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Abstract

We show that arc menisci configuration under primary drainage in capillary tube cross sections and, by extension, in throats in the v
structure of rock and soil, can be understood in terms of the computational geometry theory of medial axis analysis. The solution for arc menis
configuration is developed for cross sections of arbitrary, simply connected polygonal shape at both entry- and over-pressure values du
primary drainage for arbitrary values of wetting angle. Using this solution technique, we have obtained highly accurate solutions of entry press
arc meniscus radius for over 21,500 throats obtained from analysis of computed tomography images in a suite of 4 Fontainebleau core san
ranging from 7.5 to 22% porosity. We show that the ratipP, of throat area to throat perimeter, is an excellent predictor of entry pressure
meniscus radius (and hence entry pressure) for primary drainage for real pores, while inscribed radius and area equivalent radius over-pr
entry pressure meniscus radius by factors of 1.5-3, and are consequently poor predictors.
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Keywords:Drainage; Capillary pressure; Entry condition; Meniscus curvature; Contact angle; Wetting film

1. Introduction (tube); Lnw is the length of the interface between the two flu-
ids; andA y is the cross-sectional area of the non-wetting fluid.

The pressure required to force a non-wetting fluid into aThese quantities are illustrated uskig. 1, which shows a tube

capillary tube (filled with wetting fluid) of arbitrary, constant, cross section after entry of the non-wetting fluid at the critical

cross-sectional area is a function of the geometry of the sysentry pressure. (Throughout this paper, we assume negligible

tem. Mayer and Stowgl] and Princen2] have shown that gravity affects and that the non-wetting fluid invades the entire

this function may be derived either by balancing work of dis-length of the capillary tube; i.e. the main terminal meniscus is

placement with change in surface free energy or, equivalentlyar removed from the cross section of interest.) Using the force

by considering the forces required to maintain equilibrium. As-balance relation (Young equation),

suming a piecewise smooth cross-sectional perimeter, the cap-

illary pressure P¢ necessary to invoke piston-like entry of the ons — ows = onw COS9, 2)

non-wetting fluid (primary drainage) is given b
wetting fluid (primary drainage) is giv 4 whered is the contact angle (wetting angle) between the wet-

¢ _ (ONs — ows) Lns + onw LNw ting fluid and the solid wall(1) can be expressed as
Pé= o : 1)
whereo, L, and A refer, respectively, to surface tension (sur- p¢ = ONWLNS COSH + onw Lnw (3)

face free energy), interphase contact length, and area. The sub- AN

scriptsN, W, andS refer, respectively, to non-wetting, wetting, As the fluids are (assumed to be) in equilibrium, each of the

and solid phases. Thug,s is the length of the cross sec- so-called arc menisci (AB, CD, and EF) which separates the

tion perimeter separating the non-wetting fluid from the solidnon-wetting and wetting fluids must have identical radii of cur-
vature. Therefore
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Fig. 2. Geometric quantities related to a stable meniscus, radiustting an-
gled, in a corner defined by a single convex vertex.

solid

Fig. 1. Schematic of non-wetting fluid occupation of the cross section of a cap-

illary tube of arbitrary, simply connected, cross-sectional shape. by non-wetting phase and to give the right hydraulic conductiv-
ity to the layers.”

whereq; is one half of the opening angle of arc meniscus With the advent of synchrotron X-ray computed microto-

(Fig. 1). Further, at equilibrium the capillary pressure acrossmography (CT) (e.d22]) and the development of image analy-

each of the arc menisci is jugf., which can be related tenw sis softwarg23—-27]to quantify cross-sectional pore and throat

by the Young—Laplace equation shapes of real rock samples at resolutions below 5 um, it is clear
that it is much more accurate to represent cross sections as ir-
e . . .
P =onw/r. (5)  regular polygons. In this article we present a general solution

method of(6) for irregular, simply connected polygons. The
solution method is sufficiently rapid that computation of en-
2r2q +r cosf Lns(r) — Ay (r) =0, (6)  try pressures for cross sections in an entire network model can
) o be tabulated and referenced by the network model via look-up.

the critical entry pressure. I(6), we have letx =}, o; and  geometric forms will continue to be utilized. We therefore also
have also noted the implicit dependencd.qg andAy onr. It consider the accuracy of current approximations.
is througha, Lns, andAy that the geometry of the cross sec-  The geometry of an arc meniscus in a single (convex) cor-
tion determines the critical Valuﬂ;. With e knOWn, the critical ner Of a polygon iS amenable to straightforward anamzsm]'
entry pressure is then determined fr¢i Exploiting the symmetry about the bisector of the angig, 2

We devote this article to a discussion of the SOlUtiO(‘&)for disp|ays the relevant geometry for a meniscus of radi@eo-

cross sections drbitrary, simply connected polygonal shape metrical analysis gives relationships for the ardgsand A,
We note that the above description provides a model for penghe relationship

tration of a non-wetting fluid through the constriction (throat)

Substituting(5) and (4)into (3) gives a non-linear equation,

separating two pores. This has become of primary importancg, = w (7)
in network models of two- (e.g3]) and three-phase (e .5]) sing;
flow. In addition to providing entry pressure conditions, theand the important angular relation
solution quantifies details of the wetting fluid films occurring
in corners. Such films provide critical pathways for wetting % =m/2-0—Bi. (8)
fluid movement and play important roles in trapping behaviorFrom(8) follows the condition
(e.q.[6]).
Historically (6) was solved for special cross-sectional tube? +Bi <7/2, (©)

shapeq1,2,7-14] With regard to network flow modeling, the which, for a given wetting anglé, determines whether a con-
significant solution was for irregularly shaped triangular tubessex vertex of half-angles; will contain an arc meniscus (and a
[15-17]and regular polygongl7—20] Triangular and rectan- wetting phase film).

