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Abstract

A new way of modeling imbibition is proposed in this paper. It combines two elements. One is a physically consistent, dynamic
for the imbibition of an individual pore originally suggested by Melrose (SPEJ (November 1965) 259–271). The other is the use of
but physically representative model of porous media: a dense random packing of spheres that is geometrically predetermined. Th
allows truly a priori predictions of imbibition curves (saturation vs capillary pressure) for different values of contact angle, differen
conditions (e.g., different drainage endpoints), and different macroscopic sample geometries (the ratio of external to internal por
provides a mechanistic basis for understanding the influence of pore-scale phenomena such as “snap-off” of nonwetting phase
throats due to the coalescence of pendular rings. The simulations show that the capillary pressure curve for this unconsolidated
very sensitive to the wettability parameters (such as contact angle), whereas the influence of different initial conditions and snap-of
negligible. Predicted capillary pressure curves are compared to experimental data presented in the literature, and are consistent w
 2005 Elsevier Inc. All rights reserved.
Keywords: Porous media; Imbibition; Finney packing; Snap-off; Meniscus; Residual saturation
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1. Introduction

The properties of porous media have a great imp
tance for the modeling and understanding of different fl
processes in the subsurface, such as oil recovery, dra
and imbibition, infiltration from surface water, and flo
transport, adsorption and dissolution of contaminants.
cause of the great influence of these processes on the
ronment and industry, there have been numerous attemp
model them at the microscopic scale and to predict the
havior of the subsurface. Many of these attempts mode
porous medium as anetwork with sites (pore bodies) and
bonds (pore throats) and some parameters prescribed to
network in advance, for instance,coordination number of
the sites orsize distribution of pore bodies and pore throat
By simulating transport processes in such networks one
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E-mail addresses: mgla@ices.utexas.edu(M. Gladkikh),
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describe the behavior of the desired unknowns (i.e.,
ative permeabilities, residual NAPL saturation, dissolut
rates, etc.). These network models have been used to
a wide range of the properties in different flow process
such as relative permeabilities[15,50]; residual nonwetting
phase[35]; capillary pressure hysteresis[26,27,31,42]; re-
lationships between capillary pressure, saturation and i
facial areas[6,51]; non-Darcy behavior[62]. Unfortunately,
the predictive capability of this approach is limited by th
presence of prescribed parameters, which usually cann
determined independently of the phenomena of interest

The approach considered in this work is similarly d
voted to the pore-scale modeling of the flow and trans
processes in the subsurface, but it differs significantly fr
network modeling. The idea is to extract a faithful repres
tation of the actual pore space geometry of a simple butphys-
ically representative model porous medium[8,10–12,37,38].

The model is a random packing of equal spheres for which
the coordinates of the centers have been measured (Finney
pack [14]). Knowledge of the coordinates completely deter-

http://www.elsevier.com/locate/jcis
mailto:mgla@ices.utexas.edu
mailto:steven_bryant@mail.utexas.edu
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mines the grain space and the void space in the packing
also possible to simulate the results of geologic process
the sphere pack, such as cementation and compaction
creating simple models of sedimentary rocks with prede
mined pore space geometry[8,10,12].

This class of models has been shown to capture s
of the key features of real sediments and sedimentary r
[7–9,17,37,60]. Other methods of obtaining detailed, real
tic, quantitative models of pore space have been develo
along with sophisticated techniques for computing prop
ties of those models[1,3,4,19,28,30,34,47–49,53,54,59,6.
The imbibition mechanism studied here can be applie
any member of this class of geometrically determinate m
els. Our purpose is to test the macroscopic implication
a pore-level imbibition mechanism. Sphere-pack models
well suited for this purpose. They are a computationally c
venient framework for makinga priori predictions of macro
scopic behavior. Because there are no prescribed param
testing the predictions against experiments provides phy
insight.

If the predictions do not explain experimental obser
tions, we can conclude that the model does not accoun
some essential aspect of the physical situation, and then
a more realistic model. On the other hand, a successful
diction allows some confidence that the model can be ta
as a reasonable approximation of reality, and thus has a
dictive capability and can be used to examine other phen
ena. This capability, rather than understanding the beha
of a particular sample(s), is the focus of this paper.

The model of imbibition presented in this paper is ba
on the methodology developed in[7–9,17,37]. Knowledge
of the pore space geometry and wettability conditions
value of the contact angle, assumed uniform throughou
medium) allows computing the configuration of two flu
phases in porous media under the control of capillary for
Then the quasi-static imbibition of a wetting phase in t
model porous medium is simulated by means of the dyna
Melrose criterion[41]. To our knowledge, this criterion ha
not been tested in a geometry representative of gran
media. An attractive feature of the Melrose criterion is
purely mechanistic nature. Knowledge of grain scale ge
etry is the only prerequisite for its application. In this w
we hope to provide some insight into the long-standing f
damental problem of how imbibition occurs in a single po
The approach also allows a quantitative understandin
how different macroscopic processes and parameters
example, capillary pressure–saturation curve) depend o
physical (e.g., wettability) features of porous media dur
imbibition.

2. Pore-scale description of an unconsolidated medium
In 1899 Slichter[55] suggested the random packing of
equal spheres as an “ideal soil.” Though this approach is
surely oversimplified, it nevertheless captures many essen
d Interface Science 288 (2005) 526–539 527
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Fig. 1. Fontainebleau sandstone.

Fig. 2. Random dense packing of equal spheres.

tial features of the pore space of real sediments,Figs. 1
and 2. The most important of these is the randomness in
cations of grains, pores and pore throats. Thus, the “i
soil” model allows constructing simple, butphysically rep-
resentative sediments. Moreover, the geometry of pore sp
is determined by the geometry of the grains making up
porous medium. It is this dependence that enables the
cessful predictions described above.

