and the capillary entry pressure Pc;ij. According to
Eq. (3), for one ¯uid pair ij the capillary entry pressures
do not only vary with pore size, but also with the oil±
water wettability of the pore, which greatly a�ects the
®lling order.

From the entry conditions (1) and (2) follows that the
conditions for a pore to be occupied by one of the
phases can be described in terms of the capillary

pressures, the di�erences between the phase pressures
Pij � Pi ÿ Pj, in relation to the capillary entry pressures
Pc;ij as:

Gas :
Pgw > Pc;gw;

Pgo > Pc;go:

�
�4a�

Oil :
Pgo6 Pc;go;

Pow > Pc;ow:

�
�4b�

Water :
Pgw6 Pc;gw;

Pow6 Pc;ow:

�
�4c�

For consistency of notation, we have used the `strictly
larger than' sign (>) and the `smaller than or equal to'
sign (6 ), which is only correct if water is wetting to oil
and oil is wetting to gas. In other words, the more
wetting ¯uid ®lls the pore if the pressure di�erence is
exactly equal to the capillary entry pressure. Therefore,
for di�erent wetting orders the signs should be adapted
accordingly. However, because this issue does not a�ect
any of the following analysis, we will use the sign con-
vention of conditions (4a)±(4c).

3. Relations between interfacial tensions and contact

angles in three-phase ¯ow

The quantity cos how de®nes the wettability and we
now show how the cosines of the remaining contact
angles cos hgw and cos hgo in the same pore must be re-
lated when cos how takes arbitrary values between ÿ1
and 1. By combining the three relations for the ¯uid±
solid surface tensions and the related contact angles,
Zhou and Blunt [42] obtained a relation between the
three contact angles and the ¯uid±¯uid interfacial ten-
sions at thermodynamic equilibrium for a pore of any
degree of wettability

rgw cos hgw � rgo cos hgo � row cos how: �5�
In Appendix A, we show that in general condition (5) is
equivalent to the relation between the capillary entry
pressures

Pc;gw � Pc;go � Pc;ow: �6�
Moreover, relation (6) is proven to be the necessary and
su�cient condition that under capillary equilibrium
every point of a porous medium is occupied by exactly
one phase.

Eq. (5) implies that we may express both cos hgo and
cos hgw as functions of cos how. Since little is known
experimentally about such relationships, we adopt linear
expressions as follows:

cos hgo � 1

2

��
ÿ1� rgw ÿ row

rgo

�
cos how

� rgw ÿ row

rgo

�
; �7a�
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cos hgw � 1

2
1

��
ÿ rgo ÿ row

rgw

�
cos how � 1

� rgo ÿ row

rgw

�
�7b�

for a non-spreading oil, presented in Fig. 1(a), and

cos hgo � 1; �8a�

cos hgw � row

rgw

cos how � rgo

rgw

�8b�

for a spreading oil, presented in Fig. 1(b).
Relations (7a), (7b), (8a) and (8b) satisfy condition

(5) and re¯ect the conditions for strongly water-wet and
oil-wet pores. For example, for a non-spreading oil,
we have cos hgo � �rgw ÿ row�=rgo and cos hgw � 1 if
coshow�1; whereas coshgo�1 and coshgw� �rgoÿrow�=
rgw if coshow�ÿ1. Measurements of Kalaydjian [21]
support relations (7a) and (8a) in strongly water-wet
pores, whereas for example éren and Pinczewski [33]
employ the relations for both spreading and non-
spreading oils in both strongly oil-wet and strongly
water-wet pores. Observe that we may write relations
(7a), (7b), (8a) and (8b) as

cos hgo � 1

2rgo

CS;o cos how

� � CS;o � 2rgo

	
; �9a�

cos hgw � 1

2rgw

�CS;o

� � 2row� cos how � CS;o � 2rgo

	
;

�9b�
where the oil spreading coe�cient CS;o is de®ned as

CS;o � rgw ÿ rgo ÿ row if rgw ÿ rgo ÿ row < 0;
0 if rgw ÿ rgo ÿ row P 0

�
�10�

For a non-spreading oil, we have by de®nition CS;o < 0
and for a spreading oil CS;o � 0. Although we can
choose values of the interfacial tensions such that

rgw ÿ rgo ÿ row > 0, the corresponding relations be-
tween the contact angles for a spreading oil (8a) and (8b)
form the limiting case of the relations for a non-
spreading oil in (9a) and (9b) by taking CS;o � 0.
Therefore, for both the spreading and the non-spreading
cases we use relations (9a) and (9b).

As suggested in Fig. 1, we have made the following
realistic assumptions for the values of the interfacial
tensions:

rgw > rgo > 0 and rgw > row > 0 �11�
which gives in particular:

0 <
rgw ÿ row

rgo

< 1; �12a�

ÿ1 <
rgo ÿ row

rgw

< 1; �12b�

rgw ÿ row

rgo

���� ���� < rgw � row

rgo

: �12c�

These assumptions a�ect the wetting order of the ¯uids
within each pore, which is de®ned through the sign of
the cos hij: if cos hij > 0 phase i is non-wetting (relative)
to phase j and if cos hij < 0 phase i is wetting (relative)
to phase j. The wetting order of water to oil is given by
the sign of cos how. According to relation (7a), as-
sumption (12a) implies for a non-spreading oil that
cos hgo is a decreasing function of cos how, but it is
positive for all ÿ16 cos how6 1. Hence, oil is wetting to
gas for all possible degrees of oil±water wettability.
According to relations (7b) and (8b) assumptions (12b)
and (12c) imply that cos hgw is an increasing function of
cos how and it is positive at least for all 06 cos how6 1.
Furthermore, no assumptions are made on the mutual
sizes of row and rgo. Therefore, if rgo < row a value
ÿ1 < cos h�ow < 0 exists such that cos hgw is negative for
ÿ16 cos how < cos h�ow and positive for cos h�ow6
cos how < 0, whereas, if rgo > r�ow; cos hgw is positive for
all ÿ16 cos how < 0. In other words, only if rgo < row

Fig. 1. Assumed linear relations between cosines of the contact angles for: (a) negative spreading systems; (b) positive spreading systems.
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gas is wetting to water for the more strongly oil-wet
pores, otherwise water is wetting to gas.

As a result of restrictions (11) on the values of the
interfacial tensions, in the water-wet pores the wetting
order is always: water wetting, oil intermediate-
wetting and gas non-wetting. In the oil-wet pores,
the wetting order is either: oil wetting, gas intermediate-
wetting and water non-wetting, or: oil wetting, water
intermediate-wetting and gas non-wetting, depending on
the actual values of cos ho

ow; row and rgo.

4. Three-phase pore occupancies

4.1. Allowed pore occupancies

To derive the possible saturation-dependencies of
three-phase relative permeabilities, van Dijke et al. [39]
examined the possible three-phase pore occupancies for
a bundle of capillary tubes, i.e. which phase occupies
which pore. They considered occupancies that may arise
in mixed-wet systems (MWL and MWS) with strongly
wetted pores, whereas here we consider all kinds of
mixed-wet and fractionally wet systems as de®ned in
Section 2, including weakly wet conditions. van Dijke
et al. [39] derived two rules for the wetting order of the
phases within a bundle of tubes, thus determining which
pore occupancies are actually allowed. Based on the
wetting order of the phases within each pore, the
Young±Laplace equations (3) ensure that within a
cluster of either water-wet pores or oil-wet pores the
phase pressures are ordered such that the wetting phase
has the smallest pressure and the non-wetting phase has
the largest pressure. Considering also that the pressure
of one phase is the same throughout the porous me-
dium, the invasion conditions (1) and (2), or equivalently
(4a)±(4c), lead to the following wetting order rules that
govern the pore occupancies:

(a) In one cluster, the phase that is wetting in this
cluster occupies smaller pores than the intermedi-
ate-wetting phase, which in turn occupies smaller
pores than the non-wetting phase.
(b) If the wetting order of two phases is di�erent for
water-wet pores and oil-wet pores, then these phases
cannot coexist in both the water-wet and the oil-wet
pores. This rule also applies if one of the phases is
only present as a wetting ®lm.