gular cross sections, as well as circular sections (which do not With respect to approximations for throat cross-sectional
admit corners but can be contrived to model film flow), haveshapes, effective cross-sectional radii from mercury porosime-
since dominated network flow models. To quote Blj&t], try and distributions of throat areas from image analysis of
“It is difficult to represent every nook and cranny in the poreCT scans are available from measurements on real rock sam-
space directly. A simpler approach, adopted by many authorgles. Using an approximate cross-sectional model based upon a
is to assign some simple shape to the pore and throat crossgular polygon of fixed numben, of vertices, either type of
sections that accommodates wetting layers. Just as in the asxperimental value is sufficient to define a unique cross section.
signment of effective pores sizes, there is no suggestion that ti{#t is common to use: = 3 or 4 in modern network models.)
real pore space is represented by some idealized constant créas a regular polygonAy depends quadratically on Lys
section—the shape is chosen simply to place the correct voldepends linearly om, the solution of(6) is just the solution
ume of wetting phase in layers in a pore whose center is filledf a quadratic, the negative branch of the solution is physically
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meaningful, and the solution can be expressed as (sefl83o a regular convex polygon, and for any irregular triangle, the
re 26 (10 gngr]]ularfbise(;]tors meet ?t the C(_antelT o_f magts). ght_a clenterdc_)f mass
== , is therefore the centerof a maximally inscribed circle, radius
P cos) +[co$6 + 4G (a — beosh)]/? rmic, Which tangentially touches eac?; edge.
wherea was defined abové,= Y, b;, andG = A/ P? is a di- In the computational geometry literature, these angular bi-
mensionless ratio of the polygon aréand perimeteP known  sectors, extending from each vertex to the center of mass, com-
as the shape factgi5]. Using the well known relations for a prise themedial axiSMA) of the interior of any regular convex
regular polygon of side lengif, polygon or irregular triangle. The concept of the MA is more

. general than these two restricted polygon types sudgét
pi=p=n/2—m/n, i=1...n, for our purposes we concentrate on a discussion of the MA

A =nd*tan()/4, P=nd, (11)  for the interior of any simply connected polygon havinger-
(10) can be simplified to tices. A_s is customary in the computational geometry Iitera_ture,
the perimeter of the polygon shall be considered to consist of
Fo= é{ 2 } (12) ordered verticesy;, with an open line segment (edge) join-
P | cost + [cot(r/n)(w/n — 6 + sind cosH) /2 | ing each painw;, v; 11 (With v, 1 = v1). Associated with each

As written, (10) can also be applied to irregular triangles Pair (edge—edge, edge-vertex, or vertex-vertex) of perimeter
[15,16] (and rectangle§l1]) as long asy’, in the definitions ~COMpoNents is a b|sector_, a curve of points with the Pproperty
of « andb occur only for vertices having an arc meniscus (i.e.that each point on the bisector is the center of an inscribed
for verticesi such that + B; < /2). It can also be extended to circle that tangentially touches a point on each component of
irregular polygonss long as each arc meniscus in the solutionthe perimeter pair. (For open line segments, the point tangen-
corresponds to at most one polygon velfte®]. This condition, tially touched may be the terminating point of the closure of
however, will not be true in general for solutions(& for non-  the line segment.) If a perimeter component is a vertex, we
triangular, irregular convex polygons, and will certainly fail for clarify that “tangentially touching” means that the inscribed cir-
most non-convex polygons. cle passes through the vert@ig. 3illustrates the bisectors for
Recognition of the importance 6 for regular, convex poly- ~€ach type of perimeter component pair. For both an edge—-edge
gons, has prompted fitting network flow model cross sections t@nd a vertex—vertex pair the bisector is a straight lisigs. 3a,

shape factor measuremeiisl5,16] 3b. For a vertex—edge pair, the bisector is either a conic section,
specifically a parabola, in the case in which the vertex is not
2. Primary drainage, =0 coincident with a terminating point of the closure of the open

edge segmenkig. 3c, or a straight line, if the vertex is coin-

Since[15] it has been recognized that, for a single vertex, thecident with a terminating point of the closure of the open edge
center of curvature of an arc meniscus in that corner must lie ofegmentFig. 3d.
the angular bisector of the vertex. Each pginbn an angular For a simply connected polygon composed afrtices and
bisector for a vertex; has the property that it is the center of an n edges, there arei22n — 1) /2 bisectors. A subset of size(n)
inscribed circler; (p) which tangentially touches the two edges of segments of these bisectors forms the edges of a Voronoi tes-
incident atv;, where 0< r; (p) < rmic. Exploiting the symmetry  sellation of the interior of the polygon relative to the perimeter
about the bisector in the case of an arc meniscus in a singleomponents (i.e. each perimeter compon@nts in 1-1 cor-
corner Fig. 2), allows the geometry to be computed in termsrespondence with a Voronoi ceW; of the tessellation]30,
of half-angles, as reflected in the solutigd®) and (12) For ~ 31]. Each point in the interior of¥; is closer to component
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Fig. 3. lllustrations of bisectors (dashed) for the three perimeter component pairs of a polygon: (a) edge—edge; (b) vertex—vertex; (c) verésteedge
coincident with end-point of closure of open edge segment); (d) vertex—edge (vertex coincident with end-point of closure of open edge segirightightistd

is an example point on each bisector and the corresponding inscribed circle (dotted) which “tangentially touches” the perimeter componetits dhegobr
inscribed circle in the assumed centrifugal direction along the bisector has been darkened to illustrate the arc-meniscus between a nonavettifectiynd
wetting @ = 0) fluid during drainage. (The remaining portion of each circle represents an arc-meniscus for a primary imbibition scenario in which the roles «
(perfectly) wetting and non-wetting fluids are reversed.)
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leaf vertex of the tree is coincident with a vertex location on the
polygon perimeter.

Property 1. Each pointp of the MA can be assigned a unique
distance value (p) which is the length of the radius of the in-
scribed circle centered gt which tangentially touches the two
perimeter components to which the bisector contairpncpr-
responds.

Property 2. The radius values(p) form a continuous function
on the MA tree.

Fig. 4. The MA (dashed lines) of the interior of a polygon (solid lines). The Property 3. 0 < r(p) < rmax Where the value ofyax is unique
light dotted curve shows a maximally inscribed circle of maximum possiblefgr g given polygon.
radiusrmic. Its center location, on the MA, is the open point.