This approach offered useful qualitative insights in
decades after its introduction[18,21–24,56–58]. No quan-
titative applications involving genuinely random packin
were possible, however, until Finney[14] measured spatia
coordinates of the centers of about 8000 randomly pac
equal spheres, in order to build a model of the liquid st
The power of Finney’s data for the modeling of porous m
dia was quickly recognized and applied by Mason[38]. Later
Mellor presented a method (described below) for extr
ing a network model of the pore space in the Finney pa
ing [39].

The common way of constructing a network model
porous media as a lattice of sites (pores) connected by b
(pore throats) assumes random assignments of networ
-

tributes, such as pore throat and pore body sizes. In real
porous media such features are not randomly distributed
[8,11] and are difficult to measure. A completely differ-
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Fig. 3. Tetrahedral cell within the Finney pack, resulting from Delau
tessellation. The apices of the tetrahedron (points A, B, C, D) are the ce
of four nearest neighbor spheres. Only the sections of the spheres con
within the tetrahedron are shown.

Fig. 4. Schematic representation of a network model. The spheres c
spond to the internal regions of tetrahedral cells,Fig. 3, and should not be
confused with spherical grains ofFig. 2. The bonds, which connect sphere
correspond to cell faces. Each site has four neighbors.

ent and natural way of constructing a network model fr
Finney’s geometric data is aDelaunay tessellation [39] of
the sphere centers. Applied to points inn-dimensional space
Delaunay tessellation finds sets ofn + 1 nearest neighbors
Thus it subdivides the volume of the Finney packing i
tetrahedra (Fig. 3). Each vertex of the tetrahedron is t
center of a sphere. The void space in this tetrahedron
responds naturally to a pore body. The cross-sectional
of the void goes through a minimum in the plane conta
ing three sphere centers, so the void area in each face o
tetrahedron corresponds naturally to a pore throat.

Thus, a simple network is built (Fig. 4): its “sites” (pore
bodies, depicted inFig. 4 as spheres) correspond to the
ternal regions of tetrahedral Delaunay cells and its “bon
(pore throats, shown inFig. 4 by lines) correspond to th
faces of those cells. (Note that spheres inFig. 4 are just
representations of pore bodies convenient for illustrating
work topology; the actual shapes of the pores correspon

the internal regions of Delaunay tetrahedra, shown inFig. 3.
The spheres inFig. 4should not be confused with the actual
spherical grains, shown inFig. 2.) All geometrical features
d Interface Science 288 (2005) 526–539
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of these pore bodies and throats (such as their volume,
face area, etc.) follow directly from the known coordinates
sphere centers. The topology of the network arises natur
since each cell is a tetrahedron, it has four neighbors, re
ing in a lattice of connectivity four. However, the network
completely irregular; there is no evidence of any crystal
structure such as the diamond lattice[39]. In this work the
central 3367 spheres of the Finney pack were used, w
yield a network with about 15,000 pores and 30,000 p
throats. More detailed description of the Finney pack
the network obtained from it by Delaunay tessellation
be found elsewhere[14,37,38].

3. Model of imbibition

3.1. Capillarity and wetting phase morphology

When viscous and body forces are negligible, the con
uration of two fluids is governed by the Young–Laplace[2]
equation, which relates capillary pressure to the curvatur
the interface between two fluid phases:

(1)Pc = γC,

wherePc = PNW − PW is the pressure difference betwe
W (wetting) and NW (nonwetting) phases;γ is the inter-
facial tension between them andC is the sum of the two
principal curvatures, or twice the mean curvature of the
terface. In this paper we refer to curvature of the interfa
rather than its radii of curvature; the quantities are relate
C = 1/r1 + 1/r2, subject to the usual sign convention f
convex and concave sections. In spite of the fact that Eq(1)
describes a static configuration, it is commonly applied
the displacement of one immiscible phase by another, w
that displacement occurs sufficiently slowly.

It is assumed during the calculations that W phase
porous medium exists as three different morphologies:

(1) Pendular rings (Fig. 5) aroundgrain contacts. (In this
work, a grain contact is a pair of neighboring spher
which need not actually touch. W phase suppor
within the gap between two spheres is often calle
liquid bridge; for brevity we use the term “rings” to
refer to liquid bridges as well.) Pendular rings alwa
exist when two spheres actually touch. If a gap separ
two spheres, a pendular ring can exist only at curvat
smaller than a critical value that depends upon the v
of the gap between spheres. The geometry of such r
is discussed below;

(2) Completely filled space within a tetrahedral pore. T
situation arises during imbibition, when NW pha
withdraws completely from a pore, and also dur
drainage, when W phase can be trapped within the

[9,45]. In the latter situation the pore remains filled with
W phase at any capillary pressure during drainage and
contributes to the irreducible W phase saturation;
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Fig. 5. Four grains and tetrahedral pore, which is formed by them. The
grey shape between the top and rear grains is a pendular ring of W p
which fills the gap between the grains. The spherical cap in the cent
the pore is the interface of the meniscus, which is assumed to have lo
spherical shape. Everything below this cap is W phase; above it lies
phase.

(3) Volume bounded by themeniscus in a pore throat tha
connects an already imbibed pore (completely fil
with W phase—case (2)) and non-imbibed pore (wh
contains NW phase) (Fig. 5). The latter is in this case
natural candidate for the imbibition. The meniscus is
sumed to have locally spherical shape. Its geometr
described below.

