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Abstract

We show that arc menisci configuration under primary drainage in capillary tube cross sections and, by extension, in throats in
structure of rock and soil, can be understood in terms of the computational geometry theory of medial axis analysis. The solution for arc
configuration is developed for cross sections of arbitrary, simply connected polygonal shape at both entry- and over-pressure val
primary drainage for arbitrary values of wetting angle. Using this solution technique, we have obtained highly accurate solutions of entr
arc meniscus radius for over 21,500 throats obtained from analysis of computed tomography images in a suite of 4 Fontainebleau co
ranging from 7.5 to 22% porosity. We show that the ratioA/P , of throat area to throat perimeter, is an excellent predictor of entry pre
meniscus radius (and hence entry pressure) for primary drainage for real pores, while inscribed radius and area equivalent radius o
entry pressure meniscus radius by factors of 1.5–3, and are consequently poor predictors.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The pressure required to force a non-wetting fluid into a
capillary tube (filled with wetting fluid) of arbitrary, constant,
cross-sectional area is a function of the geometry of the sys-
tem. Mayer and Stowe[1] and Princen[2] have shown that
this function may be derived either by balancing work of dis-
placement with change in surface free energy or, equivalently,
by considering the forces required to maintain equilibrium. As-
suming a piecewise smooth cross-sectional perimeter, the cap-
illary pressure,P e

C necessary to invoke piston-like entry of the
non-wetting fluid (primary drainage) is given by

(1)P e
C = (σNS − σWS)LNS + σNWLNW

AN

,

whereσ , L, andA refer, respectively, to surface tension (sur-
face free energy), interphase contact length, and area. The sub-
scriptsN , W , andS refer, respectively, to non-wetting, wetting,
and solid phases. Thus,LNS is the length of the cross sec-
tion perimeter separating the non-wetting fluid from the solid
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(tube);LNW is the length of the interface between the two flu-
ids; andAN is the cross-sectional area of the non-wetting fluid.
These quantities are illustrated usingFig. 1, which shows a tube
cross section after entry of the non-wetting fluid at the critical
entry pressure. (Throughout this paper, we assume negligible
gravity affects and that the non-wetting fluid invades the entire
length of the capillary tube; i.e. the main terminal meniscus is
far removed from the cross section of interest.) Using the force
balance relation (Young equation),

(2)σNS − σWS = σNW cosθ,

whereθ is the contact angle (wetting angle) between the wet-
ting fluid and the solid wall,(1) can be expressed as

(3)P e
C = σNWLNScosθ + σNWLNW

AN

.

As the fluids are (assumed to be) in equilibrium, each of the
so-called arc menisci (AB, CD, and EF) which separates the
non-wetting and wetting fluids must have identical radii of cur-
vature. Therefore

(4)LNW = 2r
∑

i

αi,
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Fig. 1. Schematic of non-wetting fluid occupation of the cross section of a cap-
illary tube of arbitrary, simply connected, cross-sectional shape.

whereαi is one half of the opening angle of arc meniscusi

(Fig. 1). Further, at equilibrium the capillary pressure across
each of the arc menisci is justP e

C , which can be related toσNW
by the Young–Laplace equation

(5)P e
C = σNW/r.

Substituting(5) and (4)into (3) gives a non-linear equation,

(6)2r2α + r cosθLNS(r) − AN(r) = 0,

to solve for the radius of curvaturer = re of the arc menisci at
the critical entry pressure. In(6), we have letα ≡ ∑

i αi and
have also noted the implicit dependence ofLNS andAN on r . It
is throughα, LNS, andAN that the geometry of the cross sec-
tion determines the critical value,re. With re known, the critical
entry pressure is then determined from(5).

We devote this article to a discussion of the solution of(6) for
cross sections ofarbitrary, simply connected polygonal shape.
We note that the above description provides a model for pene-
tration of a non-wetting fluid through the constriction (throat)
separating two pores. This has become of primary importance
in network models of two- (e.g.[3]) and three-phase (e.g.[4,5])
flow. In addition to providing entry pressure conditions, the
solution quantifies details of the wetting fluid films occurring
in corners. Such films provide critical pathways for wetting
fluid movement and play important roles in trapping behavior
(e.g.[6]).

Historically (6) was solved for special cross-sectional tube
shapes[1,2,7–14]. With regard to network flow modeling, the
significant solution was for irregularly shaped triangular tubes
[15–17] and regular polygons[17–20]. Triangular and rectan-
gular cross sections, as well as circular sections (which do not
admit corners but can be contrived to model film flow), have
since dominated network flow models. To quote Blunt[21],
“It is difficult to represent every nook and cranny in the pore
space directly. A simpler approach, adopted by many authors,
is to assign some simple shape to the pore and throat cross
sections that accommodates wetting layers. Just as in the as-
signment of effective pores sizes, there is no suggestion that the
real pore space is represented by some idealized constant cross
section—the shape is chosen simply to place the correct vol-
ume of wetting phase in layers in a pore whose center is filled

Fig. 2. Geometric quantities related to a stable meniscus, radiusr , wetting an-
gle θ , in a corner defined by a single convex vertex.

by non-wetting phase and to give the right hydraulic conductiv-
ity to the layers.”

With the advent of synchrotron X-ray computed microto-
mography (CT) (e.g.[22]) and the development of image analy-
sis software[23–27]to quantify cross-sectional pore and throat
shapes of real rock samples at resolutions below 5 µm, it is clear
that it is much more accurate to represent cross sections as ir-
regular polygons. In this article we present a general solution
method of(6) for irregular, simply connected polygons. The
solution method is sufficiently rapid that computation of en-
try pressures for cross sections in an entire network model can
be tabulated and referenced by the network model via look-up.
However, approximation of cross-sectional shapes by simply
geometric forms will continue to be utilized. We therefore also
consider the accuracy of current approximations.

The geometry of an arc meniscus in a single (convex) cor-
ner of a polygon is amenable to straightforward analysis[3,28].
Exploiting the symmetry about the bisector of the angle,Fig. 2
displays the relevant geometry for a meniscus of radiusr . Geo-
metrical analysis gives relationships for the areasAm andAw,
the relationship

(7)bi ≡ cos(θ + βi)

sinβi

,

and the important angular relation

(8)αi = π/2− θ − βi.

From(8) follows the condition

(9)θ + βi � π/2,

which, for a given wetting angleθ , determines whether a con-
vex vertex of half-angleβi will contain an arc meniscus (and a
wetting phase film).