. Property 4. If r(po) = rmax thenpg may not be unique. How-
C; than to any other perimeter component. The edges of thig,gr po is either a branch point of the MA, opo lies on a
Voronoi tessellation form a tree structure. The MA for the inte-sirajght edge of the MA. In the latter casep) = rmax for all

rior of a simply connected polygon is a tree structure composegoints (including both terminating branch points of that egige
of all edges of the Voronoi tessellation excluding any tesselpn the straight edge containing.
lation edge of type (d) irFig. 3. The type (d) Voronoi edges
emanate from reflux (non-convex) vertices in the polygon in-  From Property 4 we can always root the MA tree at a tree
terior. (Elimination of type (d) Voronoi edges merges Voronoi vertex locationpg having the property(po) = rmax= rmic. We
cells that are coincident at the reflux vertex.) As these type (dherefore assume the MA tree is so rooted. pebe a point
edges are leaf edges of the Voronoi tree, their elimination leavasn the MA. We define theentripetal directionfrom p as the
a MA which is also a treefrig. 4 shows the MA for an exam- (unique) direction along the MA toward the root, and ties-
ple polygon. As it is composed of segments of bisectors, eactrifugal directionfrom p as the (unique) direction along the MA
point on the interior MA is the center of some inscribed cir- away from the root (i.e. “toward some leaf”). We will also use
cle that tangentially touches at least two distinct points, eackentripetal in a colloquial sense to denote direction “toward the
on a distinct perimeter component. (As bisectors can crosgolygon interior” and centrifugal to denote direction “toward
a MA point may correspond to the crossing point of two orthe polygon perimeter.”
more bisectors—hence the inscribed circle centered at such a From the properties of the MA, the following theorem holds:
point may touch more than two perimeter points/components.)
Conversely, as each MA point lies on some edge of a Voronol heorem 1. For a drainage displacement involving a perfectly
tessellation, each point on a perimeter element is tangentialivetting fluid (¢ = 0), the centers of curvature of arc-menisci
touched by an inscribed circle centered on some point on theeparating the two fluids must lie on the interior MA of the poly-
interior MA. (This can be shown by enlarging a disk, initially gon.
of zero radius, within the interior of the polygon, making sure
that the disk remains in tangential contact with the perimeter Theorem land Properties O—4rovide the basis for solv-
point in question. The center of this disk will eventually crossing (6) for the arc menisci radius and pressure at entry condi-
the MA.) tions, and for quantifying the movement of the arc menisci as

The following well-known properties of the MA for the in- Capillary pressure increases above entry pressure. In Section
terior of a polygon will be useful. we Wlll_extendTheorem_]Io non-zero wetting angles.

We invoke the following assumption.

Property 0. The MA is a tree structure formed from the union Assymption 1. We assume that the radius functietp) is a

of segments of straight line and conic arc bisectors correspondmonotonically increasing function as one moves from any leaf
ing to perimeter component pairs. Conic arc sections of thq, = 0) to the root £ = rmax) of the MA tree structure.

tree correspond to segments of edge—vertex bisectors, where the

vertex is a reflu{concavg vertex of the polygon; straight line  This assumption guarantees unique meniscus configuration
sections correspond either to segments of edge—edge or vertexsiutions to(6) by precluding polygons whose perimeter shape
vertex bisectors. An edge in the MA tree is a bisector segment @fould allow for the possibility of multiple solutior&,14]. The
specific typgledge—edge, edge-vertex, vertex—vgrtBranch  purpose of this paper is to establish the geometrical connec-
vertices in the tree are points common to bisector segments @bn between meniscus position and the medial axis. Allowing
two different types(With bisectors of the form ifig. 3d ex-  for non-monotonicity will not change this connection, rather it
cluded from the MA, degre2branch vertices exist in the trge. introduces an additional (combinatorial) problem of determin-
Leaf (degreel) vertices terminate straight line segments; eaching which of multiple meniscus combinations is an appropriate
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solution. At worst, many allowed combinatorial combinationsoriginal polygon perimeter. (Given the locations of the corners
will be valid solutions of(6) and a unique physical solution of the polygon of area ., these areas and perimeter lengths are
must be determined from conditions subsidiary6p We also  straightforwardly computable.) With y (r;) and Lns(r;) com-
note that, as the polygons we are most interested in studyinguted, the LHS of{6) is evaluated. The sign of the value of the
are throats in a porous medium, this assumption will, almostHS determines the value of 1 in the bisection search.

always, be satisfied. Of note inFig. 5is how close pointg; on separate branches
of the MA approach one another during the bisection search
2.1. Entry pressure meniscus configuration algorithm if the value ofr; approaches a value appropriate

for a branch point of the MA. (See points; and pg.) For

If (6) has a solutiome for polygon P, then 0< re < rmic(P). such points, the corresponding inscribed gircles als_o closely ap-
If r(p1) < re < r(p2) for a MA edge joining branch points;  Proach each other at one end. The numerical algorithm used for
andp, then an arc meniscus must be centered on this MA edgéhe bisection search must be sufficiently robust to detect and
As 0< r(p) < rmic monotonically on each leaf to root path in '€SCIve such occurrences.
the MA tree structure, one such tree edge will be found for each
leaf to root path in the tree. (The same tree edge/arc meniscés?: OVer-
may however serve several leaf to root paths.)

A numerical algorithm can be constructed to so(@g by
performing a search in the function spagg) until a value

pressure in primary drainage

After entry of the non-wetting fluid aPé, if the capillary
pressureP¢ is further increased (quasi-statically), the (com-
of r is found such that evaluation of the LHS (f) is zero mon) radius of thelarc mgnisci deceasesin accordancg(@jth
(to within an acceptable tolerance). For each value inives- From the. above_dlscusspn we see that the ce.nter points of the
tigated, a search over all tree edges will identify all points on(decreasing radius) meniscus arcs move centrifugally along the
the MA which are centers of arc menisci. AsO- < rmic(P), MA branche_s. FronFig. 5we immediately see the geometn-_
the bisection search algorithm is a logical choice for the) cal explanation for two well known phenomenon that occur in

search. The bisection search sequencey, ... is begun with primary dramage. .
the two starting values, = 0+ ¢, 2 = rmic — € wheree is a From regionA4 (for example), we see that an arc meniscus

small, positive tolerance to guard against floating point ambiWIII split as the meniscus center point passes a branch point

guities in the numerical algorithm. For thith value.r;, in the on the MA tree. At the branch point, the meniscus comes into