In this work imbibition is modeled as quasi-static invas
percolation process[63]. The configuration of phases in th
beginning of imbibition is taken as the end-point config
ration of primary drainage, when irreducible W phase sa
ration is obtained. This initial configuration is specified
the value of initial curvature and assumes that W phase
ists only in the form of pendular rings at grain contac
where those rings can be supported for the given valu
initial curvature. Starting from this initial condition, imbib
tion proceeds with an incremental decrease of the curva
of the interface. This decrease allows W phase saturatio
increase. (In practice, a reduction incurvature is achieved
by reducing thecapillary pressure, Eq.(1), and we use thes
terms interchangeably.)

The algorithm for imbibition proceeds by diminishing t
current dimensionless curvature by a small value. Each
which contains NW phase and is not contained within
cluster of trapped cells (see below) is considered for
pore level events (imbibition andsnap-off (see below)) tha
can occur within it. If the Melrose criterion for the imbib
tion, applied to the given pore, is satisfied, then this por
checked to determine whether it is contained in a cluste
pores connected to an exit pore. The existence of such a
ter implies a continuous path of pores containing NW ph

from the candidate pore to the NW phase reservoir. If this
condition is not met, the pore cannot be imbibed; the pore
and other pores containing NW phase that are connected to
d Interface Science 288 (2005) 526–539 529
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it are added to the list of pores containingtrapped NW phase
(for the implementation of NW phase entrapment see
low in the corresponding chapter). Everything within suc
trapped cluster of pores becomes frozen, in the sense th
pendular rings and menisci within the cluster cannot cha
or move. Otherwise, the considered pore becomes imb
(completely filled with W phase) and menisci arise at
pore throats which connect this pore to non-imbibed ne
bors.

Trapped cells and newly imbibed cells are removed fr
the list of candidates, and this list is re-checked aga
the criteria for imbibition and snap-off, as described abo
When no pore level event (that is, imbibition or snap-o
can happen, it means that an equilibrium configuration
been reached at the current curvature. Then volumes o
phases are computed, which provides the values of phas
urations at current curvature. This completes one iteratio
the algorithm, and current curvature can be decreased a

3.2. Criteria for pore level events

The most important step in the imbibition simulation is
define acriterion for imbibition of the given pore. The sim
plest approach to implement is to assign the value ofcritical
curvature for every pore in the packing in advance. W pha
is able to invade a pore body only if current curvature of
interface is less than this critical value.

The first attempt to define this critical curvature was m
by Haines[22] as

(2)CH = 2/Rin,

whereRin is the radius of the sphere inscribed into the p
body (such a sphere would touch each of four pore grain

This so-calledHaines’ insphere curvature would allow
negative hysteresis for some pores, that is, their critical cu
vature for drainage would be less than the critical curva
for imbibition [37]. In order to avoid this nonphysical effec
Mason and Mellor[37] proposed to modify the Haines in
sphere curvature as:

(3)CMM = CH − 1.6/Rgrain,

where Rgrain is grain radius. This empirical modificatio
was specific to a random packing of equal spheres. Eqs(2)
and (3)say that each pore has a fixed, predetermined cri
curvature at which it will imbibe. However, there is expe
mental evidence[31] that the more imbibed neighbors a po
has, the higher the curvature at which it will be imbibe
This contradicts the notion of a predetermined critical c
vature for imbibition. Following Jerauld and Salter[27], we
can modify the Haines estimate to account for thisdynamic
feature of imbibition as follows:

(4)CJS= CH/NNW,
whereNNW is the number of pores connected to the given
pore, which contain NW phase. While qualitatively reason-
able, this estimate (Eq.(4)) is essentially empirical.
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In this work we apply a different criterion for imbibition
suggested by Melrose[41]. Like the situation described b
Jerauld and Salter[27], theMelrose criterion is dynamic: we
cannot tell in advance the curvature at which each pore is
bibed (though we can enumerate the possible values o
curvature). This criterion will be described in detail below

Another pore scale event that occurs during imbibition
the snap-off of NW phase in pore throats. This can occ
in pairs of non-imbibed cells. We apply a mechanistic cr
rion for snap-off, treating it as the result ofcoalescence of
pendular rings (this effect is discussed below). The snap-
at pore throats leads to the formation of lenses of W ph
or double-sided menisci at the pore throats. Subsequen
the simulation, lenses are regarded as a possible source
phase for the imbibition.

3.3. Boundary conditions for the displacement

In order to simulate imbibition, it is also necessary
defineentrance and exit pores. The entrance pores are
sumed to be always connected with the W phase re
voir, and through them W phase invades the packing.
exit pores are assumed to be always connected with
NW phase reservoir and through them displaced NW ph
leaves the packing. The pores that are actual surface po
the Finney packing are natural choices for entrance and
pores. However, Mason and Mellor[37] have shown that th
Finney packing, being a spherical conglomerate, has a
ratio of surface pores to internal pores in comparison w
samples typically used in the laboratory. Consequently, s
ulations in which a large fraction of the surface pores of
Finney pack are taken as W phase entrances do not g
sharppercolation threshold (that is, invasion of a large vol
ume of the sample over a narrow range of curvature, o
the curvature reaches its specific percolation value). In o
to replicate the percolation behavior of real samples, Ma
and Mellor[37] proposed to diminish the number of entran
cells, so as to articially reduce the surface area to volum
tio. Using this technique, they obtained percolation thresh
at a dimensionless (i.e. for grain radius equal to 1) curva
of about 4.1, which is close to the values observed during
periments. When making a comparison to the experime
the number of entrance pores can be taken correspond
to the actual ratio of surface to internal pores in the
perimental sample, which is estimated from the grain s
and sample geometry. This eliminates the uncertainty in
choice of this parameter, which depends only on the ma
scopic geometry of the sample.