These rules were derived independent of the sizes of
the water-wet pores rw

1 6 r6 rw
2 relative to the size of the

oil-wet pores ro
1 6 r6 ro

2 . Furthermore, it follows easily
that the assumption that the pores were strongly wetted,
i.e. cos hw

ow � 1 and cos ho
ow � ÿ1, can be relaxed to al-

low cos hw
ow to take any constant value between 0 and 1

and cos ho
ow any constant value between ÿ1 and 0,

without changing the derivation. Therefore, the above

wetting order rules will also apply to any of the weakly
wetted porous media that we currently consider.

In Section 3, we derived which wetting orders may
occur in the water-wet and the oil-wet pores, re-
spectively, based on the assumptions for the values of
the interfacial tensions as in relations (11). Combined
with the wetting order rules, this implies that for the
currently investigated mixed-wet and fractionally wet
systems with constant contact angles only 10 di�erent
three-phase pore occupancies may occur. In Fig. 2, two
examples of allowed occupancies and two examples of
non-allowed pore occupancies are presented (assuming a
uniform distribution of pore sizes). The latter occu-
pancies are excluded by wetting order rule (b).

As shown by van Dijke et al. [39] the ordering of the
pore sizes may lead to extra restrictions on the allowed
pore occupancies. For example, in an MWL system
(rw

2 6 ro
1 ) water cannot be present in the oil-wet pores if

the water-wet pores are not completely water-®lled as
in Fig. 2(b), although this is possible in an MWS
system.

As a result of wetting order rule (a), each cluster does
contain at most two boundaries between the various
phases in the pore occupancy plots. Additionally, as a
result of rule (b), at most three boundaries are present in
the occupancy plot of the whole system. It can be shown
that if three boundaries occur in a three-phase occu-
pancy, two of them (one in the water-wet and one in the
oil-wet pores) are of the same type. If two boundaries
occur, these must be of di�erent types to constitute a
three-phase occupancy. If only one boundary is present,
the pore occupany is called anomalous, as one of the
phases must occupy exactly all the water-wet pores or all
the oil-wet pores. We do not consider anomalous oc-
cupancies separately as they are limiting cases of occu-
pancies with two and three boundaries. In summary,
each three-phase occupancy contains two di�erent
boundaries and possibly a third that is the same as one
of the other two. In Fig. 2(a), an example of the latter is
given with two gas±oil boundaries, rw

go and ro
go, and one

oil±water boundary, row, whereas Fig. 2(b) shows an
occupancy with two gas±water boundaries rw

gw and ro
gw,

and one oil±water boundary.
Consequently, in each three-phase pore occupancy

only one phase has boundaries to both remaining
phases: the ``intermediate-wetting'' phase. Observe that
this de®nition of ``intermediate-wetting'' is a general-
isation of the usual de®nition for purely water-wet or
purely oil-wet systems. For example, in the pore occu-
pancy of Fig. 2(a) oil is the wetting phase in the oil-wet
pores, yet it is the intermediate-wetting phase for the
system as a whole because in the water-wet pores oil has
boundaries to both water and gas. We specify a three-
phase occupancy as type I if oil is intermediate-wetting,
as type II if gas is intermediate-wetting and as type III if
water is intermediate-wetting, as in [39]. Clearly, the
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pore occupancy of Fig. 2(a) is of type I and that of
Fig. 2(b) is of type III.

4.2. Saturation-dependencies of relative permeabilities

We now consider how the various pore occupancies
lead to particular saturation-dependencies of the relative
permeabilities. For each phase j, the formal de®nitions
of saturations, Sj, and relative permeabilities, kr;j, are as
follows:

Sj �
Z 1

0

pj�r�u�r�V �r� dr; �13a�

kr;j �
Z 1

0

pj�r�u�r�g�r� dr; �13b�

where u�r� denotes the pore size distribution function,
which is normalised such that

R1
0

u�r� dr � 1. V �r� de-
notes the volume function and g�r� is the conductance
function for each pore, normalised with respect to the
total volume and total conductivity of the system, re-
spectively. The function pj�r� denotes the occupancy of
phase j. For example, in Fig. 2(a), the oil occupancy is
given by

po�r� � 1 for row < r < rw
go or ro

1 < r < ro
go;

0 otherwise:

�
�14�

By de®nition pw � po � pg � 1, hence Sw � So � Sg � 1
and kr;w � kr;o � kr;g � 1, whereas the latter relation is

true only in our completely accessible capillary tube
model.

To show the saturation-dependencies of the relative
permeabilities for a certain type of pore occupancy, we
consider ®rst the particular occupancy of Fig. 2(a). The
saturations and relative permeabilities for this occu-
pancy are given by:

Sw �
Z row

rw
1

u�r�V �r� dr; kr;w �
Z row

rw
1

u�r�g�r� dr;

�15a�

So �
Z rw

go

row

u�r�V �r� dr �
Z ro

go

ro
1

u�r�V �r� dr;

kr;o �
Z rw

go

row

u�r�g�r� dr �
Z ro

go

ro
1

u�r�g�r� dr;

�15b�

Sg �
Z rw

2

rw
go

u�r�V �r� dr �
Z ro

2

ro
go

u�r�V �r� dr;

kr;g �
Z rw

2

rw
go

u�r�g�r� dr �
Z ro

2

ro
go

u�r�g�r� dr: �15c�

Assuming that in one cluster the pore sizes are very close
to each other, it follows from relations (4a)±(4c) that the
actual capillary pressures are determined by the
boundaries between the various phases, hence Pow �
Pc;ow�row� and Pgo � Pc;go�rw

go� � Pc;go�ro
go�. Combining

this result with the Young±Laplace equations (3) yields

Fig. 2. Possible three-phase pore occupancies: (a) and (b) are allowed; (c) is not allowed as water and gas are di�erently ordered in the water-wet and

oil-wet pores; (d) is not allowed because oil is present as a ®lm in the oil-wet pores, which must exclude oil from the water-wet pores or water from the

oil-wet pores. The sizes of the water-wet pores relative to the sizes of the oil-wet pores can be chosen arbitrarily.
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Pow � 2row cos hw
ow

row

; �16a�

Pgo �
2rgo cos hw

go

rw
go

� 2rgo cos ho
go

ro
go

: �16b�

Therefore, the functional dependencies row�Pow�, rw
go�Pgo�

and ro
go�Pgo� apply. In view of Eqs. (15a)±(15c), for the

saturations and relative permeabilities we ®nd the de-
pendencies Sw�Pow�, So�Pow; Pgo�, Sg�Pgo� and kr;w�Pow�,
kr;o�Pow; Pgo�, kr;g�Pgo�. Finally, we obtain the saturation-
dependencies of the relative permeabilities

kr;w � kr;w�Sw�; kr;o � kr;o�Sw; Sg� and

kr;g � kr;g�Sg�: �17�

As, by de®nition, all three-phase occupancies of type I
have an oil±water and a gas±oil boundary, dependencies
(17) apply to all of them. Furthermore, following similar
arguments for type II occupancies the dependencies

kr;w � kr;w�Sw�; kr;o � kr;o�So� and

kr;g � kr;g�Sw; So� �18�

apply and for type III the dependencies

kr;w � kr;w�So; Sg�; kr;o � kr;o�So� and

kr;g � kr;g�Sg�: �19�

The dependencies (17)±(19) were also found by van
Dijke et al. [39] for strongly wetted pores, based on
examination of iso-relative permeability plots. The de-
pendencies further support the earlier de®nition of an
``intermediate-wetting'' phase, as for each type of oc-
cupancy only the relative permeability of this phase
depends on more than one saturation. The relative
permeability of the intermediate-wetting phase is obvi-
ously derived from the remaining two relative per-
meabilities through the relation kr;w � kr;o � kr;g � 1.