: . : . ; tact with a third perimeter edge component (edges in
bisection sequence, we find the unique pginbn each appro- con X o A
priate branchj of the MA wherer (p;) = r,».ﬁThe centrifugal Fig. 5 and the meniscus will bifurcate in two, each daughter

portion of the inscribed circle of radiug centered ap; is the meniscus moving toward a separalte.vertex of the polygon.
potential arc-meniscus for a solution with= r;. Fig. 5shows From regionAs, before any splitting can occur, the entry

the geometry based upon the polygonFi. 4 at a represen- meniscus (initially cgntered ai3) is pinned at its top enq at
tative value ofr;. (In fact, a value- extremely close tog has vertexvig as the meniscus center moves along the MA bisector

. . segment containings. As soon as the center moves from this
been used for the figure.) From this geometry the LHEDIs vertex—edge bisector to the edge—edge bisector (at phitite

evaluated. The open point is the vertex used as the root of tt}% end of the meniscus becomes unpinned. Althouah. no ex-
MA tree. p; is the location of the point on the tree branchav- b enc - . - unp - Although,
0,:-r\mple is shown irFig. 5, if the meniscus center is situated on

ing r(p;) =r;. The dashed arcs are the centrifugal segments . : . . .
the respective inscribed circles centereg atradiusr;) which a (straight) vertex—vertex bisector, the meniscus will remained
P A : pinned (at each end) at the two vertex poiftisus pinning oc-

would be fluid arc menisci for a solution @ = r;. The area . S ' .
Ay required in(6) is the sum of the polygon ares. (outlined curs whenever the meniscus center point is moving along either
N a vertex—edge or vertex—vertex bisector on the MA

by _heavy solid lines) :_;md the areas, o A?’ of the menIsct It is important to re-emphasize that although discontinuity

defined arcs. The perimeter lengtks in (6) is that portion of : o : e )

the boundary of the polygonal aref, that overlaps with the behavior (splitting) in the menisci occurs at branch points of
y Polyg P the MA tree, the meniscus radius functioefp) has no discon-

tinuity through branch points of the tree.

We now slightly relaxAssumption 1to the case where the
radius functiorr(p) is a non-decreasing function as one moves
centripetally on the MA tree structure. This allow&) to be
constant over an edge—edge bisector on the MA. This can only
occur for edge—edge pairs on the perimeter of the polygon that
are parallel to each other.) If such a MA segment occurs in the
centrifugal direction from an entry pressure meniscus config-
uration, the meniscus will be metastable when its center lies
on such a segment. The situation is illustratedrig. 6. As
the functionr (p) is constant along the MA edge—edge bisector
from p to ¢, when the arc meniscus center hitsit some over-

Fig. 5. Geometry for the evaluation of the LHS(6) for a valuer =r;. pressurePc, the meniscus center is metastable, and will move
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immediately (spurt) ta; with no change in the value afc.  We shall designate this angle dependence through the functional

(The rate of movement will presumably be controlled by vis-notation DA@). Following convention, when the wetting angle

cosity effects which determine how rapidly the wetting fluid is specified, we employ degrees rather than radians.

can leave through the wetting films and the non-wetting fluid Fig. 8illustrates how these hyperbolic vertex—edge bisectors

occupy the displaced region.) connect with other bisectors to form the DA. The left figure
As stated earlier, we do not bother to relagsumption 1  displays thevs—viv, vertex—edge parabolic bisector (labeled

completely, to allow for non-monotonic behavioridf), since  /0) and theviv,—v3v4 edge—edge bisector (labelegh 34). The

this introduces multiple meniscus configuration solutions. (Thigparabolic bisector touches the; 34 bisector tangentially at the

is equivalent to introducing “throating” behavior within the point po. This is the point of attachment of the parabolic bisec-

cross-sectional shape of the polygonal throats.) tor to theb1 34 bisector in the MA. The MA would consist of
the segment of the parabolic bisector to the lefpgf and the
3. Primary drainage, § > 0 segment ob12 34 to the right of pg. The first derivative of the
MA path is continuous acrogs.
With reference tdrigs. 2 and 3we see that, foé > 0, the Over a range of values 9 6 < 6nax, €ach hyperbolic bisec-

center of an arc meniscus of radiusvill be located a distance tor (an example labeledy is shown inFig. §) intersects the

r cosy from a perimeter edge component, but must be located, 34 bisector at two points (labelegy and p; in the figure).
the full distancer from a perimeter vertex component. Thus, The point py, which forms a centripetal angle éfrelative to
for 6 > 0, an arc meniscus center will remain on the edge—edgedgevsv, at vertexvy as indicated, is the point of attachment of
and vertex—vertex bisectors shownFHiys. 3a, 3h but must  the hyperbolic bisector to thig ; 34 bisector in the DA. The DA
move off parabolic bisectors for vertex—edge componekgs would consist of the segment of the hyperbolic bisector to the
illustrated inFig. 7, the appropriate vertex—edge “bisector” for |eft of p,, and the segment &# 2 34 to the right ofpg. The first

6 > 0 is a hyperbola. IrFig. 7, the edge component isv2  derivative of the DA path is not continuous acrggs The point
and the vertex componentig. The edge componentvz be-  p, will move continuously to the left opg along theb;, 34 bi-
comes the conic directrix and the vertexis the focus for the sector a® is increased from O.

hyperbola[32]. The eccentricity of the hyperbola is given by As seen irFig. 8(left), there exists a maximum valuéiax,

e =1/cosy. (These statements are also true faf & 0 par-  above which the hyperbolic bisectors intersbgi 34 only at
abolic bisector.)

The arc meniscus centers now lie on a modification of the vy
MA which consists of segments of edge—edge bisectors, vertex— S\, - ‘g,_
vertex bisectors, and vertex—edge hyperbolic “bisectors.” As k ",
this modified MA has not been studied in the computational 3
geometry literature, we take the liberty of referring to it as the - ¥
drainage axis(DA). As the DA changes with wetting angle, !

~ ~ C)
N o °
\ \
P \ q Y Fig. 7. lllustration of an arc meniscus between a perimeter egdge and a
perimeter vertex, for 6 = 0 (light dotted line) and = 36° (heavy dotted
!
/ / line). For® = 0 the meniscus center (lightly shaded point) follows the par-
i _- abolic bisector (dashed curve labeleg) on the MA; for6 > 0 the meniscus

center (dark point) follows a hyperbolic conic section (solid curve labkgd
Fig. 6. A constant value for(p) on an edge—edge bisector leads to spurt motion displaced from the MA toward the perimeter edge component.
(from p to ¢) of the arc meniscus center with no change in the radius of the arc
meniscus.