As for the exit pores, taking them to be the surface po
of the Finney pack is consistent with most practical sit
tions. The influence of different choices for exit pores (e
some fraction of the surface pores, a random selectio
pores from within the packing, etc.) on the residual N

phase saturation is interesting but is beyond the scope of this
paper. The choice of the exit pores also depends only upon
the geometry of the sample.
d Interface Science 288 (2005) 526–539

f

a

Fig. 6. Influence of W phase connectivity. Pendular rings in the cas
disconnected W phase (shown by dotted lines) remain isolated and d
advance within the pore space when curvature decreases. Pendula
in the case of connected W phase (shown by grey color) are hydraul
connected to the bulk through the thin films around grains and adjust
shape to the current curvature.

3.4. Physical constraints: connectivity of W phase

Another condition of imbibition, which has to be spe
fied, is theconnectivity of the W phase. If there is a hydraul
conductivity of W phase throughout the whole packing
any stage of displacement, we say the W phase is “c
pletely connected.” Here hydraulic conductivity implies th
W phase can be moved into any part of the packing ins
taneously. At small W phase saturations the movement
require transmission through thin films of W phase on gr
surfaces (Fig. 6). Thus it is not trivial to obtain a complet
connectivity in practice. The small conductance of fil
means that the time required for rings to adjust can be q
large.

An important consequence of complete connectivity
that all pendular rings in the packing are surfaces of
vature equal to the currently applied value. Thus they ad
their shape immediately when a change in the capillary p
sure is applied. In particular, all the rings will grow and a
vance along grain surfaces as the curvature decreases d
imbibition. The converse holds during drainage. Comp
connectivity is thus a limiting case. This model of “comple
connectivity” uses thin films as a proxy for all subgra
scale features that could act as conduits for W phase.
is, we do not resolve surface roughness, individual chan
on grain surfaces, etc., but we do account for their collec
effect on the imbibition process.

On the other hand, if W phase does not possess c
plete connectivity, then a pendular ring becomes “trapp
during drainage (that is, loses its connection to the bulk
ume) and remains a surface whose curvature is held con
at the value at which it was trapped. (For convenience
treating trapped volumes we have assumed incompres
phases and zero interphase mass transfer.) The trappe

contributes to the irreducible wetting phase saturation. If im-
bibition starts from this drainage endpoint, such a ring can-
not grow until it becomes connected to the bulk volume of W
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Fig. 7. Spreading of the W phase upon the solid surface (the contact
of W–NW–solid interface is zero).

Fig. 8. Formation of a drop of W phase on the solid surface. The con
angle of W–NW–solid interface has non-zero valueθ .

phase again. Such re-connection happens when the W p
imbibes pores neighboring to this ring. So, the existe
of thin films on grain surfaces causes qualitatively differ
behavior during displacement processes. Different confi
rations of the system for both cases of W phase connect
are shown inFig. 6. Pendular rings for the case of the d
connected W phase (shown by dotted lines) remain isol
and do not advance within the pore space; whereas fo
case of the connected W phase (shown by grey color)
are hydraulically connected to the bulk of W phase thro
the thin films and adjust their shape to the current capil
pressure.

3.5. Physical constraints: wettability

The condition of W phase connectivity arises natura
from thewettability of the system, specified by the value
contact angle θ . Namely, if the W–NW–solid contact ang
is zero, then W phase spreads upon the grain surface (Fig. 7)
and thus thin film is formed (this follows from the Young
Dupre contact angle equation[2]). If the contact angle ha
non-zero value, then such a film cannot be formed and
drop of W phase arises instead on the grain surface (Fig. 8).
All other values of contact angle, different from zero, res
in a qualitatively similar behavior of the system. The on
change is in the local geometry of the phases (i.e. men
and pendular rings).

The implications of this model for a perfectly wetted s
face (zero contact angle) are that wetting phase exists
film on grain surfaces and occupies all grooves, micropo
etc. In particular, this is the case at the beginning of the
bibition simulation, which we take to be the endpoint

a drainage displacement (large but finite value of capillary
presure.) This is the rationale for not modeling grain rough-
ness explicitly, as described above.
d Interface Science 288 (2005) 526–539 531
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4. Pendular rings at grain contacts

Pendular rings play a crucial role in this approach to s
ulating imbibition. Indeed, when W phase saturation is sm
(early stages of imbibition or late stages of drainage),
W phase exists mostly in the form of such rings, which
cupy the space between solid grains (Fig. 9). Moreover, their
geometry is an essential part of the Melrose imbibition
terion. Quantifying their shape as a function of curvature
some detail is therefore necessary.

This is one of the classical problems concerning the c
figuration of a mass of liquid which exists in a gap betwe
two solid surfaces, formulated first by Plateau[46]. Know-
ing all geometric features of such rings, we can inclu
their contribution to imbibition or drainage capillary pre
sure curves (since the curvature defines capillary pres
and total volume of rings defines W phase saturation).
also need to investigate the stability of these rings for
situations: when they are isolated, and when they com
contact with other interfaces. This will establish the ba
for the different pore level physical events that happen
result of the intersection of the interfaces.

Grain particles are assumed to be equal spheres wit
dius R (Fig. 9). The known values are the gaph (half of
the distance between spheres, readily determined from
known locations of the spheres) and the current curvatuC

of the liquid bridge surface (since the curvature (or press
controls imbibition and can be measured). In the Fin
packing, about half the pairs of nearest neighbor grains a
contact, in which caseh = 0. One way to solve this problem
is to approximate the liquid bridge as a surface of re
lution of a circular arc—toroidal approximation[23]. This
approximation admits an analytical solution (i.e. equat
for the shape of the ring) for the givenh andC. Formulas
for h = 0 can be found, for example, in[20,40,52]and for
h > 0 in [29].