4.3. Links between two-phase and three-phase relative
permeabilities

From Eqs. (15a)±(15c) we may also derive links be-
tween the two-phase and three-phase relative perme-
abilities for type I occupancies such as given in Fig. 2(a).
To achieve this, consider two-phase pore occupancies
that are governed by the same respective pressure dif-
ferences as those involved in the three-phase occupancy.
The corresponding oil±water system is governed by
Pow � Pc;ow�row�, the gas±oil system by Pgo � Pc;go�rw

go� �
Pc;go�ro

go� and the gas±water system by Pgw � Pgo � Pow.
Hence, the boundaries in the oil±water and gas±oil
occupancies are the same as those in the three-phase
occupancy. The gas±water pressure di�erence de®nes
one or two gas±water boundaries that are not present in
the three-phase occupancy, but it follows below that
these are not needed.

In Fig. 3 the corresponding two-phase oil±water and
gas±oil systems are shown. Comparison of Fig. 2(a) with
Figs. 3(a) and (b) shows that both water and gas occupy
the same pores in the three-phase occupancy and in the
corresponding two-phase occupancies.

Consequently, applying de®nitions (13a) and (13b)
shows that the water saturation and relative per-
meability for the oil±water system are given by relations
(15a), whereas the gas saturation and relative perme-
ability for the gas±oil system are given by relations (15c).
Hence, the three-phase water saturation and relative
permeability equal the two-phase water saturation and
relative permeability in the oil±water system, yielding

kr;w�Sw� � kow
r;w�Sw�; �20�

where the double superscript refers to the two-phase
system. Similarly, the gas relative permeability is given
by

kr;g�Sg� � kgo
r;g�Sg� �21�

Obviously, the relative permeability of oil, the interme-
diate-wetting phase for occupancy I, is not identical to
one of the two-phase oil-relative permeabilities. How-
ever, it is given by kr;o�Sw; Sg� � 1ÿ kow

r;w�Sw� ÿ kgo
r;g�Sg�.

Fig. 3. Two-phase occupancies related to the three-phase occupancy of Fig. 2(a) for the same pressure di�erences Pow; Pgo and Pgw � Pgo � Pow,

(a) oil±water; (b) gas±oil.
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To ®nd the relation between a type II three-phase
pore occupancy and the corresponding two-phase oc-
cupancies, we go in the ``opposite'' direction as above.
We may start with the allowed gas±oil and gas±water
two-phase occupancies as presented in Figs. 4(a) and (b)
to construct the corresponding type II three-phase oc-
cupancy of Fig. 4(c) for the same pressure di�erences
Pgo � Pc;go�rw

go� � Pc;go�ro
go� and Pgw � Pc;gw�rgw�. Now,

since gas is the intermediate-wetting phase, we want to
®nd the links between the two-phase and the three-phase
relations for the oil and the water relative permeabilities,
similar to the water and gas relative permeabilities in the
previously discussed type I occupancy.

For the two-phase gas±oil occupancy of Fig. 4(a), the
oil relative permeability follows from de®nition (13b) as

kgo
r;o �

Z rw
go

rw
1

u�r�g�r� dr �
Z ro

go

ro
1

u�r�g�r� dr: �22�

On the other hand, for the three-phase occupancy in
Fig. 4(c) the oil relative permeability is given by

kr;o �
Z ro

go

ro
1

u�r�g�r� dr: �23�

As the integral in relation (23) depends on the boundary
only, the saturation-rgodependency still follows as
kr;o � kr;o�So�. However, because oil does not occupy the
same pores in the two-phase and three-phase occu-
pancies, the expressions on the right-hand sides of (22)
and (23) are not identical. Hence, we cannot identify the

three-phase with the corresponding two-phase oil rela-
tive permeability:

kr;o�So� 6� kgo
r;o�So�: �24�

We call this saturation-dependency non-genuine, con-
trary to genuine dependencies, where explicit links be-
tween the three-phase and one of the two-phase relative
permeabilities can be established. Comparison of the
occupancies of Figs. 4(b) and (c) shows that the water
relative permeability is still genuinely linked as

kr;w�Sw� � kgw
r;w�Sw�: �25�

Considering the three-phase occupancy of Fig. 4(c), it
appears that the corresponding gas±oil occupancy could
also have been the two-phase occupancy of Fig. 4(a) but
without the boundary rw

go, with all the water-wet pores
®lled by gas. The latter is also an allowed two-phase
occupancy. This situation would have led to the genuine
link kr;o�So� � kgo

r;o�So�.
Furthermore, the three-phase occupancy of Fig. 4(c)

could also relate to a two-phase gas±water occupancy
with two boundaries between the phases. In this case
also the dependency of kr;w�Sw� would have been non-
genuine. The corresponding two-phase occupancies are
shown in Fig. 5.

A non-genuine saturation-dependency with respect to
the gas±water boundary occurs only if cos ho

gw > 0, i.e.,
when water is wetting to gas in the oil-wet pores. As a
result type II occupancies may have either two genuine
saturation-dependencies for the oil and water relative

Fig. 4. Two-phase occupancies: (a) gas±oil; (b) gas±water related to; (c) the three-phase occupancy for the same pressure di�erences Pgo; Pgw and

Pow � Pgw ÿ Pgo.
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permeabilities, two non-genuine dependencies or one
genuine and one non-genuine dependency.

On the contrary, saturation-dependencies for type I
occupancies are always genuine. To show this, we apply
wetting order rule (a) of Section 4.1 to ®nd that in type I
occupancies oil must be present in the water-wet pores
and that, as a result, water is con®ned to the smallest
water-wet pores. Hence, for all three-phase type I oc-
cupancies, Fig. 3(a) presents the only possible corre-
sponding two-phase oil±water occupancy. On the other
hand, the corresponding two-phase gas±oil occupancy
may contain gas in the water-wet pores (e.g. as in
Fig. 3(b)), but only such that rw

go > row, otherwise a type
II occupancy would result. Hence, both gas and water
occupy the same pores in the three-phase and in the
corresponding two-phase occupancies and the same
conclusion can be drawn if gas is only present in the oil-
wet pores.

Following similar arguments, it can be shown that
type III occupancies always show the genuine links

kr;o�So� � kow
r;o �So�; �26a�

kr;g�Sg� � kgw
r;g �Sg�: �26b�

5. Three-phase saturation space

5.1. Simulation

To show the impact of the various saturation-de-
pendencies, we compute iso-capillary pressure and iso-
relative permeability curves as functions of saturation
for a given porous medium and a given set of ¯uid pa-
rameters. We consider a FW porous medium where the
sizes of the smallest and largest water-wet and oil-wet
pores are the same, i.e. rw

1 � ro
1 � 10� 10ÿ6 m and

rw
2 � ro

2 � 160� 10ÿ6 m. The values of the interfacial
tensions are taken as row � 29� 10ÿ3 N=m; rgo �
14� 10ÿ3 N/m and rgw � 36� 10ÿ3 N/m. Hence, the
value of the spreading coe�cient is CS;o�ÿ7�10ÿ3 N/m,

so we consider a non-spreading oil. The volume func-
tion is taken as V �r��r and the conductance function
as g�r��r4. Notice that taking 1 for the volume expo-
nent is, strictly speaking, incorrect for cylindrical pores.
However, for more general pore geometries this value is
realistic and it has the additional advantage of pro-
nouncing some of the features in saturation space.
Furthermore, the pore size distribution u�r� is taken to
be uniform, with equal fractions of water-wet and oil-
wet pores. The degrees of wettability of the water-wet
and oil-wet pores are given by the oil±water contact
angles coshw

ow�0:6 and cosho
ow�ÿ0:1, respectively. Us-

ing Eq. (9b) the latter implies cosho
gw>0, i.e., water is

wetting to gas in the oil-wet pores.
In Fig. 6, the iso-capillary pressure curves and iso-

relative permeability curves for the FW system are
presented in ternary saturation diagrams. As shown by
van Dijke et al. [39], the diagrams of iso-capillary
pressures (Fig. 6(a)) are easily obtained by simulating
¯ow processes, in which one phase is injected into a
medium that is ®lled by two other ¯uids at various
saturation ratios. During one process, the pressure of
the invading phase is increased such that its saturation
increases from 0 to 1, while keeping the pressure dif-
ference between the remaining phases constant as de-
scribed in Section 2. Hence, a line of constant capillary
pressure between the two remaining phases is created.
From these ¯ow processes also iso-relative permeability
curves (Fig. 6(b)) can be computed.