P45 P % D 12,34

Vy D Vs

Fig. 8. (Left) lllustration of the connection of a hyperbolic (vertex—edge) bisector with the appropriate edge—edge bisector at its centrifuigahend the DA
for 6 > 0. (Right) lllustration of the connection of a hyperbolic bisector at both (centrifugal and centripetal) ends.
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Fig. 9. Comparison of MA (left) and DA (right) (dark solid lines) in the — v4 region of a given polygon. Dotted curves show drainage menisci configurations.
Meniscii has its center of curvature at poing.

one point (the incorrect poinp;). The pq,,, branch of the but, in general, they no longer correspond to points common to
hyperbolic bisector becomes asymptotidig 34. Let 28e de-  more than one bisector.
note the effective angle between edggs, and vzvs. Then The situation is illustrated ifig. 9. For6 = 0, the depicted
Omax = /2 — Bef, i-€.0max iS exactly the wetting angle at which MA consists of a parabolic bisector (associated with perimeter
the effective vertex formed by edgegy, andvsvs will not sup-  vertexvs and edgenivz), and three edge—edge bisectors (asso-
port a meniscus. Fat > Omax the DA will not extend into the  ciated with edge-pairs;vo—v3va, vive—vovs, andvavz—v3va).
v1 — v4 vertex region. Thus the DA construction naturally de- Point p4 is an edge contact point, forming the MA branch
termines which “effective” corners of the polygon will support Point joining the three edge—edge bisectors. The stable menis-
arc menisci for any prescribed wetting angle. cus labeled 4, centered pj is tangential to edgesvo, vovs,

The illustration on the right ifFig. 8 also includes an edge andvzva.
vavs in order to illustrate connection of the hyperbolic bisectors ~Fora DA, Fig. 9, right), the parabolic bisector is replaced by
at both ends. In this illustration, proceeding centrifugally from@ hyperbolic bisector, which joins thgvz—vsvs edge-edge bi-
the polygon interior, for &< 6 < 45° the DA will consist locally ~ S€ctor at the poingz. Pointps on this edge—edge bisector is an
of: a segment of thé; 5 bisector to the poings: a segment of  €dge contact point, as can be seen from its associated meniscus

the g hyperbolic bisector frong, to pg: and then a segment of (12beled 3). Thus no part of the vo—vsvs edge—edge bisector
the b1 34 bisector. The hyperbolic bisectbus is centripetally ~ c€Ntrifugal to pointps can be part of the DA. Instead the DA
asymptotic tdh12 45 (but not toby2 34); thus for 45 < 6 < max contmues at the point4 on thevivo—vovs edgg—edgg bisector.
the DA consists locally of thé, hyperbolic bisector tgyy at  F.0Ntpa has the property that(ps) =r(pa); itis easily found

which point it connects to thk;, 34 bisector. (Specification of since the line s_egmemg, pa Must be parallel to t_he edggvz.
. " . : When the meniscus center of curvature reaghg#ts meniscus
the rest of the polygon perimeter is required to describe how th

hyperbolic bisectors in this angular range connect with the res@abeled 3) becomes unstable, and the center jumps discontin-

of the DA.) Finally, as discussed for the left figure, 80t Omax, uou_sly topa where 2 stable meniscus (Iabele_d 4) of_the same

DA b hi iated with the ) " of thi radius of curvature forms. Although the DA is spatially dis-
nol rancth!s associa e_" Wlt _>tv5 corner- o F IS thi continuous fromps to p4 the DA is still conceptually a tree,
po ygoln, as Jigi?»e;hvw no7§0ut|;)_por a men_lsc?]s. or ISproviding we identify the pointpz andp4 as a common branch
examp eﬁ“_‘axf e~ ed = Isector/i7s, Is shown as point of the tree. This identification of spatially separated points
a dashed line in the figure.

. . as forming a common branch point of the DA tree is consistent
Let p be the center of curvature of an arc menisquéies

. - since the radius function(p) is continuous at these identified
on a bisector of two perimeter componer@s,andC,; thus the points.

two ends of the meniscus terminate @nand C; with the ap- For the particular geometry shown fig. 9, with 6 = 36°,
propriate wetting angleg. Assume this meniscus tangentially g(,.) 4 9 =~ 7 /2 and no meniscus can exist in cormgr How-
touches a third, distinct, perimeter edge. We refer to such  ayer, forg < /2 — B(vs), the DA will also have a branch con-
bisector pointsy asedge-contact pointd-or & = 0, edge con-  tinuing on thev,vz—v3v4 edge—edge bisector. This continuation
tact points are branch points of the MA tree and correspond tyould occur at the poinps+ which also has the property that
points that are common to more than one bisectof. # 0,  (pu) = r(pa3). Again, ps- is easily found as the line segment
a meniscus having center of curvature at an edge contact poipt, p,« must be parallel to the edgevs. In such a case, the

is stable, but the meniscus will split under infinitesimal increasinstable meniscus 3 would split into two stable meniscus of the
in capillary pressure. Far > 0, the menisci corresponding to same radius of curvature centeredpatand p;. Interpretation
edge contact points are unstable, as they contact the @¢ge of the DA as a tree requires identifying the poipts ps4, and

at the wrong angle; such menisci must spontaneously undergsy: as forming a common branch point. It also requires recog-
a change in topology (with no change in capillary pressure)nizing that the one spatial point which is common to both the
These edge contact points are again branch points of the D&qvo—vov3 andvovz—v3vg bisectors, which does form a branch
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Fig. 10. Comparison of MA (left) and DA(30) (right) in thg — v4 region of a given polygon. Dotted curves show drainage menisci configurations. Meh&sci
its center of curvature at poin; .
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Fig. 11. MA and DAs (solid lines) for a triangular polygon showing splitting and movement, as a functioofathe points identified in common as the root of the
DA tree.