The true form of the ring is not toroidal, but can be fou
from the fact that its surface must have constant curva
everywhere. The latter condition produces a surface kn
as thenodoid. Obtaining the features of such a body is n
simple and demands numerical solution of differential eq
Fig. 9. Pendular ring between two equal spheres; we use the term to denote
liquid bridges as well as rings.θ—contact angle;ϕ—filling angle;h—half
the gap between spherical grains.
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tions (Eq.(5)). For the caseh = 0 these calculations wer
thoroughly made by Fisher[16], who has found errors du
to simplified toroidal approximation, and later by others su
as Erle et al.[13], Lian et al.[33], etc. They showed that th
error of the toroidal approximation is no more than 1.5%
liquid neck (which is equal toYA in Fig. 9) and no more than
5% for the volume of the ring. Thus, for the case ofh = 0
the toroidal approximation is adequate for the purpose
simulating imbibition. Forh > 0, however, the error in th
toroidal approximation becomes large (see below), and
nodoid solution is required.

Numerical solutions for the caseh > 0 were found by
several authors[13,33] who examined the behavior of th
liquid drop of fixed volume for different separationss (sepa-
ration is defined ass = R + h). For a given separations and
fixed volume there are two possible curvatures of the r
This also tells that at a given curvature and separation t
is a range of possible volumes of the bridge. Unfortunat
in the drainage or imbibition simulation, the volume of t
ring is unknown and must be found from the given sepa
tion and curvature. The possibility of existence of differ
bridge volumes (and, thus, bridge shapes) can be overc
by choosing the shape which provides the minimal surf
area of the pendular ring (this shape will be preferable fr
the physical point of view, since in the situation of the do
inance of the capillary forces, surface area correspond
the free energy of the system). Mathematically it means
we need to minimize the free energy functional with the c
straint on some other parameters (gap distance, volume,
that define the corresponding parametrical space of equ
rium shapes of the liquid bridge.

This approach leads to the following Euler–Lagran
equation[13]:
√

Fig. 10. Curves of constant separation in filling angle–curvature space. So
zero.
d Interface Science 288 (2005) 526–539

e

)

This equation is integrated for chosen values of curvaturC

and filling angleϕ. Boundary conditions at the pointB are
specified by filling angleϕ and contact angleθ :

(6)XB = R cosϕ, YB = R sinϕ, ẎB = cot(ϕ + θ).

Integration is stopped when the boundary condition at
pointA is met, that is,Ẏ = 0.

Eq. (5) was integrated numerically in its dimensionle
form, that is, forR = 1.0. For the numerical integration o
(5) the predictor–corrector scheme was used, with the
plicit Euler method as the predictor and the trapezoidal
as the corrector. The step-size inX direction was chosen t
be 10−5 to ensure stability of the numerical method.

This technique allows finding the pointA as the point
where the integration is stopped. In the context ofFig. 9,
this is equivalent to finding the separations for the given val-
ues of the curvature and filling angle. Unfortunately, in
drainage or imbibition simulation we are given the values
curvature and separation, and the problem is to comput
value of the filling angle. To resolve this inverse problem,
need to integrate(5) for the whole range(0,π/2) of filling
angles and find the solution which corresponds to the g
separation.

In order to find the set of solutions corresponding to
given values of curvature and separation, we compute
a map of solutions to the Euler–Lagrange equation(5) for
a rectangular grid of values ofC andϕ. Values ofC in the
range(0,20) with the increment of 0.1 and values ofϕ in
the range(0,π/2) with the increment 0.005 were used.

Fig. 10represents the set of solutions to the liquid brid
problem as curves of constant separation, that is, the
tionship between filling angleϕ and curvatureC of the liquid
bridge surface for the fixed value of separations. Solutions

for both toroid and nodoid are shown.Fig. 10illustrates the

ts a
f
(5)Ẏ = − 4Y 2

(K − CRY 2)2
− 1.

fact that for any separation greater than unity there exis
critical curvature for stability of the bridge. For values o
lutions for both true shape of nodoid and toroidal approximation. Contactangle is
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Fig. 11. Critical separation as a f

curvature greater than this critical value the liquid brid
does not exist. For values of curvature less than the cri
value, there are two solutions (two different values of fi
ing angles), one of which (the smaller filling angle—low
branch of the curve) we consider to be mechanically un
ble. This instability is confirmed by the experimental d
[13,36].

In Fig. 10curves for the toroidal approximation are pr
sented also. The error associated with this approximatio
very small for the curve withs = 1.00 (spheres in contac
but increases with an increase ins and is larger for the value
of curvatures near the critical. Knowing whether a bridge
ists at a given grain contact is of obvious importance in im
bition simulations. It is convenient to summarize the locu
critical points fromFig. 10, and this is done in terms of se
aration and curvatures inFig. 11. The curves inFig. 11show
that the toroidal approximation underestimates the valu
critical separation for the given curvature and also the va
of the critical curvature for the given separation. That is,
nodoid still exists (is stable) at the values of curvatures
separations, where the toroid breaks (is unstable).

5. Coalescence of pendular rings

To this point we have considered the liquid bridge
isolation. In dense packings of equal spheres, the ave
sphere has approximately eight contacts that will sup
pendular rings[5]. The presence of multiple rings on a sing
sphere raises the possibility ofcoalescence—intersection of
two or more distinct rings which then merge—as the volu
of the rings increases during imbibition. When this occ
on the three spheres defining a pore throat, it is often ca
snap-off of NW phase, because it leads to full closure of p
throats (bonds of the network—faces of tetrahedral ce
with W phase. The stages of coalescence of pendular r

are shown inFigs. 12 and 13.