Both types of saturation diagrams are clearly divided
into three regions, re¯ecting di�erent saturation-depen-
dencies, and thus di�erent types of pore occupancies
[39]. For example, the iso-relative permeability lines for
a certain phase are curved only when its relative per-
meability depends on more than one saturation, other-
wise the iso-lines are lines of constant saturation of that
phase. From the previous sections, we know that for a
given combination of saturations, i.e. for a given pore
occupancy, only one phase is intermediate-wetting. Only
the relative permeability corresponding to this phase
depends on more than one saturation. Therefore, the

Fig. 5. Two-phase occupancies: (a) gas±oil; (b) gas±water related to a doubly non-genuine three-phase occupancy of type II as shown in Fig. 4(c),

with rw
go < rw

gw and ro
go > ro

gw.
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regions in the saturation diagrams with iso-relative
permeability lines as well as those with iso-capillary
pressure lines can be identi®ed as regions I, II and III. In
region I occupancies of type I occur (of which an ex-
ample is given in Fig. 2(a)), where oil is intermediate-
wetting. In region II gas is intermediate-wetting (as in
Fig. 4(c)) and in region III water is intermediate-wetting
(as in Fig. 2(b)).

The boundaries between the various saturation-de-
pendency regions are only partly iso-saturation lines. In
Sections 6, we consider how variation of the porous
medium and ¯uid parameters a�ect the non-linear parts
of the boundaries, as well as the impact of the earlier
discussed non-genuine saturation-dependencies in satu-
ration space.

5.2. Saturation-dependency regions

van Dijke et al. [39] considered MWL systems with
strongly wetted pores, for which they found that the six
di�erent con®gurations of the saturation-dependency
regions, schematically shown in Fig. 7, can be distin-
guished. On the contrary, the con®guration of the FW
system of Fig. 6, only one non-linear boundary, i.e.
between regions I and II, may occur. The various con-
®gurations di�er with respect to the positions of these
non-linear boundaries. Note that, strictly speaking, 12
con®gurations arise as the lower right triangle of
the saturation space belongs to either region II or re-
gion III. The saturation corresponding to occupancy
of exactly all the water-wet pores is de®ned as

Fig. 6. Ternary saturation diagrams of: (a) iso-capillary pressure curves; (b) iso-relative permeability curves for the simulated non-spreading oil in a

FW medium. The curves in (a) are actually saturation paths of consecutive ¯ooding processes, where the combination of capitals indicates the order

of the ¯oods: e.g. O±G±W indicates that the paths are obtained from an oil-®lled medium in which partial gas ¯oods are followed by complete water-

¯oods. The di�erent curves are identi®ed by the number fraction of pores that are ®lled with the displaced phase after the ®rst ¯ood: e.g. in O±G±W

the residual indicates the number fraction of pores that are still ®lled with oil after gas ¯ooding. Furthermore, the three saturation-dependency

regions are indicated in the O±G±W and gas isoperm diagram.
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Swet �
R rw

2

rw
1

u�r�V �r� dr. Observe that (part of) the line
Sw � Swet as well as (part of) the line So � 1ÿ Swet are
indeed clearly visible in the con®guration of Fig. 6.
Furthermore, in the con®gurations of Figs. 7(a) and (f)
no non-linear boundary is present. It follows easily that
these are the limiting cases of the con®gurations of
Figs. 7(b) and (e), respectively, in which the non-linear
boundaries coincide with Sw � Swet and So � 1ÿ Swet,
respectively.

Below, we brie¯y recapitulate the conditions for the
di�erent positions of the non-linear boundary between
regions I and II for the present, more general, case with
weakly wetted pores and indicate the analogous condi-
tions for the non-linear boundary between regions II
and III that may additionally arise in the FW system.

van Dijke et al. [39] showed that a non-linear
boundary between regions I and II arises when three-
phase occupancies can occur, which correspond to two-
phase gas±oil occupancies with two gas±oil boundaries,
such as shown in Fig. 3(b). The di�erent positions of this

non-linear boundary in saturation space are determined
by the six possible orderings of the gas±oil capillary
entry pressure of the smallest and largest pores of the
water-wet and oil-wet clusters, in the terminology of this
paper Pc;go�rw

1 �, Pc;go�rw
2 �, Pc;go�ro

1� and Pc;go�rw
1 �. This or-

dering determines in which order the gas±oil boundaries
in the occupancy plots may occur within the water-wet
or oil-wet clusters or within both, when the gas±oil
pressure di�erence is increased. This is equivalent to the
two-phase process of gas invasion into an oil-®lled me-
dium. For example, for Fig. 7(d) the ordering

Pc;go�rw
2 � < Pc;go�ro

2� < Pc;go�ro
1� < Pc;go�rw

1 � �27�
applies. Hence, when we increase Pgo, ®rst the threshold
value of the largest water-wet pore Pc;go�rw

2 � is overcome
resulting in a gas±oil boundary in the water-wet pores,
then Pc;go�ro

2� is overcome resulting in an additional
boundary in the oil-wet pores. Subsequently, the
boundary in the oil-wet pores vanishes when Pgo exceeds
the threshold value for the smallest oil-wet pore Pc;go�ro

1�

Fig. 6. (continued).
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and ®nally the boundary in the water-wet pores van-
ishes. Applying the Young±Laplace equations (3) to
relations (27) yields the following conditions in terms of
the ¯uid and pore size parameters for the position of the
non-linear boundary as in Fig. 7(d):

rw
1

ro
1

<
cos ho

go

cos hw
go

<
rw

2

ro
2

: �28�

Condition (28) is a generalisation of the corresponding
condition given by van Dijke et al. [39] as it incorporates
contact angles related to weakly wetted pores.

Furthermore, the conclusion that the con®guration of
Fig. 7(d) indeed occurs when conditions (27) are satis-
®ed, follows by considering that in this situation three
di�erent three-phase occupancies constitute region I
[39]. Fig. 2(a) shows one of these pore occupancies,

Fig. 7. Possible positions of the boundary between regions I and II in saturation space for an MWL system, where the various regions re¯ect di�erent

saturation-dependencies of capillary pressure and relative permeability.
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whereas the other two are given by the same ®gure but
with the oil-wet pores completely ®lled with gas or
completely ®lled with oil, respectively. The latter two
occupancies apply in the top and the bottom parts of
region I in saturation space, respectively, whereas the
occupancy of Fig. 2(a) applies in the centre part near the
non-linear boundary. Only this occupancy corresponds
to a two-phase gas±oil occupancy with two gas±oil
boundaries. It has been shown that only when a type I
pore occupancy is found with two gas±oil boundaries, a
non-linear boundary between regions I and II arises.
From the latter the position of the non-linear boundary
may also be derived as follows.