point in the MA, is no longer to be identified as common to thetions for the root of the DA tree. Ifrig. 11, we illustrate this
two bisectors in the case of the DA. for a simple triangular polygon. The left figurefing. 11shows
The discussion ofFig. 9 demonstrates that segments of the MA tree (solid line), the root of the tree (dark point) and
edge—edge (and vertex—vertex) bisectors appearing in the Df#ye maximally inscribed circle (MIC) (dashed line) centered at
are generally longer than the segments of the same edge—edge root. The radius of this MIC represents the largest possi-
bisector appearing in the MA. One notable example of this igle radius of curvature achievable by any meniscus involving
the case of edge—edge bisectors segments which are presgrierfectly wetting fluid; it is therefore appropriate to view the
only in a degenerate (zero-length) sense in the MA, and apy|c as the union of three maximal radius menisci. (For any
pear as finite length segments in the DA. This.is iIIustratedpo|ygon, it is the property of the MA, equivalently the prop-
in Fig. 10 In the MA (Fig. 10 (left)), the parabolicva—vivz gty of perfectly wetting fluids, that the corresponding maximal

vertex—edge bisector joins the twoy ¢z—vzvs andvavs—vsva)  radiys menisci meet as a perfect circle centered at the root the
edge—edge bisectors at pojpy. There is novivo—v3vg €dge— )

edge bisector in the MA, though it can conceptually be said to

R Foré > 0, the largest radius meniscus that can be associated
be represented as a zero-length segment at paitisince ps

o ) with a DA leaf-to-root path is limited by its intersection with
is indeed on the;vo—v3v4 edge—edge bisector). However, for . . . . .
. i : o some meniscus (of the same radius) associated with a different
6 > 0, as illustrated irFig. 10(right), this bisector appears as a . . .
I(laaf-to—root path. For triangles, the largest meniscus radius pos-

segment of non-zero length to connect the hyperbolic bisector: e :
to the v1vp—vzv3 and vava—vsvs edge—edge bisectors. As per sible occurs when the three corner menisci (of that radius) at

discussion orFig. 9, the DA is spatially discontinuous at the MOSt touch but do not overlap. As demonstrategig 11 for
edge contact poinps which is to be identified with the point ¢ = 20" and 40, for triangles this generally occurs when two
ps, the continuation point of the DA in the centrifugal direc- ©f the menisci touch (along their common edge) and the third

tion. (As edges1v2 andusvs are parallel in this example, no Meniscus touches neither. (For triangles, no larger radius menis-
extensions of the1vy—vpv3 and vovs—vavs edge—edge bisec- Cus would be stable.) If the three points which define the centers

tors occur.) of curvature of these maximal radius meniscus are identified as
We note that these edge—edge segment extensions always &#¥rming the root of a tree, we see that the DA is a tree structure.
cur in the centripetal direction on the DA. Although, in this example the edge—edge bisectors branching

The discussion oFigs. 9 and 1pwhich demonstrates (cen- from the root do cross in physical space at the center of mass of
tripetal) extensions of edge—edge segments and resulting spatifk triangle, we again note that this physical crossing is ignored
discontinuity in the branch points of the DA tree, has implica-in viewing the DA as a tree structure.
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Fig. 12. (Left) DA(30) for the polygon ofig. 4. (Right) The branches from the MA &fig. 4 that correspond to branches of the DA in the left figure.

We have, to this point, developed the local structure of agorithm for DAs,Fig. 12(left) shows hand computation of the
DA which follows from two underlying physical consequencesDA(30) for the polygon irFig. 4. The bisector segments com-
that must hold under increasing valuegothe centripetal ex- prising the DA are displayed as solid curves. Labeled points in-
tension of edge—edge bisector segments and the presencedifate branch points of the DA where bisector segments change
hyperbolic bisectors. The union of the local structures compris¢gype or terminate. The menisci (broken curves) corresponding
the global DA. Thus by construction: to the labeled points are also shown. Menisci drawn as dashed

curves are stable. Menisci 1, 6, 8 represent the largest radius
Theorem 2. For the displacement of a fluid of intermedigfe< menisci possible; the corresponding poipts ps and pg are
0 < 7/2) wettability, the centers of arc-menisci separating theidentified in common as the root of the DA tree. Menisci 4, 7,
two fluids must lie on the interior DA&) of the polygon. 11 (drawn as dotted curves) are unstable, their corresponding
centers of curvaturey, p7, p11 (open points) are edge con-

Based upon our local structure analysis, we conjecture th&act points. Poinps is the stable counterpart jo11; these two
following characterization of the global character of the DA:  points are identified in common as a branch point of the DA,;

With two amendments, properties 0 through 4 remain trughe radius of curvature of their corresponding menisci, 5 and
for any DA.The amendments are that the DA tree structure idl1, are identical. When a meniscus center of curvature reaches
generally discontinuous in physical space at branch points g1, there is an immediate topological change in the meniscus
the tree, including the root, and that a leaf vertex of the tree magfrom 11 to 5) with no change in radius as the center point shifts
no longer be coincident with a vertex location on the polygonfrom p11to ps. Note that the edge contact popy has no stable
perimeter. counterpart; when the meniscus center reaghdgbhe meniscus

Support for this conjecture awaits the completion of a nu-4 breaks up and the entire — v1g corner of the polygon inte-
merical algorithm (designed under these local structure corror is filled with non-wetting fluid. A similar statement follows
struction principles) to compute the DA and resultant meniscu$or the edge contact point;.
positions under primary drainage for comparison with experi- The right figure inFig. 12 isolates the bisector segments
mental results. of the MA that correspond to those in DA(30). Note that for

We note that there are interesting theoretical questions id = 30°, out of the 15 vertices comprising the polygon perime-
computational geometry concerning the DA for simply con-ter, only vertex 2 is capable of supporting a meniscus. How-
nected polygons. Two of these are: can any DA be constructegler, menisci are supportable by “effective” vertices formed by
in linear time, and is every DA related to a Voronoi-like tessel-combinations of polygon components—these component pairs
lation of the polygon interior? We believe the answer to the firstorrespond with bisector segments of the MAs important to

of these questions is yes. note that it is not solely the angle between a pair of perimeter
edge components that determines whether the pair will support
3.1. Entry pressure meniscus configuration a meniscusin the polygon oFig. 12 the edge paiv7vg—vgv1g

defines an effective angle that would, by itself, support a menis-
If, as conjectured, properties-8 4 also hold for the DA, cus between them wheh= 30°. However, the placement of
andAssumption 1is invoked, then a unique solution () on  the edgevgvg eliminates any possibility of a physical menis-
the DA constructed for any given anglecan be obtained us- cus between;vg and vgvip. The edge pairpgv7—vgv1p does
ing the same bisection search algorithm designed for the MAsupport a meniscus, but only until the edge contact pajrdn
Although we have not completed a numerical construction alits corresponding bisector is reached. At this point the menis-
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Fig. 13. The behavior of/ h andh/ hingc @s a function of the scaling variabjefor regular convex polygons onvertices. In the left plot, the labeled points indicate
the values case/n).