With respect to approximations for throat cross-sectional
shapes, effective cross-sectional radii from mercury porosime-
try and distributions of throat areas from image analysis of
CT scans are available from measurements on real rock sam-
ples. Using an approximate cross-sectional model based upon a
regular polygon of fixed number,n, of vertices, either type of
experimental value is sufficient to define a unique cross section.
(It is common to usen = 3 or 4 in modern network models.)
For a regular polygon,AN depends quadratically onr , LNS
depends linearly onr , the solution of(6) is just the solution
of a quadratic, the negative branch of the solution is physically
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meaningful, and the solution can be expressed as (see also[19])

(10)
re

P
= 2G

cosθ + [cos2 θ + 4G(α − b cosθ)]1/2
,

whereα was defined above,b ≡ ∑
i bi , andG ≡ A/P 2 is a di-

mensionless ratio of the polygon areaA and perimeterP known
as the shape factor[15]. Using the well known relations for a
regular polygon of side lengthd ,

βi = β = π/2− π/n, i = 1, . . . , n,

(11)A = nd2 tan(β)/4, P = nd,

(10) can be simplified to

(12)re = A

P

{
2

cosθ + [cot(π/n)(π/n − θ + sinθ cosθ)]1/2

}
.

As written, (10) can also be applied to irregular triangles
[15,16] (and rectangles[11]) as long as

∑
i in the definitions

of α andb occur only for vertices having an arc meniscus (i.e.
for verticesi such thatθ +βi � π/2). It can also be extended to
irregular polygonsas long as each arc meniscus in the solution
corresponds to at most one polygon vertex[17]. This condition,
however, will not be true in general for solutions to(6) for non-
triangular, irregular convex polygons, and will certainly fail for
most non-convex polygons.

Recognition of the importance ofG for regular, convex poly-
gons, has prompted fitting network flow model cross sections to
shape factor measurements[3,15,16].

2. Primary drainage, θ = 0

Since[15] it has been recognized that, for a single vertex, the
center of curvature of an arc meniscus in that corner must lie on
the angular bisector of the vertex. Each pointp on an angular
bisector for a vertexvi has the property that it is the center of an
inscribed circleri(p) which tangentially touches the two edges
incident atvi , where 0� ri(p) � rmic. Exploiting the symmetry
about the bisector in the case of an arc meniscus in a single
corner (Fig. 2), allows the geometry to be computed in terms
of half-angles, as reflected in the solutions(10) and (12). For

a regular convex polygon, and for any irregular triangle, the
angular bisectors meet at the center of mass. The center of mass
is therefore the centerc of a maximally inscribed circle, radius
rmic, which tangentially touches each edge.

In the computational geometry literature, these angular bi-
sectors, extending from each vertex to the center of mass, com-
prise themedial axis(MA) of the interior of any regular convex
polygon or irregular triangle. The concept of the MA is more
general than these two restricted polygon types suggest[29];
for our purposes we concentrate on a discussion of the MA
for the interior of any simply connected polygon havingn ver-
tices. As is customary in the computational geometry literature,
the perimeter of the polygon shall be considered to consist of
n ordered vertices,vi , with an open line segment (edge) join-
ing each pairvi, vi+1 (with vn+1 ≡ v1). Associated with each
pair (edge–edge, edge–vertex, or vertex–vertex) of perimeter
components is a bisector, a curve of points with the property
that each point on the bisector is the center of an inscribed
circle that tangentially touches a point on each component of
the perimeter pair. (For open line segments, the point tangen-
tially touched may be the terminating point of the closure of
the line segment.) If a perimeter component is a vertex, we
clarify that “tangentially touching” means that the inscribed cir-
cle passes through the vertex.Fig. 3 illustrates the bisectors for
each type of perimeter component pair. For both an edge–edge
and a vertex–vertex pair the bisector is a straight line,Figs. 3a,
3b. For a vertex–edge pair, the bisector is either a conic section,
specifically a parabola, in the case in which the vertex is not
coincident with a terminating point of the closure of the open
edge segment,Fig. 3c, or a straight line, if the vertex is coin-
cident with a terminating point of the closure of the open edge
segment,Fig. 3d.

For a simply connected polygon composed ofn vertices and
n edges, there are 2n(2n−1)/2 bisectors. A subset of sizeO(n)

of segments of these bisectors forms the edges of a Voronoi tes-
sellation of the interior of the polygon relative to the perimeter
components (i.e. each perimeter componentCi is in 1–1 cor-
respondence with a Voronoi cellVi of the tessellation)[30,
31]. Each point in the interior ofVi is closer to component

d
roles of
Fig. 3. Illustrations of bisectors (dashed) for the three perimeter component pairs of a polygon: (a) edge–edge; (b) vertex–vertex; (c) vertex–edge(vertex not
coincident with end-point of closure of open edge segment); (d) vertex–edge (vertex coincident with end-point of closure of open edge segment). Alsohighlighted
is an example point on each bisector and the corresponding inscribed circle (dotted) which “tangentially touches” the perimeter components. The portion of each
inscribed circle in the assumed centrifugal direction along the bisector has been darkened to illustrate the arc-meniscus between a non-wetting ana perfectly
wetting (θ = 0) fluid during drainage. (The remaining portion of each circle represents an arc-meniscus for a primary imbibition scenario in which the
(perfectly) wetting and non-wetting fluids are reversed.)
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Fig. 4. The MA (dashed lines) of the interior of a polygon (solid lines). The
light dotted curve shows a maximally inscribed circle of maximum possible
radiusrmic. Its center location, on the MA, is the open point.

Ci than to any other perimeter component. The edges of this
Voronoi tessellation form a tree structure. The MA for the inte-
rior of a simply connected polygon is a tree structure composed
of all edges of the Voronoi tessellation excluding any tessel-
lation edge of type (d) inFig. 3. The type (d) Voronoi edges
emanate from reflux (non-convex) vertices in the polygon in-
terior. (Elimination of type (d) Voronoi edges merges Voronoi
cells that are coincident at the reflux vertex.) As these type (d)
edges are leaf edges of the Voronoi tree, their elimination leaves
a MA which is also a tree.Fig. 4 shows the MA for an exam-
ple polygon. As it is composed of segments of bisectors, each
point on the interior MA is the center of some inscribed cir-
cle that tangentially touches at least two distinct points, each
on a distinct perimeter component. (As bisectors can cross,
a MA point may correspond to the crossing point of two or
more bisectors—hence the inscribed circle centered at such a
point may touch more than two perimeter points/components.)
Conversely, as each MA point lies on some edge of a Voronoi
tessellation, each point on a perimeter element is tangentially
touched by an inscribed circle centered on some point on the
interior MA. (This can be shown by enlarging a disk, initially
of zero radius, within the interior of the polygon, making sure
that the disk remains in tangential contact with the perimeter
point in question. The center of this disk will eventually cross
the MA.)