Near the non-linear boundary in region I the occu-
pancy of Fig. 2(a) applies and transition to region II
follows when in the water-wet pores the oil±water
boundary coincides with the gas±oil boundary row � rw

go

yielding a type II pore occupancy as shown in Fig. 4(c).
As in the con®guration in Fig. 2(a) two gas±oil bound-
aries occur, we have Pc;go�ro

go� � Pc;go�rw
go�. Application of

the Young±Laplace equations (3) then yields at the non-
linear boundary

row � ro
go

cos ho
go

cos hw
go

�29�

and the corresponding position in saturation space fol-
lows from de®nition (13a). Observe that the non-linear
boundary in saturation space can only be determined
when the underlying pore occupancies are known.

As observed earlier, in every pore occupancy at most
one oil±water boundary can occur because by de®nition
cos ho

ow < 0 < cos hw
ow and the oil±water capillary entry

pressures at the endpoints of the water-wet and oil-wet
clusters can be ordered in only one way, irrespective of
pore size. Hence, in saturation space Pc;ow never gives
rise to non-linear boundaries.

Similarly, if gas is wetting to water in the oil-wet
pores, the gas±water capillary entry pressures are always
ordered in one way as cos ho

gw < 0 < cos hw
gw, therefore

in this situation Pc;gw never leads to a non-linear
boundary in saturation space. Furthermore, because gas
is wetting to water in the oil-wet pores, water can never
be the intermediate-wetting phase for the medium as a
whole and the condition cos ho

gw < 0 determines that
region III does not occur. On the other hand, if water is
wetting to gas in the oil-wet pores, i.e. if cos ho

gw > 0,
region III must be present and six di�erent orderings of
the Pc;gw may arise, similar to the threshold values of the
Pc;go in relations (27).

Considering conditions such as (28) shows that the
mutual ordering of the sizes of the smallest and largest
water-wet and oil-wet pores a priori excludes occurrence
of certain con®gurations. For example, for MWL sys-
tems, where rw

2 6 ro
1 , while cos ho

gw < cos hw
gw the Pc;gw

threshold values are strictly ordered, even when

cos ho
gw > 0, such that a non-linear boundary between

regions II and III can never occur. Similarly, in a MWS
system, where ro

2 6 rw
2 , while cos hw

go < cos ho
go, a non-

linear boundary between regions I and II can never
arise. However, it may be clear that for a MWS system
with cos ho

gw > 0 six di�erent con®gurations of a non-
linear boundary between regions II and III may arise,
determined by the di�erent orderings of the Pc;gw

threshold values.
Consequently, in a general fractionally wet system,

where the sizes of the water-wet pores are not strictly
ordered with respect to those of the oil-wet pores, both
the Pc;go and the Pc;gw threshold values (if cos ho

gw > 0)
may occur in various orderings. Therefore, in these
systems non-linear boundaries between regions I and II
as well as between regions II and III may occur. The FW
system of Fig. 6 is a particular example of such a system,
where the ranges of the sizes of the water-wet and oil-
wet pores are the same. Taking all the possible orderings
of both the gas±oil and the gas±water capillary entry
pressures into account when water is wetting to gas in
the oil-wet pores, the number of saturation-dependency
con®gurations in a general fractionally wet system could
be as large as 36. However, considering the pore occu-
pancies related to regions I and III shows that these
regions can never directly border, except for Sw � Swet or
So � 1ÿ Swet. This avoids, for example, that the two
non-linear boundaries intersect and also eliminate half
the number of possible con®gurations.

If cos ho
gw < 0, i.e. if gas is wetting to water in the oil-

wet pores, only one non-linear boundary (between
regions I and II) may arise and all the possible con-
®gurations for a general fractionally wet system are
again given by the six con®gurations of Fig. 7, with the
lower right triangle belonging to region II.

Furthermore, observe that with relations (9a) and
(9b) the gas±oil contact angles in relation (28) and the
gas±water contact angles can be replaced by expressions
in terms of the oil±water contact angles cos hw

ow and
cos ho

ow, and the interfacial tensions. Hence, the satura-
tion-dependency con®gurations are given in terms of the
essential parameters, i.e. the interfacial tensions, sizes of
the smallest and largest pores of the water-wet and oil-
wet clusters and the degree of wettability of the pores.

Regarding spreading oils, van Dijke et al. [39] showed
that for MWL systems the threshold values of the Pc;go are
always ordered to yield the con®guration of Fig. 7(a) only,
whereas the remaining ®ve con®gurations relate exclu-
sively to non-spreading oils. However, for general frac-
tionally wet systems all discussed possible con®gurations
may occur for both non-spreading and spreading oils.

5.3. Non-genuine behaviour

In Section 4.3, we have shown that occupancies of
type II may be non-genuine, such that no explicit links
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can be made between the corresponding two-phase and
three-phase oil or water relative permeability relations.
As both kinds of non-genuineness may or may not
happen, in saturation space this means that four sub-
regions of region II may emerge, with either zero, one or
two kinds of non-genuineness. The boundaries between
these subregions follow again by considering the related
pore occupancies, in particular the two-phase occu-
pancies of Fig. 5, as these show both two gas±oil and
two gas±water boundaries.

The only possible boundary in saturation space be-
tween a genuine and a non-genuine subregion II with
respect to the gas±oil boundaries, i.e. with respect to the
oil relative permeability, occurs when the gas±oil
boundary of Fig. 5(a) is on the brink of disappearing
from the water-wet pores at r � rw

1 , while the boundary
in the oil-wet pores remains present. Obviously, the
latter is only possible for (two) particular orderings of
the Pc;go threshold values. With respect to the gas-water
boundaries, the boundary in the oil-wet pores shown in
Fig. 5(b) must vanish at r � ro

1 to change from a non-
genuine to a genuine type II occupancy.

At the boundary between genuine and non-genuine
saturation-dependencies, the disappearing gas±oil
boundary requires rw

go � rw
1 , which ®xes the remaining

gas-oil boundary as �ro
go through the Young±Laplace

equations: Pc;go��ro
go� � Pc;go�rw

1 � whereas the gas±water
boundary may vary (see Fig. 4(c)). Hence, the boundary
in saturation space separating genuine and non-genuine
saturation-dependencies with respect to the oil relative
permeability is given by the constant oil saturation

�So �
Z �ro

go

ro
1

u�r�V �r� dr �30�

with varying water and gas saturations. Similarly, at the
boundary between genuine and non-genuine with re-
spect to the gas±water boundary, the remaining gas±
water boundary is ®xed as �rw

gw through Pc;gw��rw
gw� �

Pc;gw�ro
1�, while ro

gw � ro
1 . Hence, the boundary in

saturation space separating genuine and non- genuine
saturation-dependencies with respect to the water
relative permeability is given by the constant water
saturation

�Sw �
Z �rw

gw

rw
1

u�r�V �r� dr: �31�

In Fig. 8, two possible con®gurations with di�erent
subregions of region II are presented for cos ho

gw > 0 and
cos ho

gw < 0, respectively.
As indicated by Fig. 8 the endpoints of the lines

So � �So and Sw � �Sw coincide with the intersection of the
non-linear boundaries with the Sw � 0 axis and the
So � 0 axis, respectively. This follows by considering
that, for example, the non-linear boundary between re-
gions II and III is given by row � ro

gw (compare Fig. 2(b)
with Fig. 4(c)), whereas at the point where oil is no
longer present, we have row � ro

1 . Hence, at the inter-
section of the non-linear boundary with the axis we ®nd
ro

gw � ro
1 , the condition at the boundary between genuine

and non-genuine.
Observe that the con®guration of Fig. 6 is qualita-

tively the same as that of Fig. 8(a). The saturation-
dependency of the oil relative permeability is
non-genuine in almost the entire region II. Observe
further that although the part of region III for Sw < Swet

is small, it stretches so far along the So � 0 axis, i.e. �Sw is
relatively small, that also the saturation-dependency of
the water relative permeability is non-genuine in almost

Fig. 8. Con®gurations of the saturation-dependency regions with di�erent links between the two-phase and three-phase relative permeabilities in

di�erent parts of region II for: (a) cos ho
gw > 0; (b) cos ho

gw < 0, in a general fractionally wet system. In 1 both the water and the oil relative per-

meability saturation-dependencies are genuine, in 2 the oil saturation-dependency is non-genuine, in 3, the water saturation-dependency is non-

genuine and in 4 both the oil and water saturation-dependencies are non-genuine.
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the entire region II. These quantitative e�ects are,
however, mainly caused by the particular choices of the
pore size distribution function and the volume and
conductance functions.