This effect was thoroughly analyzed by Haines[24]. Con-
sider three spherical grains, which are in point contact with
n of curvature. Contact angle is zero.

Fig. 12. Initial stage of coalescence. 2D slice of the pore throat by the p
that contains grain centers. The pore throat is the void area within the
of a Delaunay tetrahedron, shown by the grey triangle. Three pendular
just touch each other. W phase is shown by grey color; NW phase—by w
in the middle of the pore throat.

Fig. 13. Final stage of coalescence. Pore throat is full of W phase.
NW phase previously connected via the white “hole” between the ring
Fig. 12has been “snapped off.”

each other. There will be three pendular rings at grain c

tacts. With decreasing curvature (and, thus, increasing W
phase saturation) pendular rings grow and at some point they
will just touch each other (Fig. 12). This leads to the mechan-
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Fig. 14. Distribution of the a priori dimensionless coalescence curvatu
coalescence curvature of about 4.5 corresponds to the case of three g

ical instability of the interface. The rings will spontaneou
coalesce, which, in turn, leads to the complete filling of
pore throat by W phase, causing snap-off of NW phase
this final stage of coalescence the pore throat is full o
phase, which is shown inFig. 13, and the previously contin
uous volume of NW phase now exists in two distinct blo
(not shown).

Using exact calculations of ring geometry describ
above, it is straightforward to obtain thecoalescence cur-
vatures for each pore throat in the packing, i.e. curvature
which neighboring pendular rings will coalesce. The dis
bution of dimensionless coalescence curvatures for the
of zero contact angle is shown inFig. 14. The case with
three grains in actual contact with each other provides
pore throat with the highest possible coalescence curva
For the case of zero contact angle the value is about
Not all throats in the model porous medium are formed
three spheres in contact; most in fact have gaps betwe
least one pair of spheres. The range of relative location
pore-throat-defining spheres accounts for the distributio
Fig. 14.

These coalescence curvatures have a priori chara
That is, they are obtainedindependently of the actual se
quence of pore-level imbibition events, and thus repre
the properties of the pore throats only.

6. Menisci between phases

When W phase penetrates into the packing, it comple
fills some of the pores. In the throats, which connect alre
imbibed pores (filled with W phase) with non-imbibed on
(filled with NW phase), the interface between phases app

in the form of ameniscus (Figs. 5, 15 and 16).

W phase occupies the pore space below the meniscus
pictured inFigs. 15 and 16. The meniscus extends into the
r the pore throats in the Finney packing for zero contact angle. Maximpossible
in actual contact with each other.

e

.
.

t

.

Fig. 15. Pore throat, formed by three grains, which contains meniscu
tween W and NW phases. The meniscus is assumed to havelocally spheri-
cal shape (spherical cap). N is the point equidistant from the grain cen
and lying in the same plane as those centers. Vector ON is perpendicu
this plane. Point O is the center of the meniscus sphere. W phase occ
pore space below the cap; NW phase above.

Fig. 16. Another point of view to the meniscus, shown onFig. 15. Meniscus
touches grain spheres at points K, L and M.

volume between each pair of grains. In fact, in the immed

vicinity of the grain contacts, the shape of the meniscus will
resemble a liquid bridge. Far from the contacts in the vicin-
ity of center of the pore throat, we assume that the meniscus
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has locally spherical shape. That is, the meniscus is assu
to be a segment of a sphere (spherical cap) whose radius
responds to the current curvatureC of the interface (Figs. 15
and 16):

(7)Rmen= 2/C.

The actual meniscus shape will be a hybrid of the sph
cal cap and the pendular ring. The approximation of Eq.(7)
avoids the difficulty of computing the true shape; it is reas
able except at small curvatures (approaching residual
saturation) when it leads to overlap of pairs of menisc
some pores.

The calculations of the geometry of such locally sph
ical meniscus are as follows. We define point N (Fig. 15)
from two conditions. First, it lies in the plane defined by t
centers of three grains, which form the given pore thr
Second, it is equidistant from the centers of these th
grains. Then, the center of the spherical cap (point O
Fig. 15) must lie on the line which contains point N an
is perpendicular to the plane of the pore throat cont
ing N.

Knowing the line ON and the radius of the menisc
sphere, determined by Eq.(7), we can find the coordinate
of the point O from the condition that the meniscus’ sph
intersects these three grains at an angle equal to the s
fied contact angle (points K, L and M inFig. 16). Thus, the
meniscus has a dynamic behavior, that is, its shape and
tion change as curvature changes.

The subsequent computation of the volume of W ph
in the pore throat below the meniscus is straightforwa
though tedious.

7. Melrose criterion for the imbibition of a pore

We are now ready to describe the most important s
in the simulation of imbibition, the definition of the crite
rion for imbibition within a given pore. We use a dynam
approach proposed by Melrose[41]. Having computed the
geometry and location of every pendular ring and menis
in the packing for the given value of current curvature,
determine the configuration of W phase within every po
The simplest possible configuration in a pore is depicte
Fig. 17: a meniscus is present in one pore throat, and
grain contact not associated with that throat supports a
dular ring. If the curvature is decreased, both the pend
ring and the meniscus grow and advance into the pore sp
Their new locations follow from the calculations describ
above. Further decreases in curvature cause further gr
and advance, until at some value of curvature the meni
and ring touch at some point J (Fig. 18) on the surface o
the corresponding grain. An infinitesimal decrease in c

vature leads to the mechanical instability of the interface,
which, in turn, results in the imbibition event: the ring and
meniscus merge to form a single surface, and the NW phase
d Interface Science 288 (2005) 526–539 535

d
-

i-

-

.