The following well-known properties of the MA for the in-
terior of a polygon will be useful.

Property 0. The MA is a tree structure formed from the union
of segments of straight line and conic arc bisectors correspond-
ing to perimeter component pairs. Conic arc sections of the
tree correspond to segments of edge–vertex bisectors, where the
vertex is a reflux(concave) vertex of the polygon; straight line
sections correspond either to segments of edge–edge or vertex–
vertex bisectors. An edge in the MA tree is a bisector segment of
specific type(edge–edge, edge–vertex, vertex–vertex). Branch
vertices in the tree are points common to bisector segments of
two different types.(With bisectors of the form inFig. 3d ex-
cluded from the MA, degree-2 branch vertices exist in the tree.)
Leaf (degree-1) vertices terminate straight line segments; each

leaf vertex of the tree is coincident with a vertex location on the
polygon perimeter.

Property 1. Each pointp of the MA can be assigned a unique
distance valuer(p) which is the length of the radius of the in-
scribed circle centered atp which tangentially touches the two
perimeter components to which the bisector containingp cor-
responds.

Property 2. The radius valuesr(p) form a continuous function
on the MA tree.

Property 3. 0� r(p) � rmax, where the value ofrmax is unique
for a given polygon.

Property 4. If r(p0) = rmax, thenp0 may not be unique. How-
ever p0 is either a branch point of the MA, orp0 lies on a
straight edge of the MA. In the latter case,r(p) = rmax for all
points(including both terminating branch points of that edge)
on the straight edge containingp0.

From Property 4, we can always root the MA tree at a tree
vertex locationp0 having the propertyr(p0) = rmax= rmic. We
therefore assume the MA tree is so rooted. Letp be a point
on the MA. We define thecentripetal directionfrom p as the
(unique) direction along the MA toward the root, and thecen-
trifugal directionfromp as the (unique) direction along the MA
away from the root (i.e. “toward some leaf”). We will also use
centripetal in a colloquial sense to denote direction “toward the
polygon interior” and centrifugal to denote direction “toward
the polygon perimeter.”

From the properties of the MA, the following theorem holds:

Theorem 1. For a drainage displacement involving a perfectly
wetting fluid(θ = 0), the centers of curvature of arc-menisci
separating the two fluids must lie on the interior MA of the poly-
gon.

Theorem 1and Properties 0–4provide the basis for solv-
ing (6) for the arc menisci radius and pressure at entry condi-
tions, and for quantifying the movement of the arc menisci as
capillary pressure increases above entry pressure. In Section3
we will extendTheorem 1to non-zero wetting angles.

We invoke the following assumption.

Assumption 1. We assume that the radius functionr(p) is a
monotonically increasing function as one moves from any leaf
(r = 0) to the root (r = rmax) of the MA tree structure.

This assumption guarantees unique meniscus configuration
solutions to(6) by precluding polygons whose perimeter shape
would allow for the possibility of multiple solutions[1,14]. The
purpose of this paper is to establish the geometrical connec-
tion between meniscus position and the medial axis. Allowing
for non-monotonicity will not change this connection, rather it
introduces an additional (combinatorial) problem of determin-
ing which of multiple meniscus combinations is an appropriate
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solution. At worst, many allowed combinatorial combinations
will be valid solutions of(6) and a unique physical solution
must be determined from conditions subsidiary to(6). We also
note that, as the polygons we are most interested in studying
are throats in a porous medium, this assumption will, almost
always, be satisfied.

2.1. Entry pressure meniscus configuration

If (6) has a solutionre for polygonP , then 0� re � rmic(P ).
If r(p1) � re � r(p2) for a MA edge joining branch pointsp1
andp2 then an arc meniscus must be centered on this MA edge.
As 0� r(p) � rmic monotonically on each leaf to root path in
the MA tree structure, one such tree edge will be found for each
leaf to root path in the tree. (The same tree edge/arc meniscus
may however serve several leaf to root paths.)

A numerical algorithm can be constructed to solve(6) by
performing a search in the function spacer(p) until a value
of r is found such that evaluation of the LHS of(6) is zero
(to within an acceptable tolerance). For each value ofr inves-
tigated, a search over all tree edges will identify all points on
the MA which are centers of arc menisci. As 0� re � rmic(P ),
the bisection search algorithm is a logical choice for ther(p)

search. The bisection search sequencer1, r2, . . . is begun with
the two starting valuesr1 = 0 + ε, r2 = rmic − ε whereε is a
small, positive tolerance to guard against floating point ambi-
guities in the numerical algorithm. For theith value,ri , in the
bisection sequence, we find the unique pointpj on each appro-
priate branchj of the MA wherer(pj ) = ri . The centrifugal
portion of the inscribed circle of radiusri centered atpj is the
potential arc-meniscus for a solution withre = ri . Fig. 5shows
the geometry based upon the polygon ofFig. 4 at a represen-
tative value ofri . (In fact, a valueri extremely close tore has
been used for the figure.) From this geometry the LHS of(6) is
evaluated. The open point is the vertex used as the root of the
MA tree.pj is the location of the point on the tree branchj hav-
ing r(pj ) = ri . The dashed arcs are the centrifugal segments of
the respective inscribed circles centered atpj (radiusri ) which
would be fluid arc menisci for a solution tore = ri . The area
AN required in(6) is the sum of the polygon areaAc (outlined
by heavy solid lines) and the areas,Ai, . . . ,A6, of the menisci
defined arcs. The perimeter lengthLNS in (6) is that portion of
the boundary of the polygonal areaAc that overlaps with the

Fig. 5. Geometry for the evaluation of the LHS of(6) for a valuer = ri .

original polygon perimeter. (Given the locations of the corners
of the polygon of areaAc, these areas and perimeter lengths are
straightforwardly computable.) WithAN(ri) andLNS(ri) com-
puted, the LHS of(6) is evaluated. The sign of the value of the
LHS determines the value ofri+1 in the bisection search.

Of note inFig. 5is how close pointspi on separate branches
of the MA approach one another during the bisection search
algorithm if the value ofri approaches a value appropriate
for a branch point of the MA. (See pointsp1 and p6.) For
such points, the corresponding inscribed circles also closely ap-
proach each other at one end. The numerical algorithm used for
the bisection search must be sufficiently robust to detect and
resolve such occurrences.