From Fig. 8, subregions with genuine and non-gen-
uine saturation-dependencies are easily found for all
possible con®gurations. With respect to the boundaries
between the genuine and non-genuine saturation-de-
pendencies of the oil relative permeability, we consider
again the con®gurations of Fig. 7. In Figs. 7(c) and (e), a
true boundary between genuine and non-genuine can be
found as in Fig. 8. In Fig. 7(f), the limiting case of
Fig. 7(e), the endpoint of the non-linear boundary,
hence the boundary between genuine and non-genuine,
coincides with the line So � 1ÿ Swet. Therefore, the en-
tire region II has genuine saturation-dependencies, ir-
respective of the sign of cos ho

gw (compare Figs. 8(a) and
(b)). On the other hand, in Figs. 7(b) and (d) (and
similarly in Fig. 7(a) as the limiting case of Fig. 7(b)) the
endpoint of the non-linear boundary is such that �So � 0,
i.e. in the entire region II the oil relative permeability has
a non-genuine saturation-dependency. Obviously, simi-
lar conclusions can be drawn for the non-genuineness
with respect to the water relative permeability, based on
the position of Sw � �Sw.

5.4. Discussion

Under certain simplifying assumptions, we have
shown how the saturation space may be divided into
regions with di�erent saturation-dependencies of the
relative permeabilities, based on a number of underlying
pore-scale parameters. The required parameters are the
values of the interfacial tensions, the ranges of pore sizes
of the water-wet and oil-wet pores and the values of the
oil-water contact angles. Knowledge of these essential
parameters determines the qualitative picture of the
subdivision of the saturation space, such as Figs. 7 and
8, i.e. it indicates how many saturation-dependency re-
gions occur and whether part of these regions has gen-
uine saturation-dependencies. Additional information,
such as the form of the pore size distribution function
and the volume and conductance functions, adds only
quantitative features, such as the exact location of non-
linear boundaries and the precise curvature of isoperms
for relative permeabilities that depend on more than one
saturation.

The above-listed essential parameters may be deter-
mined from experiments. For example, the interfacial
tensions can be measured directly. The pore size distri-
bution can be estimated from mercury porosimetry and,
in particular, the capillary pressure curve yields infor-
mation on the values of the smallest and largest pore
sizes. As shown above, Swet is a major indicator in the
analysis of the saturation space and it provides infor-
mation on the values of the largest water-wet and the

smallest oil-wet pores. The value of Swet, the saturation
related to exactly ®lling all the water-wet pores, can be
estimated from the transition of the two-phase Pow curve
from positive to negative values and also from Amott
and USBM wettability tests [13]. Obtaining the precise
values of the contact angles is more di�cult, but for the
outlined qualitative saturation-dependency analysis, it is
su�cient to determine the wetting orders only. For ex-
ample, if the Pgw curve changes sign, then this indicates
that gas is wetting to water in the oil-wet pores.

Clearly, the interconnectedness of pores in real po-
rous systems leads to e�ects such as multiple displace-
ments and trapping that cannot be captured by the
present capillary tube model. However, as argued in
the next section, this does not fundamentally undermine
the qualitative analysis of the saturation-dependencies.
An additional complication that may arise in real po-
rous systems is that degrees of wettabilities can not be
expected to be constant, as we assumed so far, but may
vary within certain ranges (see, for example, the simu-
lation in [40]). This issue can be addressed within a
capillary tube model, hence in a forthcoming paper we
will more thoroughly analyse cases with oil±water con-
tact angles that are randomly distributed, by considering
pore occupancies as probabilities that the corresponding
capillary entry pressures in relations (4a)±(4c) are over-
come. Using this approach, it can be shown that parts of
the saturation space exist in which none of the three
relative permeabilities depend only on its own satura-
tion. Furthermore, although still regions remain where
only one set of isoperms is curved (indicated as regions
I, II and III in this paper), not only in region II, but also
in parts of region I, saturation-dependencies may be
non-genuine.

Even from the present simple pore-scale model it has
become clear that in many situations it is theoretically
impossible to directly construct a model for three-phase
relative permeability relations from two-phase data in
the entire saturation space. Instead, the above-men-
tioned essential pore-scale parameters, which may be
derived from two-phase data, must be used in a process-
based pore-scale model, such as a network model, to
predict three-phase relative permeability relations.

Having noted that there are certain saturation-de-
pendency regions where we cannot relate three-phase
and two-phase relative permeabilities, we now indicate
some cases where we can say something de®nitive based
on the present model. In regions of the saturation space
where either oil or water appears to be the intermediate-
wetting phase (regions I and III), the three-phase rela-
tive permeabilities can always be linked to the two-phase
relations. In the region where gas is the intermediate-
wetting phase (region II) this identi®cation is only
possible if the two-phase gas±oil ®lling sequences indi-
cate that gas invades all water-wet pores before ®lling
any oil-wet pores and, similarly, if the two-phase gas±
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water ®lling sequences indicate that gas invades all oil-
wet pores before ®lling any water-wet pores. For ex-
ample, in a MWL system these conditions are met only
if the spreading coe�cient is strongly negative and the
pore size distribution is very narrow (con®guration of
Fig. 7(f)). Alternatively, region II could be absent, which
happens for example for a spreading oil in a MWL
system when water is wetting to gas in the oil-wet pores
(con®guration of Fig. 7(a), with region III present).

6. Comparison with other three-phase relative permeabil-

ity relations

In recent years, several authors (e.g. [3,8,11]) have
given overviews of existing three-phase relative per-
meability relations and corresponding experimental
data. Existing relations often assume that the relative
permeabilities of two of the phases depend only on their
own saturations (e.g. [9,24,34,36,37]) and are further
assumed to be equal to one of the two-phase relative
permeabilities. More recently, there has been a growing
awareness of wettability and of its e�ect on relative
permeabilities [8,12,16,19,22,25,28,30,32,33,41]. In this
work, we seek to compare the current model predictions
for three-phase relative permeabilities in weakly wetted
mixed-wet and fractionally wet systems on: (i) the
possible phase saturation-dependency regions in a fully
connected system (where there is no phase trapping or
hysteresis); (ii) where these saturation-dependency re-
gions are and are not expected to relate to correspond-
ing two-phase occupancies and relative permeabilities;
and (iii) how the various empirical models relate to well-
founded pore scale physics as expressed by the various
authors. It is important to note that the broad satura-
tion-dependency regions predicted by our model will
still exist even in complex inter-connected pore networks
at capillary equilibrium when all three phases are well
connected (even when there are some trapped and iso-
lated phase ganglia). Hence, the central ®ndings of this
work should still be used to compare with the phase
saturation regions predicted by empirical models as is
done below.

In Table 1, we summarise the models that have given
original contributions with respect to saturation-
dependencies and links between two-phase and three-
phase relations, especially in view of variable wettability
states and compare these with the ®ndings of the present
model. A more detailed comparison is given in [40].
Note that in Table 1 only the completely accessible
versions of the existing models are considered, i.e.
without the e�ects of residual saturations, trapping and
hysteresis. In this table, we present the quantityP

i�o;w;g kr;i, which, in a fully accessible capillary bundle
model in the absence of intra-pore e�ects equals 1. We
note that this is a theoretical requirement of such models

although this behaviour is not expected experimentally
in real rocks. We make this comparison here simply to
examine the theoretical consistency between various
empirical formulations and the limiting case of a ca-
pillary bundle model, as presented in this paper.