Fig. 17. Illustration of Melrose criterion for imbibition. The simplest co
figuration of fluids in a non-imbibed pore is shown. The value of curva
is fixed. A meniscus has reached a stable position in the pore throat fo
by three lower grains. A pendular ring is supported at the contact betw
upper and rear grains. At this value of curvature, the ring and meniscu
separate, independent bodies.

Fig. 18. At a smaller value of curvature than inFig. 17, the ring and menis
cus first come into contact at point J. This results in the instability of
interface and leads to the imbibition event: all NW phase withdraws
W phase completely fills the pore.

spontaneously withdraws from the pore, leaving W ph
completely filling the pore.

The extension of this idea to the other possible me
cus/pendular ring configurations in a pore is straightforwa
At a given curvature and for a given pore, we catalog all
menisci and rings in that pore. For each meniscus, we
for contact with independent rings (i.e., rings held at gr
contacts not associated with the pore throat containing
meniscus). If any of the tests are positive, then the Melr
criterion is satisfied. The pore is then allowed to imbibe
described in Section3.

8. Entrapment of NW phase
During imbibition, NW phase can betrapped inside the
pore bodies, which results in theresidual NW phase satura-
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tion at the end of the imbibition (at zero curvature of bulk
phase). The structure and magnitude of this residual sa
tion are very important and demand separate discussion
phase can be trapped in one pore body or in several neig
ing pore bodies (trapped cluster of pores) due to the loss o
connectivity with the exit pores, i.e. with the pores assum
to be connected to the NW phase reservoir. InFig. 19, one
possible way of entrapment of NW phase is represente
this figure W phase is shown by black color and NW ph
by grey. In configuration I the central and upper pores are
imbibed yet and contain NW phase. Suppose that the u
cell has an exit pore as a neighbor, so NW phase in co
uration I is connected to the NW phase reservoir and
is not trapped. Suppose further that the imbibition event,
cording to the Melrose criterion, occurs first in the up
pore (with the meniscus advancing from the pore, cont
ing W phase, from the right—direction of this moveme

is shown inFig. 19by black arrow). At the same time NW

Fig. 20. Simulations of imbibition in the Finney pack. Increasing the contact
saturation. In this unconsolidated medium, coalescence of pendular rings (s
d Interface Science 288 (2005) 526–539

-

-

r

row). At the moment, when this upper pore is imbibed,
central pore loses its connection to the NW phase rese
and becomes trapped, configuration II.

Thus, using the strategy for the entrapment, descr
above, we obtain residual NW phase distribution.

9. Results and discussion of imbibition simulation

Simulations of imbibition in the Finney packing we
conducted with the algorithms described above.Fig. 20
presents the results of these simulations for different we
bility conditions (different values of contact angle) and a
shows the influence of coalescence. During the simulat
shown inFig. 20, the number of entrance pores chosen w
187 (which is about 10% of the actual surface pores of
Finney pack and corresponds roughly to the geometry
size of the sample, used in the experiments of Haines[24]—

see below). All the actual surface pores of the packing were

eser-

f NW (not
meniscus

hase in the
es trapped,
.

phase in the upper pore retreats into NW phase reservoir (the
direction of this movement is shown inFig. 19by grey ar-

chosen as exit pores (that is, connected with NW phase r
voir).

Fig. 19. One of possible ways of entrapment of NW phase. In configuration I, both pores containing NW phase are connected to the reservoir o
shown). An imbibition event occurs in the upper pore containing NW phase before the central pore. Thus it imbibes first, in this case with the
advancing from the pore, containing W phase, at the right. The direction of the W phase meniscus movement is shown with black arrow. NW p
upper pore retreats into NW phase reservoir—the direction of this movement is shown with grey arrow. Thus NW phase in the central pore becom
configuration II. This is the situation for most of the residual NW saturation, though many clusters of several pores containing NW also get trapped
angle reduces the curvature at which percolation occurs and reduces residual NW
nap-off) does not affect the macroscopic behavior.
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9.1. Effect of contact angle

Fig. 20 illustrates strong dependence of the imbibiti
on the wettability of the packing. W phase connectivity
also important. Two curves with the same value of con
angle, equal to zero, but different W phase connectivity
hibit a shift of about 1 dimensionless unit of curvature. T
curve for zero contact angle with disconnected W phas
intended as a limiting case. It corresponds to two poss
situations. In one, the wetting phase films on grains do
allow the movement of W phase on the time scale of the
periment. That is, the time interval between increment
the curvature is long enough for the bulk W phase to imb
from one pore to the next, but too short for appreciable fl
through thin films. In the other, thin films are absent fro
grain surfaces and contact angle is finite but not experim
tally distinguishable from zero.

At larger values of contact angle, W phase can
come completely disconnected, because thin films ca
be formed. Larger contact angles lead to smaller imbibi
curvatures, and the percolation threshold in the imbibit
curve shifts to smaller curvatures. Another effect of the
creasing value of contact angle is thedecrease of the value
of residual NW phase saturation. There are two cause
this decrease: (1) the decrease in thenumber fraction of the
pores which contain residual NW phase, and (2) the incre
in the volume of W phase, neighboring to the trapped po
The reason for the latter is that, since for the higher con
angles imbibition happens at lower curvatures, menisci
pendular rings can grow further into the pore space and
cupy more pore volume.