2.2. Over-pressure in primary drainage

After entry of the non-wetting fluid atP e
C , if the capillary

pressurePC is further increased (quasi-statically), the (com-
mon) radius of the arc menisci deceases in accordance with(5).
From the above discussion we see that the center points of the
(decreasing radius) meniscus arcs move centrifugally along the
MA branches. FromFig. 5 we immediately see the geometri-
cal explanation for two well known phenomenon that occur in
primary drainage.

From regionA4 (for example), we see that an arc meniscus
will split as the meniscus center point passes a branch point
on the MA tree. At the branch point, the meniscus comes into
contact with a third perimeter edge component (edgev11v12 in
Fig. 5) and the meniscus will bifurcate in two, each daughter
meniscus moving toward a separate vertex of the polygon.

From regionA3, before any splitting can occur, the entry
meniscus (initially centered atp3) is pinned at its top end at
vertexv10 as the meniscus center moves along the MA bisector
segment containingp3. As soon as the center moves from this
vertex–edge bisector to the edge–edge bisector (at pointq), the
top end of the meniscus becomes unpinned. Although, no ex-
ample is shown inFig. 5, if the meniscus center is situated on
a (straight) vertex–vertex bisector, the meniscus will remained
pinned (at each end) at the two vertex points.Thus pinning oc-
curs whenever the meniscus center point is moving along either
a vertex–edge or vertex–vertex bisector on the MA.

It is important to re-emphasize that although discontinuity
behavior (splitting) in the menisci occurs at branch points of
the MA tree, the meniscus radius functionr(p) has no discon-
tinuity through branch points of the tree.

We now slightly relaxAssumption 1, to the case where the
radius functionr(p) is a non-decreasing function as one moves
centripetally on the MA tree structure. This allowsr(p) to be
constant over an edge–edge bisector on the MA. This can only
occur for edge–edge pairs on the perimeter of the polygon that
are parallel to each other.) If such a MA segment occurs in the
centrifugal direction from an entry pressure meniscus config-
uration, the meniscus will be metastable when its center lies
on such a segment. The situation is illustrated inFig. 6. As
the functionr(p) is constant along the MA edge–edge bisector
from p to q, when the arc meniscus center hitsp at some over-
pressurePC , the meniscus center is metastable, and will move
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immediately (spurt) toq with no change in the value ofPC .
(The rate of movement will presumably be controlled by vis-
cosity effects which determine how rapidly the wetting fluid
can leave through the wetting films and the non-wetting fluid
occupy the displaced region.)

As stated earlier, we do not bother to relaxAssumption 1
completely, to allow for non-monotonic behavior ofr(p), since
this introduces multiple meniscus configuration solutions. (This
is equivalent to introducing “throating” behavior within the
cross-sectional shape of the polygonal throats.)

3. Primary drainage, θ > 0

With reference toFigs. 2 and 3, we see that, forθ > 0, the
center of an arc meniscus of radiusr will be located a distance
r cosθ from a perimeter edge component, but must be located
the full distancer from a perimeter vertex component. Thus,
for θ > 0, an arc meniscus center will remain on the edge–edge
and vertex–vertex bisectors shown inFigs. 3a, 3b, but must
move off parabolic bisectors for vertex–edge components. As
illustrated inFig. 7, the appropriate vertex–edge “bisector” for
θ > 0 is a hyperbola. InFig. 7, the edge component isv1v2
and the vertex component isv4. The edge componentv1v2 be-
comes the conic directrix and the vertexv4 is the focus for the
hyperbola[32]. The eccentricity of the hyperbola is given by
e = 1/cosθ . (These statements are also true for aθ = 0 par-
abolic bisector.)

The arc meniscus centers now lie on a modification of the
MA which consists of segments of edge–edge bisectors, vertex–
vertex bisectors, and vertex–edge hyperbolic “bisectors.” As
this modified MA has not been studied in the computational
geometry literature, we take the liberty of referring to it as the
drainage axis(DA). As the DA changes with wetting angle,

Fig. 6. A constant value forr(p) on an edge–edge bisector leads to spurt motion
(from p to q) of the arc meniscus center with no change in the radius of the arc
meniscus.

we shall designate this angle dependence through the functional
notation DA(θ ). Following convention, when the wetting angle
is specified, we employ degrees rather than radians.

Fig. 8illustrates how these hyperbolic vertex–edge bisectors
connect with other bisectors to form the DA. The left figure
displays thev4–v1v2 vertex–edge parabolic bisector (labeled
h0) and thev1v2–v3v4 edge–edge bisector (labeledb12,34). The
parabolic bisector touches theb12,34 bisector tangentially at the
pointp0. This is the point of attachment of the parabolic bisec-
tor to theb12,34 bisector in the MA. The MA would consist of
the segment of the parabolic bisector to the left ofp0, and the
segment ofb12,34 to the right ofp0. The first derivative of the
MA path is continuous acrossp0.

Over a range of values 0< θ < θmax, each hyperbolic bisec-
tor (an example labeledhθ is shown inFig. 8) intersects the
b12,34 bisector at two points (labeledpθ andp∗

θ in the figure).
The pointpθ , which forms a centripetal angle ofθ relative to
edgev3v4 at vertexv4 as indicated, is the point of attachment of
the hyperbolic bisector to theb12,34 bisector in the DA. The DA
would consist of the segment of the hyperbolic bisector to the
left of pθ , and the segment ofb12,34 to the right ofpθ . The first
derivative of the DA path is not continuous acrosspθ . The point
pθ will move continuously to the left ofp0 along theb12,34 bi-
sector asθ is increased from 0.

As seen inFig. 8(left), there exists a maximum value,θmax,
above which the hyperbolic bisectors intersectb12,34 only at

Fig. 7. Illustration of an arc meniscus between a perimeter edgev1v2 and a
perimeter vertexv4 for θ = 0 (light dotted line) andθ = 36◦ (heavy dotted
line). For θ = 0 the meniscus center (lightly shaded point) follows the par-
abolic bisector (dashed curve labeledh0) on the MA; for θ > 0 the meniscus
center (dark point) follows a hyperbolic conic section (solid curve labeledhθ )
displaced from the MA toward the perimeter edge component.