The model of Corey et al. [9] was the ®rst reported
three-phase relative permeability. They considered a
water-wet system and correctly assumed, referring to
Leverett and Lewis [26], that oil occupies the interme-
diate-sized pores, and generalised the two-phase ex-
pressions of Burdine [7] for a tortuous capillary bundle
model. Models based on the same assumption but in-
volving di�erent tortuosity relations, and thus di�erent
functional forms, have been developed by Naar and
Wygal [31] and Parker et al. [34].

Stone [36], referred to as Stone I, assumed identically
to [9] that in a water-wet system the oil occupies the
intermediate-sized pores, but with an expression for
the oil relative permeability that explicitly incorporates
the two corresponding two-phase oil relative perme-
abilities. In a second model, referred to as Stone II,
Stone [37] developed relative permeability relations
based on the consistency relation for a fully accessible
capillary bundle model, assuming

P
kr;i � 1. In an ap-

pendix of [37] possible pore ®lling sequences in a mixed-
wet system with a fraction of the (smaller) pores
strongly water-wet and the remaining pores strongly
oil-wet were discussed.

Starting with an oil-®lled medium it was hypothesised
how subsequent water and gas ¯oods invade. It was
correctly assumed that water starts invading the water-
wet pores in increasing order of size, followed by the oil-
wet pores in decreasing order of size. Gas was assumed
to invade oil-®lled pores starting in decreasing order of
size, starting at the largest irrespective of the oil±water
wettability, which, as we note in Table 1, is generally not
correct [39]. If water and gas saturations are increased
such that they are no longer separated by oil, Stone
assumes that water will separate oil and gas, leading to
relative permeabilities corresponding to an oil-wet sys-
tem with water as the intermediate-wetting phase.
Although this assumption is generally incorrect, the
underlying argument leads to the conjecture that for a
mixed-wet system di�erent phases are intermediate-wet
in di�erent areas of the saturation space. This idea has
been veri®ed in [39] and in the present study. Several
authors have incorporated additional phase trapping
and hysteresis models in Stone I and II, but did not
change the basic forms of the method to include wet-
tability e�ects [2,14,15,23].

Heiba et al. [17] considered pore ®lling sequences in a
system in which the larger pores have become oil-wet, a
case of mixed-wettability. They observed quite complex
saturation-dependency behaviour but based on the
wrong pore entry conditions [40]. Since a three-phase
relative permeability model was not explicitly derived,
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the ideas cannot be compared any further with the
present work.

Aleman and Slattery [1] used the physics of ¯ow on
the pore-scale to obtain a new functional form for two-
phase and three-phase relative permeability relations in
water-wet pores. However, the calculated saturation-
dependencies were merely a result of the traditional
assumption that in water-wet systems the intermediate-
wetting phase (oil) occupies the intermediate-sized
pores.

The model of Temeng [38], see Table 1, included wet
tability e�ects in relative permeability relations.
Although the model is equivalent to the present model

for strongly water-wet and oil-wet conditions (assuming
that water is intermediate-wetting in the oil-wet pores),
for all weakly-wet conditions water and oil relative
permeabilities depend on more than one saturation,
which is certainly not in agreement with the present
model. Both Temeng and Bradford [6], see Table 1, as-
sume that only the gas relative permeability depends on
its own saturation, whereas oil and water relative per-
meabilities are both functions of more than one satu-
ration. This is not in accordance with the ®ndings of the
present model, as in di�erent saturation ranges either
oil, water or gas relative permeabilities may depend on
more than one saturation.

Table 1

Review of references dealing with three-phase relative permeabilities that have given original contributions with respect to saturation-dependencies

and relations between two-phase and three-phase relative permeabilities

Reference Wettabilitya Saturation-dependencyb Relation 2-phase and

3-phase relpermsc

P
kr;i � 1

in limitd

Comment

IWP Other

phases

Explicit Limits to

2-phase

relperms

Corey et al. [9] SWW kr;o�Sw; Sg� kr;w�Sw� IWP: no Yes No kr;w�Sw� taken as kgo
r;o�Sw� in an

oil-wet systemkr;g�Sg� Others: yes

Stone [36] (Stone I) SWW kr;o�Sw; Sg� kr;w�Sw� IWP: yes Yes No For oil wet system, claims that

all formulae can be used in

similar manner with water as the

IWP

kr;g�Sg� Others: yes

Stone [37] (Stone II) SWW kr;o�Sw; Sg� kr;w�Sw� IWP: yes Yes Yes For SOW system assumes water

as IWP. Conjectures that, in a

MW or FW system, di�erent

IWPs occur in di�erent regions

of saturation space

kr;g�Sg� Others: yes

Baker [3] SWW kr;o�Sw; Sg� kr;w�So; Sg� IWP: yes Yes No Takes saturation-weighted ap-

proach that allows all relperms

to depend on two saturations.

Empirical and without pore-

physics basis

kr;g�Sw; So� Others: yes

Temeng [38] IW kr;o�Sw; Sg�
or

kr;w�So; Sg�

kr;g�Sg� IWP(s): yes

Other(s): yes

Yes No Based on a wettability index,

interpolates water and oil rel-

perms between Stone II SWW

and Stone II SOW cases via

expression for a neutrally-wet

case. For any oil-wet system

assumes water as IWP

Bradford et al. [6] FW kr;o�Sw; Sg�
or

kr;w�So; Sg�

kr;g�Sg� IWP(s): no

Other(s): yes

Yes No FW system with fraction of oil-

wet pores given by an e�ective

macroscopic contact angle. For

any oil-wet system assumes

water as IWP

a We denote the wettability state of the system as SWW� strongly water wet, SOW� strongly oil wet, MW�mixed-wet, FW� fractionally wet,

IW� intermediate-wet. The IW case, referred to in [38], is the author's terminology; this may in fact be a MW system.
b Saturation-dependency is the central concern of this paper and refers to whether the intermediate-wetting phase (IWP, as de®ned in this paper) and

the remaining phase relative permeabilities depend only on their own saturation or on two saturations.
c Given note 2 above, this asks whether the relationship explicitly involves the corresponding two-phase relative permeabilities and, if indeed one

exists, whether it limits correctly to these two-phase relations.
d The sum of the relative permeabilities should be unity only in the limit of a fully accessible capillary bundle model in the absence of intra-pore e�ects

(e.g. ®lm ¯ow).
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Baker [3] took empirical saturation-weighted relative
permeabilities to interpolate between various two-phase
data for water-wet systems. Later, Baker [4] used a
similar approach to analyse three-phase relative per-
meability data from water-wet, oil-wet and intermedi-
ate-wet cores. Hustad and Hansen [18] also employed
the saturation-weighted method for the oil relative per-
meability, but used a sophisticated scaling of the oil
saturation to include residual saturations. In addition,
Blunt [8] used saturation weighting for all three relative
permeabilities, as he explicitly recognised that gas may
also be intermediate-wetting in oil-wet pores. Similarly,
Jerauld [20] adopted a saturation-weighted method for
the water relative permeability as a basic form.
Although the saturation-weighted method is quite gen-
eral and may match speci®c experimental data quite
well, it lacks a pore-scale basis and does not recognise
that in some saturation ranges two of the relative per-
meabilities may still be functions of their own satura-
tion.