9.2. Effect of snap-off
Fig. 21. Comparison between predicted imbi
d Interface Science 288 (2005) 526–539 537

nectivity, which should increase the likelihood of entrapm
of NW phase. This qualitative argument has led to the c
ventional wisdom that these snap-offs are a key mecha
affecting the value of residual NW phase saturation. But
results of simulations presented inFig. 20 show that in an
unconsolidated bead pack snap-off has negligible effec
any value of contact angle. This is readily explained by co
paring the values of coalescence curvatures to the curva
at which the main portion of imbibition events happens. T
distribution of coalescence curvatures was shown inFig. 14
for zero contact angle. No coalescence can occur unti
curvature falls to about 4.5. But the percolation threshold
imbibition at zero contact angle is at a curvature of abou
Fig. 20. Thus, when the curvature becomes small eno
for coalescence to happen, most pores in the packing a
ready imbibed or trapped, and few throats will contain N
phase. Thus the effect of coalescence on the imbibition c
is imperceptible. This conclusion is specific to uncons
dated packings; in future publications, we will describe
role in consolidated materials.

9.3. Comparison of predictions and experiments

The comparison between predicted capillary curves
experimental data is presented inFig. 21. The predictions
were made with conditions consistent with those reported
the experiments. Initial dimensionless curvature equals
value of contact angle is zero; number of cells connec
with W phase reservoir is 187; actual surface cells of Fin
packing were taken as exits in order to define trapping c
rion for NW phase. In this initial state, W phase was tak
to exist only as pendular rings at the initial curvature.

For the comparison, we took data from the class

works of Haines[24] and Leverett[32]. Haines performed

of
ces,
Since coalescence of pendular rings leads to the closure
of pore throats to NW phase, it diminishes NW phase con-

imbibition experiments in “glistening dew,” glass beads
diameter 0.38 mm. He observed thin films on grain surfa
bition capillary curves and experimental data.
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Fig. 22. Influence of wettability. Comparison betwe

indicating the value of contact angle was zero, though the
draulic conductivity of these films is unknown. The ratio
entrance to internal pores in the sample was about 0.1 (w
is taken as the ratio of surface to volume grains in the s
ple); we took the same ratio of pores for the Finney pack
in our simulations.Fig. 21shows good agreement betwe
prediction and experimental data by Haines. In order to e
mate the influence of hydraulic conductance of thin films
grain surfaces, two predicted curves are shown inFig. 21:
one for the complete W phase conductivity and the othe
the case of completely disconnected W phase (as discu
above, both curves are for zero contact angle).

FromFig. 21we can see that Haines’ data generally fal
between those two predicted curves. This suggests the
nectivity of W phase during the experiment was intermed
between the two extremes modeled. A possible physica
terpretation is that when bulk W phase advances to with
short distance from a pendular ring (but does not touch
flow through thin films is fast enough to connect the pend
ring to the bulk W phase. Thus at each step of the imbibit
a fraction of the rings would adjust their shape to the cur
curvature. For the upper curve inFig. 21, all the rings adjus
their shape; for the lower curve, none do.

Data from Leverett[32] for unconsolidated sand are al
shown inFig. 21. Though we do not know wettability con
ditions during the experiment, his experimental points
closely both to the predicted curves and data from Hain
experiments, which also supports the presented approa

The predicted influence of wettability on the imbibitio
capillary curves, shown inFig. 20, needs to be compared
that observed during experiments performed in media w
independently measured value of contact angle. Such a
parison is shown inFig. 22. Presented in this figure are th
predicted curves for different values of contact angle and
perimental curves, obtained by Morrow et al.[44] for the
water–decane imbibition in a sample of crushed dolom

The wettability (value of advancing contact angle) in their
experiments was controlled by the concentration of octanoic
acid in the decane (which was a nonwetting phase).
edicted imbibition capillary curves and experimental data.

d

-

-

Pore dimensions in the crushed dolomite evidently di
from those in a random packing of spheres of compar
size, perhaps due to the angularity of the dolomite. Drain
in their experiments occurred at the dimensionless cu
ture of about 4, a substantially smaller value than in
random sphere packs (see, for example,[9]). Similarly, the
predicted imbibition curve for zero contact angle is a
larger dimensionless curvature than the experimental
Nevertheless, qualitative comparison can be done. InFig. 22
the experimental curves shift down to the smaller cur
tures at the larger contact angle, similar to the shift in
predicted curves. Traditional applications of the law of c
illarity would predict a shift directly proportional to the rat
cosθ1/cosθ2. The observed shift is much larger and is si
ilar to the predicted shift. This result strongly supports
validity of the Melrose criterion for imbibition. Other cr
teria that depend on pore geometry (Haines’ insphere[22],
Eq. (2); Mason and Mellor[37], Eq. (3)) will vary essen-
tially linearly with cosθ . Moreover, the smaller value of th
residual NW phase saturation at higher contact angle is
consistent with the predictions. The results of other exp
ments, obtained for different types of porous media (Morr
and Mungan[43] (teflon), Harris et al.[25] (crushed galena)
also qualitatively support the predicted influence of wetta
ity.

10. Conclusions

In this work we present a method of simulating w
ting phase imbibition using a physically consistent dyna
criterion for the imbibition of a single pore. Originally pro
posed by Melrose[41], the criterion is purely geometrica
and thus allows a priori predictions of imbibition curve
Moreover, the influence of different conditions and phys
phenomena, such as wettability, hydraulic continuity of w

ting phase and coalescence of pendular rings (snap-off), can
be predicted quantitatively. We illustrate these influences in
a simple unconsolidated porous medium the detailed geom-
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etry of which is already known. Hydraulic continuity an
coalescence affect predicted capillary curves only sligh
The Melrose criterion leads to a stronger dependence
wettability (nonlinear in cosine of the contact angle) th
expected from usual applications of the law of capillarity
also predicts that the magnitude of residual NW phase
uration decreases as contact angle increases. Experim
data presented in the literature are consistent with all th
predictions. We conclude that the Melrose criterion refle
the relevant physical processes during imbibition in an
consolidated medium, and that it therefore warrants fur
testing in geometrically detailed descriptions of other ty
of porous media.
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