Fig. 8. (Left) Illustration of the connection of a hyperbolic (vertex–edge) bisector with the appropriate edge–edge bisector at its centrifugal endin forming the DA
for θ > 0. (Right) Illustration of the connection of a hyperbolic bisector at both (centrifugal and centripetal) ends.
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Fig. 9. Comparison of MA (left) and DA (right) (dark solid lines) in thev1 → v4 region of a given polygon. Dotted curves show drainage menisci configurations.
Menisci i has its center of curvature at pointpi .

one point (the incorrect pointp∗
θ ). The pθmax branch of the

hyperbolic bisector becomes asymptotic tob12,34. Let 2βeff de-
note the effective angle between edgesv1v2 and v3v4. Then
θmax= π/2−βeff, i.e.θmax is exactly the wetting angle at which
the effective vertex formed by edgesv1v2 andv3v4 will not sup-
port a meniscus. Forθ > θmax the DA will not extend into the
v1 → v4 vertex region. Thus the DA construction naturally de-
termines which “effective” corners of the polygon will support
arc menisci for any prescribed wetting angle.

The illustration on the right inFig. 8 also includes an edge
v4v5 in order to illustrate connection of the hyperbolic bisectors
at both ends. In this illustration, proceeding centrifugally from
the polygon interior, for 0� θ < 45◦ the DA will consist locally
of: a segment of theb12,45 bisector to the pointqθ ; a segment of
thehθ hyperbolic bisector fromqθ to pθ ; and then a segment of
theb12,34 bisector. The hyperbolic bisectorh45 is centripetally
asymptotic tob12,45 (but not tob12,34); thus for 45◦ � θ < θmax

the DA consists locally of thehθ hyperbolic bisector topθ at
which point it connects to theb12,34 bisector. (Specification of
the rest of the polygon perimeter is required to describe how the
hyperbolic bisectors in this angular range connect with the rest
of the DA.) Finally, as discussed for the left figure, forθ > θmax,
no DA branch is associated with thev1 → v5 “corner” of this
polygon, as this corner will not support a meniscus. For this
example,θmax≈ 73.15◦. Theθ = 75◦ bisector,h75, is shown as
a dashed line in the figure.

Let p be the center of curvature of an arc meniscus.p lies
on a bisector of two perimeter components,C1 andC2; thus the
two ends of the meniscus terminate onC1 andC2 with the ap-
propriate wetting angle,θ . Assume this meniscus tangentially
touches a third, distinct, perimeter edgeC3. We refer to such
bisector pointsp asedge-contact points. For θ = 0, edge con-
tact points are branch points of the MA tree and correspond to
points that are common to more than one bisector. Ifθ = 0,
a meniscus having center of curvature at an edge contact point
is stable, but the meniscus will split under infinitesimal increase
in capillary pressure. Forθ > 0, the menisci corresponding to
edge contact points are unstable, as they contact the edgeC3

at the wrong angle; such menisci must spontaneously undergo
a change in topology (with no change in capillary pressure).
These edge contact points are again branch points of the DA

but, in general, they no longer correspond to points common to
more than one bisector.

The situation is illustrated inFig. 9. For θ = 0, the depicted
MA consists of a parabolic bisector (associated with perimeter
vertexv4 and edgev1v2), and three edge–edge bisectors (asso-
ciated with edge-pairsv1v2–v3v4, v1v2–v2v3, andv2v3–v3v4).
Point p4 is an edge contact point, forming the MA branch
point joining the three edge–edge bisectors. The stable menis-
cus labeled 4, centered atp4 is tangential to edgesv1v2, v2v3,
andv3v4.

For a DA, (Fig. 9, right), the parabolic bisector is replaced by
a hyperbolic bisector, which joins thev1v2–v3v4 edge–edge bi-
sector at the pointp2. Pointp3 on this edge–edge bisector is an
edge contact point, as can be seen from its associated meniscus
(labeled 3). Thus no part of thev1v2–v3v4 edge–edge bisector
centrifugal to pointp3 can be part of the DA. Instead the DA
continues at the pointp4 on thev1v2–v2v3 edge–edge bisector.
Pointp4 has the property thatr(p4) = r(p3); it is easily found
since the line segmentp3,p4 must be parallel to the edgev1v2.
When the meniscus center of curvature reachesp3, its meniscus
(labeled 3) becomes unstable, and the center jumps discontin-
uously top4 where a stable meniscus (labeled 4) of the same
radius of curvature forms. Although the DA is spatially dis-
continuous fromp3 to p4 the DA is still conceptually a tree,
providing we identify the pointsp3 andp4 as a common branch
point of the tree. This identification of spatially separated points
as forming a common branch point of the DA tree is consistent
since the radius functionr(p) is continuous at these identified
points.

For the particular geometry shown inFig. 9, with θ = 36◦,
β(v3) + θ > π/2 and no meniscus can exist in cornerv3. How-
ever, forθ < π/2− β(v3), the DA will also have a branch con-
tinuing on thev2v3–v3v4 edge–edge bisector. This continuation
would occur at the pointp4∗ which also has the property that
r(p4∗) = r(p3). Again,p4∗ is easily found as the line segment
p3,p4∗ must be parallel to the edgev3v4. In such a case, the
unstable meniscus 3 would split into two stable meniscus of the
same radius of curvature centered atp4 andp∗

4. Interpretation
of the DA as a tree requires identifying the pointsp3, p4, and
p4∗ as forming a common branch point. It also requires recog-
nizing that the one spatial point which is common to both the
v1v2–v2v3 andv2v3–v3v4 bisectors, which does form a branch
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he
Fig. 10. Comparison of MA (left) and DA(30) (right) in thev1 → v4 region of a given polygon. Dotted curves show drainage menisci configurations. Menisci has
its center of curvature at pointpi .

Fig. 11. MA and DAs (solid lines) for a triangular polygon showing splitting and movement, as a function ofθ , of the points identified in common as the root of t

DA tree.

point in the MA, is no longer to be identified as common to the
two bisectors in the case of the DA.

The discussion ofFig. 9 demonstrates that segments of
edge–edge (and vertex–vertex) bisectors appearing in the DA
are generally longer than the segments of the same edge–edge
bisector appearing in the MA. One notable example of this is
the case of edge–edge bisectors segments which are present
only in a degenerate (zero-length) sense in the MA, and ap-
pear as finite length segments in the DA. This is illustrated
in Fig. 10. In the MA (Fig. 10 (left)), the parabolicv4–v1v2
vertex–edge bisector joins the two (v1v2–v2v3 andv2v3–v3v4)
edge–edge bisectors at pointp4. There is nov1v2–v3v4 edge–
edge bisector in the MA, though it can conceptually be said to
be represented as a zero-length segment at pointp4 (sincep4
is indeed on thev1v2–v3v4 edge–edge bisector). However, for
θ > 0, as illustrated inFig. 10(right), this bisector appears as a
segment of non-zero length to connect the hyperbolic bisector
to the v1v2–v2v3 and v2v3–v3v4 edge–edge bisectors. As per
discussion onFig. 9, the DA is spatially discontinuous at the
edge contact pointp4 which is to be identified with the point
p5, the continuation point of the DA in the centrifugal direc-
tion. (As edgesv1v2 andv3v4 are parallel in this example, no
extensions of thev1v2–v2v3 andv2v3–v3v4 edge–edge bisec-
tors occur.)