The methods of Jerauld [20], Larsen and Skauge [25]
and Blunt [8] also include provision for wettability
variations through parameters re¯ecting trapped water
saturation, as in a mixed-wet system both oil and gas
may trap water. Finally, new forms of relative per-
meability relations have been introduced as a result of a
more detailed view of the intra-pore-scale physics, such
as ¯ow in surface roughness. For example, Moulu et al.
[29] proposed a new method based on a fractal repre-
sentation of a capillary bundle model for a water-wet
system, which was extended to mixed-wettability within
a pore [30]. Blunt [8] included oil ¯ow through layers to
re¯ect ¯uid con®gurations in pore crevices. These con-
cepts are not yet included in the present model but will
in due course constitute an important extension, as
surface roughness also plays a major role in pore wet-
tability.

In conclusion, we have found that most existing
models for three-phase relative permeabilities are
based on saturation-dependencies for strongly water-
wet systems only, where oil is considered as the
intermediate-wetting phase. Furthermore, saturation-
dependency regions where two of the relative per-
meabilities depend on only their own saturations,
except region I where oil is intermediate-wetting, have
not been generally appreciated. The incorporation of
wettability e�ects in relative permeability relations has
not been done for the general case on the basis of the
present authors' understanding of the pore-scale
physics. All relative permeability models, apart from
the tortuosity-based methods, link three-phase to two-
phase relations. Therefore, almost all models approach
the corresponding two-phase relations when one of the
saturations vanishes. However, non-genuine satura-
tion-dependencies have not yet been recognised. To be
useful for realistic ¯ow simulations the present model

is being extended to include distributed instead of
constant contact angles. Furthermore, interconnectivi-
ty of pores as well as additional intra-pore-scale e�ects
need to be incorporated.

7. Summary and conclusions

A method has been developed to determine satura-
tion-dependencies of relative permeabilities in three-
phase ¯ow which is suitable for all types of mixed-wet
and fractionally wet porous systems that contain clus-
ters of oil-wet and water-wet pores with constant but
di�erent oil±water contact angles. Based on classi®ca-
tion of all allowed pore occupancies in a completely
accessible porous medium, saturation-dependencies of
the corresponding relative permeabilities are derived.
Furthermore, three-phase relative permeabilities that
appear to depend only on their own saturations are ei-
ther linked to the corresponding two-phase relative
permeabilities or it is shown that such a link cannot be
established. A comparison has been made with existing
relative permeability models with respect to their satu-
ration-dependencies.

The speci®c conclusions from this work are:
(i) To analyse weakly wetted systems, linear rela-

tions between the cosines of the contact angles are
adopted which are consistent with strongly wetting
conditions.

(ii) Depending on the interfacial tensions, the ranges
of the pore sizes and the degree of wettability of the
pores, up to three regions in saturation space can be
identi®ed and related to the saturation-dependencies of
three-phase capillary pressures and relative permeabili-
ties. The values of the various capillary entry pressures
for the smallest and largest pores of the water-wet and
oil-wet pore clusters determine the boundaries of these
regions.

(iii) In each region of saturation space, one phase
turns out to be ``intermediate-wetting'' for the porous
medium as a whole. In such a region, then only the
relative permeability of the intermediate-wetting phase
depends on more than one saturation.

(iv) When water is wetting to gas in oil-wet pores
�cos ho

gw > 0�, three regions occur, one where oil is the
intermediate-wetting phase (region I), one where gas is
the intermediate-wetting phase (region II) and one
where water is the intermediate-wetting phase (region
III). For gas wetting to water in oil-wet pores
�cos ho

gw < 0�, two regions occur, regions I and II.
(v) Boundaries between regions I and II and be-

tween regions II and III may occur that do not co-
incide with iso-saturation lines and, therefore, cannot
be predicted without knowledge of the underlying pore
occupancies. The exact location of the boundary be-
tween regions I and II is determined by the two
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boundaries that occur between the phases in the cor-
responding two-phase gas±oil pore occupancy. The
exact location of the boundary between regions II and
III is similarly determined by the corresponding two-
phase gas±water occupancy.

(vi) In region II, the water and oil relative perme-
abilities, which depend only on their own saturations,
are not always identical to one of the corresponding
two-phase relative permeabilities. This saturation-
dependency is called non-genuine. For the presently
considered systems, saturation-dependencies for gas and
water in region I and for gas and oil in region III are
always genuine.

(vii) The saturation-dependency con®guration oc-
curring for a spreading oil can be considered as a par-
ticular case of that for a non-spreading oil. We note
that, in a fully connected network model, other aspects
of the physics of spreading and non-spreading systems,
such as ®lm drainage, accessibility and conductivity
behaviour, may lead to di�erences between spreading
and non-spreading oils.

General conclusions are as follows:
(viii) The present model suggests that, in order to

analyse the various saturation-dependency regions for
experimental three-phase relative permeabilities, it is
essential to measure the three interfacial tensions, the
sizes of the smallest and largest pores of water-wet and
oil-wet clusters and the degree of wettability of the
pores.

(ix) The occurrence of non-linear boundaries in sat-
uration space between saturation-dependency regions,
as well as possibility of both genuine and non-genuine
saturation-dependencies stresses the importance of
knowledge of underlying pore occupancies. Therefore,
only a process-based approach to three-phase ¯ow
modelling will lead to a correct determination of three-
phase relative permeabilities.

(x) Existing three-phase relative permeability models
incorporate a correct view of the pore-scale physics with
respect to saturation-dependencies for systems with
strongly water-wet pores. The present work indicates
that further development is required in order to incor-
porate the more complex saturation-dependencies pre-
dicted for mixed-wet and fractionally wet systems.

Acknowledgements

The authors would like to thank the following
members of the Heriot-Watt WAG Consortium for
supporting this research: The UK Department of Trade
and Industry, BP Exploration Operating Company Ltd.,
Marathon International (GB) Ltd., Mobil (North Sea)
Ltd., Norsk Hydro a.s., Saga Petroleum ASA and Total
Oil Marine plc.

Appendix A. Consistency relation between the capillary

entry pressures

By de®nition, the capillary pressures satisfy
Pgw � Pgo � Pow, but the analogous equation (6) for the
capillary entry pressures is not a priori known. This
relation follows from the consistency requirement that
each point of the pore space must be ®lled with either
water, oil or gas. Therefore, if for a single pore two of
the conditions (4a)±(4c) are not satis®ed, the third must
be true. For example, if (4a) and (4b) are not satis®ed,
then either

Pgw6 Pc;gw and Pgo > Pc;go �A:1a�
or

Pow6 Pc;ow and Pgo6 Pc;go �A:1b�
applies. If conditions (A.1a) are satis®ed, but Pow > Pc;ow

is true (which would contradict conditions (4c), hence
occupancy by water) then

Pc;gw P Pgw � Pgo � Pow > Pc;go � Pc;ow: �A:2�
If conditions (A.1b) are satis®ed, but Pgw > Pc;gw is true
(which would also contradict occupancy by water), then

Pc;gw < Pgw � Pgo � Pow6 Pc;go � Pc;ow: �A:3�
For consistency both inequalities (A.2) and (A.3) must
be false, yielding the desired relation (6) for the capillary
entry pressures.

For each pore the entry pressures are given as
Pc;ij � rij cos hij=R, where R= cos hij denotes the radius of
curvature of the capillary interface between the phases i
and j and R is the e�ective entry radius of the pore [5].
Hence, Eqs. (5) and (6) are equivalent, in particular if
R � r=2 for cylindrical pores. However, the above deri-
vation does not depend on the geometry of the pore,
therefore Eqs. (5) and (6) are not only valid for cylinders
but for any pore shape for which an e�ective entry
radius can be de®ned. Zhou and Blunt [42] indicated
that in a porous medium with three phases at gravity-
capillarity equilibrium Eq. (5) ensures continuity of the
saturation distributions at the level where the third,
organic, phase is about to vanish. We have generalised
their result (i.e. concerning relation (6) between the
capillary entry pressures and the continuity of phases)
since our argument does not depend on the vertical
equilibrium condition.
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