Fig. 14. (Left three figures) Limiting position (points) of the centers of curvature for arc menisci for regular convex polygons at the criticpbngltth= 7 /n
at which the menisci vanish (corners are filled with non-wetting fluid). Considering the circle as-theo limit of regular convex polygons, the limiting position
of the center of curvature of any meniscus falls on the dark circle, and the limiting value of the radius of curvgir&is

cus (labeled 4) becomes unstable, ancetiiire effective vertex  the arc menisci a8 approaches the limiting case— = /2 — 8,

ve — v10 becomes filled by the non-wetting fluid. where g is the half-angle common to all vertices in a regular
polygon?
3.2. Over-pressure in primary drainage > 0 Let hinsc denote the distance from any vertex to the center

of mass of a regular convex polygon. Lietbe as defined in

Under over-pressurization, our conjectures on the propertiesig. 2 We are interested in the behaviors-andh ast — 7 /n

of the global structure of the DA imply that meniscus centersfor any regular convex polygon of vertices. From(12) the

will move in the centrifugal direction. When a meniscus cen-behavior can be represented in terms of a scaling variable
ter hits a contact point, a new feature appears: the center and its
corresponding mgnisci will jump discon?i?luously in space, pos-y = cosw/n)/ €0y, ve [cos(n/n), 1]‘ (13)
sibly accompanied by a split in the meniscus, withchange  As shown inFig. 13(left), »/ h has universal behavior
in radius of curvature. This was illustrated by the transitions

p3— paandpa — ps in the right hand side figures &igs. 9 /"= y € [cogm/n). 1] (14)

and 1Q respectively. asé increases from 0 ta/n. Thusr = h at the critical value
of wetting angled = = /n. The behavior ofi/ hjnsc is shown on

4. Regular convex polygons the right ofFig. 13 We note/: < hinsc for all allowed values of

6, andh falls monotonically tohinse/2 asé — m/n. Thus, the

Although we can now compute the position of the arcmeniscus configuration disappears (all vertices filled with non-
menisci ford = 0 for any polygon (SectioB presents results wetting fluid) for any regular convex polygon whén= r/n.
for entry pressure configurations), we have not currently conFurthermore, the menisci disappear by becoming exactly co-
structed numerical algorithms to generate the DA and g@ye incident with the vertices of the polygon at a finite radius of
for 6 > 0. We can however construct the DA for any regularcurvature value ofzinsc/2. This is illustrated in the left three
convex polygon (or irregular triangle), although the construcfigures inFig. 14 As hinsc = rmic/ C0S(w/n), this generates
tion is unnecessary as the regular nature of their DA allows fothe resultP¢ (0 = /n) = 20 c096)/rmic, in agreement with
analytic solution(12). The analytic solution for regular convex Egs. (3) and (22) ifi19].
polygons were extensively studied by Ma et[&B]. We would This mechanism of meniscus disappearance at a critical wet-
like to add one observation for regular convex polygons deriveding angle explains a familiar result under the limit> oo
from addressing the question: what is the position and radius dfvhere a regular convex polygon approaches a circle). As



S0021-9797(05)00986-0/FLA AID:11677 Vol.eee(eee) A1 [+model] P.11 (1-14)
YJCIS:m5+ v 1.50 Prn:14/11/2005; 14:44 ijISllG?? by:Jurgita p. 11

W.B. Lindquist / Journal of Colloid and Interface Scicne® (eeee) see—see 11

n — 00, hinsc — rcirc, Wherergrc is the radius of the circle. The MA for the interior of each throat polygon was com-
Thus for a circular cross section, for any valueggfthe menis-  puted using Held’s Vroni software packafgd] (http://www.

cus configuration becomes coincident with the perimeter of theosy.sbg.ac.at/~held/projects/vroni/vroni.ftmihich is note-
circle (zero width wetting filfyy the radius of curvature of the worthy for its speed and robustness. Vroni was modified by
arc menisci isr = hinsc/2 = rcirc/2, and the centers of curva- adding a bisection algorithm to compute the solutio(6joThe
ture of the menisci lie on a concentric circle of raditdgc/2, as  accuracy of the numerical solution was verified usingitkeO,
shown inFig. 14(right). The consequence of this is the familiar analytic resultg12) for regular polygons. Comparing numeri-

entry pressure condition for a cylinder, cal and analytic values for the dimensionless r&fig P)/r.,
the numerical solution for, was determined to be accurate to
P¢ = 20/ /rcirc. (15)  three significant digits.

: . - Fig. 15shows solutions of6) by displaying the entry pres-
Viewing a circle as a limiting case of regular polygons thus ex- ; L . :
. . . sure meniscus positions (solid arcs), and meniscus center po-
plains geometrically why the factegc/2 appears irf15).