We note that these edge–edge segment extensions always oc-
cur in the centripetal direction on the DA.

The discussion ofFigs. 9 and 10, which demonstrates (cen-
tripetal) extensions of edge–edge segments and resulting spatial
discontinuity in the branch points of the DA tree, has implica-

tions for the root of the DA tree. InFig. 11, we illustrate this
for a simple triangular polygon. The left figure inFig. 11shows
the MA tree (solid line), the root of the tree (dark point) and
the maximally inscribed circle (MIC) (dashed line) centered at
the root. The radius of this MIC represents the largest possi-
ble radius of curvature achievable by any meniscus involving
a perfectly wetting fluid; it is therefore appropriate to view the
MIC as the union of three maximal radius menisci. (For any
polygon, it is the property of the MA, equivalently the prop-
erty of perfectly wetting fluids, that the corresponding maximal
radius menisci meet as a perfect circle centered at the root the
MA.)

For θ > 0, the largest radius meniscus that can be associated
with a DA leaf-to-root path is limited by its intersection with
some meniscus (of the same radius) associated with a different
leaf-to-root path. For triangles, the largest meniscus radius pos-
sible occurs when the three corner menisci (of that radius) at
most touch but do not overlap. As demonstrated inFig. 11for
θ = 20◦ and 40◦, for triangles this generally occurs when two
of the menisci touch (along their common edge) and the third
meniscus touches neither. (For triangles, no larger radius menis-
cus would be stable.) If the three points which define the centers
of curvature of these maximal radius meniscus are identified as
forming the root of a tree, we see that the DA is a tree structure.
Although, in this example the edge–edge bisectors branching
from the root do cross in physical space at the center of mass of
the triangle, we again note that this physical crossing is ignored
in viewing the DA as a tree structure.
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Fig. 12. (Left) DA(30) for the polygon ofFig. 4. (Right) The branches from the MA ofFig. 4that correspond to branches of the DA in the left figure.
We have, to this point, developed the local structure of a
DA which follows from two underlying physical consequences
that must hold under increasing values ofθ : the centripetal ex-
tension of edge–edge bisector segments and the presence of
hyperbolic bisectors. The union of the local structures comprise
the global DA. Thus by construction:

Theorem 2. For the displacement of a fluid of intermediate(0<

θ < π/2) wettability, the centers of arc-menisci separating the
two fluids must lie on the interior DA(θ) of the polygon.

Based upon our local structure analysis, we conjecture the
following characterization of the global character of the DA:

With two amendments, properties 0 through 4 remain true
for any DA.The amendments are that the DA tree structure is
generally discontinuous in physical space at branch points of
the tree, including the root, and that a leaf vertex of the tree may
no longer be coincident with a vertex location on the polygon
perimeter.

Support for this conjecture awaits the completion of a nu-
merical algorithm (designed under these local structure con-
struction principles) to compute the DA and resultant meniscus
positions under primary drainage for comparison with experi-
mental results.

We note that there are interesting theoretical questions in
computational geometry concerning the DA for simply con-
nected polygons. Two of these are: can any DA be constructed
in linear time, and is every DA related to a Voronoi-like tessel-
lation of the polygon interior? We believe the answer to the first
of these questions is yes.

3.1. Entry pressure meniscus configuration

If, as conjectured, properties 0→ 4 also hold for the DA,
andAssumption 1is invoked, then a unique solution of(6) on
the DA constructed for any given angleθ can be obtained us-
ing the same bisection search algorithm designed for the MA.
Although we have not completed a numerical construction al-

gorithm for DAs,Fig. 12(left) shows hand computation of the
DA(30) for the polygon inFig. 4. The bisector segments com-
prising the DA are displayed as solid curves. Labeled points in-
dicate branch points of the DA where bisector segments change
type or terminate. The menisci (broken curves) corresponding
to the labeled points are also shown. Menisci drawn as dashed
curves are stable. Menisci 1, 6, 8 represent the largest radius
menisci possible; the corresponding pointsp1, p6 andp8 are
identified in common as the root of the DA tree. Menisci 4, 7,
11 (drawn as dotted curves) are unstable, their corresponding
centers of curvaturep4, p7, p11 (open points) are edge con-
tact points. Pointp5 is the stable counterpart top11; these two
points are identified in common as a branch point of the DA;
the radius of curvature of their corresponding menisci, 5 and
11, are identical. When a meniscus center of curvature reaches
p11, there is an immediate topological change in the meniscus
(from 11 to 5) with no change in radius as the center point shifts
fromp11 top5. Note that the edge contact pointp4 has no stable
counterpart; when the meniscus center reachesp4 the meniscus
4 breaks up and the entirev7 → v10 corner of the polygon inte-
rior is filled with non-wetting fluid. A similar statement follows
for the edge contact pointp7.

The right figure inFig. 12 isolates the bisector segments
of the MA that correspond to those in DA(30). Note that for
θ = 30◦, out of the 15 vertices comprising the polygon perime-
ter, only vertex 2 is capable of supporting a meniscus. How-
ever, menisci are supportable by “effective” vertices formed by
combinations of polygon components—these component pairs
correspond with bisector segments of the DA.It is important to
note that it is not solely the angle between a pair of perimeter
edge components that determines whether the pair will support
a meniscus. In the polygon ofFig. 12, the edge pairv7v8–v9v10
defines an effective angle that would, by itself, support a menis-
cus between them whenθ = 30◦. However, the placement of
the edgev8v9 eliminates any possibility of a physical menis-
cus betweenv7v8 andv9v10. The edge pair,v6v7–v9v10 does
support a meniscus, but only until the edge contact pointp4 on
its corresponding bisector is reached. At this point the menis-
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Fig. 13. The behavior ofr/h andh/hinsc as a function of the scaling variabley for regular convex polygons onn vertices. In the left plot, the labeled points indica
the values cos(π/n).

Fig. 14. (Left three figures) Limiting position (points) of the centers of curvature for arc menisci for regular convex polygons at the critical wetting angleθ = π/n

at which the menisci vanish (corners are filled with non-wetting fluid). Considering the circle as then → ∞ limit of regular convex polygons, the limiting positio
of the center of curvature of any meniscus falls on the dark circle, and the limiting value of the radius of curvature isrcirc/2.
cus (labeled 4) becomes unstable, and theentireeffective vertex
v6 → v10 becomes filled by the non-wetting fluid.

3.2. Over-pressure in primary drainage,θ > 0

Under over-pressurization, our conjectures on the properties
of the global structure of the DA imply that meniscus centers
will move in the centrifugal direction. When a meniscus cen-
ter hits a contact point, a new feature appears: the center and its
corresponding menisci will jump discontinuously in space, pos-
sibly accompanied by a split in the meniscus, withno change
in radius of curvature. This was illustrated by the transitions
p3 → p4 andp4 → p5 in the right hand side figures ofFigs. 9
and 10, respectively.

4. Regular convex polygons

Although we can now compute the position of the arc
menisci forθ = 0 for any polygon (Section5 presents results
for entry pressure configurations), we have not currently con-
structed numerical algorithms to generate the DA and solve(6)
for θ > 0. We can however construct the DA for any regular
convex polygon (or irregular triangle), although the construc-
tion is unnecessary as the regular nature of their DA allows for
analytic solution(12). The analytic solution for regular convex
polygons were extensively studied by Ma et al.[19]. We would
like to add one observation for regular convex polygons derived
from addressing the question: what is the position and radius of

the arc menisci asθ approaches the limiting caseθ → π/2−β,
whereβ is the half-angle common to all vertices in a regular
polygon?

Let hinsc denote the distance from any vertex to the center
of mass of a regular convex polygon. Leth be as defined in
Fig. 2. We are interested in the behaviors ofr andh asθ → π/n

for any regular convex polygon ofn vertices. From(12) the
behavior can be represented in terms of a scaling variable

(13)y ≡ cos(π/n)/cosθ, y ∈ [
cos(π/n),1

]
.

As shown inFig. 13(left), r/h has universal behavior

(14)r/h = y, y ∈ [
cos(π/n),1

]
asθ increases from 0 toπ/n. Thusr = h at the critical value
of wetting angleθ = π/n. The behavior ofh/hinsc is shown on
the right ofFig. 13. We note,h < hinsc for all allowed values of
θ , andh falls monotonically tohinsc/2 asθ → π/n. Thus, the
meniscus configuration disappears (all vertices filled with non-
wetting fluid) for any regular convex polygon whenθ = π/n.
Furthermore, the menisci disappear by becoming exactly co-
incident with the vertices of the polygon at a finite radius of
curvature value ofhinsc/2. This is illustrated in the left three
figures in Fig. 14. As hinsc = rmic/cos(π/n), this generates
the resultP e

C(θ = π/n) = 2σ cos(θ)/rmic, in agreement with
Eqs. (3) and (22) in[19].

This mechanism of meniscus disappearance at a critical wet-
ting angle explains a familiar result under the limitn → ∞
(where a regular convex polygon approaches a circle). As
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n → ∞, hinsc → rcirc, wherercirc is the radius of the circle.
Thus for a circular cross section, for any value ofθ , the menis-
cus configuration becomes coincident with the perimeter of the
circle (zero width wetting film), the radius of curvature of the
arc menisci isr = hinsc/2 = rcirc/2, and the centers of curva-
ture of the menisci lie on a concentric circle of radiusrcirc/2, as
shown inFig. 14(right). The consequence of this is the familiar
entry pressure condition for a cylinder,

(15)P e
C = 2σ/rcirc.

Viewing a circle as a limiting case of regular polygons thus ex-
plains geometrically why the factorrcirc/2 appears in(15).

5. Entry pressures for throats in Fontainebleau sandstone,
θ = 0

CT now provides three-dimensional images of rock and soil
samples[33,34] at voxel resolutions below 5 µm. Algorithms,
and in some cases, complete software packages have been de-
veloped to analyze the geometry of the pore structure[25,35,36]
from such images. In[25] we characterized the throats by area
and effective radius for a suite of four Fontainebleau sandstone
core sample ranging from 7.5 to 22% porosity. These sand-
stones were imaged at 5.7-µm resolution. Here we consider the
full polygonal representation of each throat as deduced from the
CT images.

Polygonal representations of throats in the imaged core
samples were obtained using the 3DMA-rock software pack-
age (http://www.ams.sunysb.edu/~lindquis/3dma/3dma_rock/
3dma_rock.html). A discussion of the throat finding algorithm
used for this data set is found in Lindquist and Venkataran-
gan[35]. The salient points are that the throat is characterized
by (i) a closed loop of 26 connected grain voxels which form
the perimeter of the throat; (ii) a void space voxel which char-
acterizes the location of the throat along the channel centerline
in which the throat is located; (iii) a triangulated surface (using
the voxels from (i) and (ii) from which the area of the throat
is computed. These digitized throats characterize the location
of minimum cross section area in the channel, but our algo-
rithms do not enforce a requirement that the throats are planar.
Thus the throats minimize cross-sectional area by following the
cross-sectional geometry of the channel.

As the discussion in Sections2 and 3implicitly assumes the
polygons analyzed are planar, we project each digitized throat
onto a plane that is perpendicular to the (average) normal to
the throat surface (see (iii) above). The projection of the center
point of each throat perimeter voxel provides the vertex coordi-
nates of the (projected) perimeter polygon. As deviation from
planarity is rather mild for the vast majority of throats, this pro-
jection introduces no significant artifact. (In fact, of the over
21,500 throats analyzed in this study, less than 10 had a pro-
jection artifact which caused the analysis to fail. In all cases
the artifact was a projected perimeter that self intersected at a
single point—i.e. the projected polygon was not simply con-
nected.) For the remainder of the discussion we shall drop the
reference to “projected” and refer simply to the throat polygons.

The MA for the interior of each throat polygon was com-
puted using Held’s Vroni software package[31] (http://www.
cosy.sbg.ac.at/~held/projects/vroni/vroni.html) which is note-
worthy for its speed and robustness. Vroni was modified by
adding a bisection algorithm to compute the solution to(6). The
accuracy of the numerical solution was verified using theθ = 0,
analytic results(12) for regular polygons. Comparing numeri-
cal and analytic values for the dimensionless ratio(A/P )/re,
the numerical solution forre was determined to be accurate to
three significant digits.