sitions (solid points) for the first 16 of the 9294 throats ana-
lyzed in the 22% porosity Fontainebleau sample. (For the sake
of brevity, we do not show results for the other three porosity
samples. The results from these other three are completely con-
sistent with those reported here for the 22% porosity sample.)
CT now provides three-dimensional images of rock and soilrhe throats are not drawn to mutual scale; the relative sizes of
sampleg33,34] at voxel resolutions below 5 um. Algorithms, each throat can be deduced by noting that the smallest edge
and in some cases, complete software packages have been @igrgth in each polygon perimeter must be of the size of a sin-
veloped to analyze the geometry of the pore strud@6¢35,36]  gle voxel. (Thus the lower left throat fRig. 15is rather large.)
from such images. 1{25] we characterized the throats by area a|so displayed for each throat is the MA (tree structure of gray
and effective radius for a suite of four Fontainebleau sandstonghe segments) and the largest MIC (dashed curve) for the poly-
core sample ranging from 7.5 to 22% porosity. These sandgon which is centered on the MA vertex which serves as the
stones were imaged at 5.7-um resolution. Here we consider thgot (larger open circle) of the MA tree.
full polygonal representation of each throat as deduced from the Having highly accurate results feg, we address the ques-
CT images. tion of various methods of approximation for the entry pres-
Polygonal representations of throats in the imaged coreure P¢, or equivalently, for approximation of. We consider
samples were obtained using the 3DMA-rock software packthree methods: (i) the Haines approximati@®Y] r. ~ rmic,
age (ittp://www.ams.sunysb.edu/~lindquis/3dma/3dma_rockivhere rpmic is the largest inscribable radius in the throat; (ii)
3dma_rock.html A discussion of the throat finding algorithm , ~ r5.a= /A/7, whereA is the throat area; (i) Hwang's
used for this data set is found in Lindquist and Venkataran{gg] hydraulic radius approximatiom, ~ A/P = G P, where
gan([35]. The salient points are that the throat is characterize is the throat perimeter and the shape factor. Distribu-
by (i) a closed loop of 26 connected grain voxels which formtions forre, rmic rarea@nd A/ P determined for the 9294 throats
the perimeter of the throat; (i) a void space voxel which charfound in the 22% porosity Fontainebleau sample are shown
acterizes the location of the throat along the channel centerlinig Fig. 16 Also shown are distributions for the ratiogic/re,
in which the throat is located, (iii) a triangulated surface (UsiNGr4e4/re, (A/P)/re. Both rmic andrareaOverestimate, by fac-
the voxels from (i) and (i) from which the area of the throat tors of 15 — 2.0 and 20 — 3.0, respectively. Though /P
is computed. These digitized throats characterize the locatioslightly underestimates, Hwang’s hydraulic radius approx-
of minimum cross section area in the channel, but our algoimation is a very good estimator of the entry meniscus radius
rithms do not enforce a requirement that the throats are planaior real throats in Fontainebleau sandstone o« 0. TheA/ P
Thus the throats minimize cross-sectional area by following theersusr. scatterplot shown irFig. 16 emphasizes the qual-
cross-sectional geometry of the channel. ity of the estimation. As mentioned, identical conclusions are
As the discussion in Sectio2sand 3implicitly assumes the found for the other three porosity samples analyzed. The ac-
polygons analyzed are planar, we project each digitized throajuracy of A/ P as a predictor fore can be compared against
onto a plane that is perpendicular to the (average) normal tthe known analytic resultl2) for values ofn andé restricted
the throat surface (see (iii) above). The projection of the centelpy (9). The resulting plot of A/ P)/re versusn for the signif-
point of each throat perimeter voxel provides the vertex coordiicant range ofd is shown inFig. 17. (Missing is thed = 60
nates of the (projected) perimeter polygon. As deviation fromdegree plot, which has a single allowed val(&/ P)/re = 0.5
planarity is rather mild for the vast majority of throats, this pro-for n = 3.) (A/ P)/re is @ monotonically increasing function of
jection introduces no significant artifact. (In fact, of the overn. For wetting angles 0and below, thg(A/P)/re ratio lies
21,500 throats analyzed in this study, less than 10 had a prdretween 0.88 and 1.0. This is consistent with @u# O results
jection artifact which caused the analysis to fail. In all casedor Fontainebleau throats where we find an average value for
the artifact was a projected perimeter that self intersected at @ /P)/re of 0.96+ 0.03 (Fig. 16).
single point—i.e. the projected polygon was not simply con- There is, of course, a question of the effect of finite voxel
nected.) For the remainder of the discussion we shall drop theesolution on the accuracy of the results computed for real sand-
reference to “projected” and refer simply to the throat polygonsstones. As polygon shape is determined by vertex locations, fi-

5. Entry pressuresfor throatsin Fontainebleau sandstone,
0=0


http://www.ams.sunysb.edu/~lindquis/3dma/3dma_rock/3dma_rock.html
http://www.cosy.sbg.ac.at/~held/projects/vroni/vroni.html
http://www.ams.sunysb.edu/~lindquis/3dma/3dma_rock/3dma_rock.html
http://www.cosy.sbg.ac.at/~held/projects/vroni/vroni.html
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Fig. 15. Arc meniscus locations (solid arcs) at entry pressuré foi0 for the first 16 (of 9294) throats analyzed in the 22% porosity Fontainebleau core sample
image. Solid points indicate centers of curvature of the menisci. The dashed circle is the maximally inscribed circle, centered at the roopecatmnt) of the
MA (solid gray lines).

nite voxel resolution can affect accuracy through “corner roundtwo-fluid displacement process. In the case of zero wetting an-
ing” and “loss of sharp points.” Our experience with CT imag- gle (displacement of a perfectly wetting fluid) the drainage axis
ing of sandstones, which leads us to conclude that effects due te the familiar medial axis of the polygon interior. As the cen-

rounding will be small, can be quantified somewhat by notingters of curvature of all menisci must remain on the drainage axis
that the grains in Fontainebleau (which has a well sorted graiduring primary drainage. the geometry of the drainage axis ex-
size distribution) have diameters in the 200-250 um range. Thydains and predicts, in full detail, the topological changes, pin-
grain perimeters are resolved quite well. Corner rounding willning behavior, and discontinuous movement of menisci during
produce minor deviations from true meniscus configuration, foprimary drainage. It also predicts at what pressure any “corner”
example at high overpressure values when menisci are forceaf the capillary tube will become completely invaded by the

deep into corners. non-wetting fluid.
We present details for constructing the drainage axis and an
6. Summary algorithm for solving for the entry pressure meniscus config-

uration. Using existing software for medial axis construction,

We have shown that, at entry pressure and higher, during prive compute the entry pressure radii for over 21,500 polygonal
mary drainage, away from the main terminal meniscus, the arthroats determined from analysis of 4 samples of Fontainebleau
meniscus configuration in a capillary tube whose cross sectiosandstone. Our results demonstrate that Hwang'’s hydraulic ra-

is that of an arbitrary, simply connected polygon, can be deterdius approximation is an excellent predictor for the entry pres-
mined from an analysis of the drainage axis computed on theure meniscus radius for real throats. We expect the accuracy of

polygon interior for the specified wetting angle governing theHwang'’s approximation to lessen for non-zero wetting angles.
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- Held (University of Salzburg) for access to his Vroni software,
] and to Joseph Mitchell (Stony Brook University) for many dis-

. cussions on medial axis analysis.
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