Fig. 15shows solutions of(6) by displaying the entry pres-
sure meniscus positions (solid arcs), and meniscus center po-
sitions (solid points) for the first 16 of the 9294 throats ana-
lyzed in the 22% porosity Fontainebleau sample. (For the sake
of brevity, we do not show results for the other three porosity
samples. The results from these other three are completely con-
sistent with those reported here for the 22% porosity sample.)
The throats are not drawn to mutual scale; the relative sizes of
each throat can be deduced by noting that the smallest edge
length in each polygon perimeter must be of the size of a sin-
gle voxel. (Thus the lower left throat inFig. 15is rather large.)
Also displayed for each throat is the MA (tree structure of gray
line segments) and the largest MIC (dashed curve) for the poly-
gon which is centered on the MA vertex which serves as the
root (larger open circle) of the MA tree.

Having highly accurate results forre, we address the ques-
tion of various methods of approximation for the entry pres-
sureP e

C , or equivalently, for approximation ofre. We consider
three methods: (i) the Haines approximation[37] re ≈ rmic,
where rmic is the largest inscribable radius in the throat; (ii)
re ≈ rarea≡ √

A/π , whereA is the throat area; (iii) Hwang’s
[38] hydraulic radius approximation,re ≈ A/P = GP , where
P is the throat perimeter andG the shape factor. Distribu-
tions forre, rmic rareaandA/P determined for the 9294 throats
found in the 22% porosity Fontainebleau sample are shown
in Fig. 16. Also shown are distributions for the ratiosrmic/re,
rarea/re, (A/P )/re. Both rmic andrareaoverestimatere by fac-
tors of 1.5 → 2.0 and 2.0 → 3.0, respectively. ThoughA/P

slightly underestimatesre, Hwang’s hydraulic radius approx-
imation is a very good estimator of the entry meniscus radius
for real throats in Fontainebleau sandstone forθ = 0. TheA/P

versusre scatterplot shown inFig. 16 emphasizes the qual-
ity of the estimation. As mentioned, identical conclusions are
found for the other three porosity samples analyzed. The ac-
curacy ofA/P as a predictor forre can be compared against
the known analytic result(12) for values ofn andθ restricted
by (9). The resulting plot of(A/P )/re versusn for the signif-
icant range ofθ is shown inFig. 17. (Missing is theθ = 60
degree plot, which has a single allowed value,(A/P )/re = 0.5
for n = 3.) (A/P )/re is a monotonically increasing function of
n. For wetting angles 10◦ and below, the(A/P )/re ratio lies
between 0.88 and 1.0. This is consistent with ourθ = 0 results
for Fontainebleau throats where we find an average value for
(A/P )/re of 0.96± 0.03 (Fig. 16).

There is, of course, a question of the effect of finite voxel
resolution on the accuracy of the results computed for real sand-
stones. As polygon shape is determined by vertex locations, fi-

http://www.ams.sunysb.edu/~lindquis/3dma/3dma_rock/3dma_rock.html
http://www.cosy.sbg.ac.at/~held/projects/vroni/vroni.html
http://www.ams.sunysb.edu/~lindquis/3dma/3dma_rock/3dma_rock.html
http://www.cosy.sbg.ac.at/~held/projects/vroni/vroni.html


ARTICLE IN PRESS
S0021-9797(05)00986-0/FLA AID:11677 Vol.•••(•••) [+model] P.12 (1-14)
YJCIS:m5+ v 1.50 Prn:14/11/2005; 14:44 yjcis11677 by:Jurgita p. 12

12 W.B. Lindquist / Journal of Colloid and Interface Science••• (••••) •••–•••

ample
Fig. 15. Arc meniscus locations (solid arcs) at entry pressure forθ = 0 for the first 16 (of 9294) throats analyzed in the 22% porosity Fontainebleau core s
image. Solid points indicate centers of curvature of the menisci. The dashed circle is the maximally inscribed circle, centered at the root location (open point) of the
MA (solid gray lines).
nite voxel resolution can affect accuracy through “corner round-
ing” and “loss of sharp points.” Our experience with CT imag-
ing of sandstones, which leads us to conclude that effects due to
rounding will be small, can be quantified somewhat by noting
that the grains in Fontainebleau (which has a well sorted grain
size distribution) have diameters in the 200–250 µm range. Thus
grain perimeters are resolved quite well. Corner rounding will
produce minor deviations from true meniscus configuration, for
example at high overpressure values when menisci are forced
deep into corners.

6. Summary

We have shown that, at entry pressure and higher, during pri-
mary drainage, away from the main terminal meniscus, the arc
meniscus configuration in a capillary tube whose cross section
is that of an arbitrary, simply connected polygon, can be deter-
mined from an analysis of the drainage axis computed on the
polygon interior for the specified wetting angle governing the

two-fluid displacement process. In the case of zero wetting an-
gle (displacement of a perfectly wetting fluid) the drainage axis
is the familiar medial axis of the polygon interior. As the cen-
ters of curvature of all menisci must remain on the drainage axis
during primary drainage. the geometry of the drainage axis ex-
plains and predicts, in full detail, the topological changes, pin-
ning behavior, and discontinuous movement of menisci during
primary drainage. It also predicts at what pressure any “corner”
of the capillary tube will become completely invaded by the
non-wetting fluid.

We present details for constructing the drainage axis and an
algorithm for solving for the entry pressure meniscus config-
uration. Using existing software for medial axis construction,
we compute the entry pressure radii for over 21,500 polygonal
throats determined from analysis of 4 samples of Fontainebleau
sandstone. Our results demonstrate that Hwang’s hydraulic ra-
dius approximation is an excellent predictor for the entry pres-
sure meniscus radius for real throats. We expect the accuracy of
Hwang’s approximation to lessen for non-zero wetting angles.
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Fig. 16. Measured distributions forre, rmic, rarea, A/P , and ratios of these last three with the true meniscus entry pressure radiusre from analysis of the throat
in the 22% porosity Fontainebleau sandstone sample. Mean and standard deviations for each distribution are given by open points/horizontal whiskers. The bottom
right plot, a scatter plot ofA/P versusre, emphases the predictive nature ofA/P for re.
Fig. 17. Plot of(A/P )/re as a function ofn and θ from (12) for regular,
n-sided, polygons.

The extent of this weakening awaits completion of a numerical
algorithm for construction of DAs.

The geometry presented here governs the shape of the
meniscus “far removed” from the terminal meniscus. Ulti-
mately it must be related to three-dimensional capillary shape
(e.g.[39]). It is tempting to conjecture that, for polygonal cap-
illaries, in any cross section perpendicular to the capillary axis
the arc menisci remain centered on the drainage axis (of the
cross section) regardless of how close the cross section is to
the tip of the terminal meniscus. If this conjecture is true, this
may provide a technique for surface shape solutions of the
capillary equation[40] to compete with finite element based
techniques[41].
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