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Abstract

In this work we challenge the assumption that the capillary entry pressures for displacements in three-phase flow are the same as those
in two-phase flow. Using an energy balance, as derived by R.P. Mayer and R.A. Stowe (J. Colloid Interface Sci. 20 (1965) 893-911) and
H.M. Princen (J. Colloid Interface Sci. 30 (1969) 69-75; 30 (1969) 359-371; 34 (1970) 171-184) for two-phase flow, we derive a general
formula for determination of the capillary entry pressures for piston-like displacement of two bulk phases in a pore where a third phase
may also be present. The method applies to capillaries of angular cross-section and uniform but arbitrary wettability. To use this method
we have determined all possible underlying phase occupancies in cross-sections on either side of the main terminal meniscus, in particular
the presence of corner arc menisci (AMs). Indeed, the capillary entry pressures for piston-like displacements depend on the pressure in
the remaining third phase if the cross-sectional fluid configurations contain this phase. This dependence only vanishes when layers of the
intermediate-wetting phase completely separate the wetting and the non-wetting phases. The complexity of the corresponding equations an
the quantitative effects are studied using two different geometries, the equilateral triangle and the rhombus. The main difference is that the
latter geometry has unequal corners, which may carry different AMs. We have carried out a limited sensitivity study with respect to the effect
of wettability, the spreading coefficient of the intermediate-wetting phase, and the aspect ratio of the principal radii of the rhombus.
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1. Introduction is therefore called the MS-P method. This powerful method
equates the virtual work carried out by the main menis-
Many studies show that the wetting phase is often presentcus between the two phases and the change of surface free
in the corners and roughness of pores (see, e.g., [1]), everenergy related to the corner fluid—fluid menisci and fluid—
if the bulk of the pore is occupied by a different phase. In solid contacts. The approach was later applied to different
two-phase flow we may have a non-wetting bulk phase with pore cross-sectional geometries, non-zero contact angles,
the wetting phase in corners, while in three-phase flow both and contact angle hysteresis within a single pore [9-14].
the non-wetting and the intermediate-wetting phase may beFor three-phase flow the fluid configurations have been cal-
present in the bulk of the pore [2,3]. For the latter, the culated for various geometries, mainly for the sake of de-
intermediate-wetting phase may be present as a layer thatermining volumes and effective conductances (see, e.g.,
separates the wetting and the non-wetting phases even und€n 4,15]), depending on the actual pressure differences, hence
nonspreading conditions [2,4]. radii of curvatures of the fluid—fluid menisci. These configu-
For two-phase flow the possible fluid configurations and rations may be complicated by the presence of a layer of the
the corresponding capillary entry pressures for piston-like jntermediate-wetting phase. Necessary conditions for the ex-
displacement in pores with various geometries have beenjstance of such layers in corners have been derived by Fen-
worked out by a number of researchers. The_orlgmal method ick and Blunt [2] and Firincioglu et al. [16], although some
was derived by Mayer and Stowe [5] and Princen [6-8] and 5rqe that these layers may not exist for realistic pressure

combinations [17].
* Corresponding author. . Howevgr, o) far true three-phase capillary entry condi—
E-mail addressrink@pet.hw.ac.uk (M.1.J. van Dijke). tions for piston-like displacement have never been consid-
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ered. In pore-scale modeling of three-phase flow it is com-

monly assumed that three-phase displacements can always

be described as combinations of two-phase displacements. )
More specifically, the capillary entry pressures for displace- i

ments in three-phase flow are assumed to be the same as 17
those in two-phase flow [18—25], hence calculation of two- 1 2
phase capillary entry pressures would be sufficient.

In this work we challenge this assumption, supported by
observations in the micromodel experiments carried out by
Sohrabi et al. [26,27]. In these experiments, displacements
between two bulk phases take place in the presence of a cor-
ner film of the third phase, which can have different thick-
nesses, i.e., different pressures. To calculate the capillary en-
try pressures for piston-like displacement of two phases in
the presence of the remaining third phase, we extend the
MS-P method to three-phase flow. Thus, we formulate the
balance of virtual work and change of surface free energy )
for a small displacement of a truly three-phase fluid config- _
uration at capillary equilibrium in a single pore of angular Y
cross-section. We allow arbitrary values of the contact an-
gles, but assume that these are constant throughout the pore.

Extensions to nonuniformly wetted pores and contact angle
hysteresis can then easily be made based on the available
work in two-phase flow [12,13].

In Section 2.1, we first determine which fluid configu-
rations are possible, including layers of the intermediate- i
wetting phase. Section 2.2 describes the actual derivation N
and provides a general formula for calculating the radii of ©
curvatures, hence capillary entry pressures. Additionally, we Fig. 1. Possible three-phase configurations in the corner of a pore, with
indicate under which conditions the resulting pressures are(a@) bulk non-wetting phase 1, (b) bulk intermediate-wetting phase 2, and
allowed. In Section 3 we apply this formula to the specific (¢) bulk wetting phase 3 only.
cross-sectional geometries of an equilateral triangle and a
rhombus, where the latter has the complication of different interfaces separating phasesand j, and the pore wall.
sized corners and hence different corner fluid occupancies.Taking co®;; > 0, i.e.,6;; < 7/2, phasg is indeed wetting
As such, the rhomboidal tube can be used as a model pore irrelative to phasé. Furthermore, we assume that the entire
network models, where it is important to simulate the vari- pore is uniformly wetted, i.e., that the oil-water contact
ation of corner wetting films as a function of the pressure angle is the same for the solid surface surrounding the entire
in these films, while the corresponding three-phase capillary pore and that also the remaining contact angles are constant
entry pressures can still be calculated explicitly. throughout a pore.

According to the wetting order the center or bulk of the
pore is occupied by the most non-wetting phase, i.e., phase 1

2. Derivation of capillary entry pressures if present, otherwise phase 2 if present, while phase 3 can
only occupy the center if both phases 1 and 2 are absent.
2.1. Three-phase fluid configurations On the other hand, each individual corner may be occupied

according to the seven configurations sketched in Fig. 1,
To determine the capillary entry pressures for piston-like where the most wetting phase that is present occupies the
displacement in a three-phase system (say water—oil-gas)tip of the corner. In a corner, the interfaces separating the
we first analyze the possible phase occupancies of a singlevarious phases are denoted as arc menisci (AM). Assuming
pore. We assume that the pore is a capillary with polygonal for the moment that a particular AM separates only one
cross-section; i.e., individual corners as sketched in Fig. 1 corner from the center of the pore, i.e., AMs from different
can be distinguished with corner half angle< /2. At corners do not interfere, the occupancy of an entire pore
capillary equilibrium the pore cross-section may be occupied cross-section is determined by the bulk phase occupancy and
by one, two, or all three phases, numbered as 1, non-the occupancies of the individual corners. In Section 2.2 we
wetting; 2, intermediate-wetting; and 3, wetting. The wetting comment on the case when the AMs do interfere.
order is determined by the respective contact anglgs The actual existence of corner occupancies as sketched in
ij = 12 13,23, measured through phage between the  Fig. 1 requires that the sketched AMs geometrically fit in the
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A

corners. Therefore, a first simple condition for the presence
of an interface between phaseandj is that

b/
bij < 2 V. (1)
Consequently, for a given bulk phase the configurations in
Fig. 1 are mutually exclusive, except configurations 3 and 4
of Fig. 1a. For example, with bulk phase 2 we have either
012 > /2 — y, yielding configuration 1 of Fig. 1b, @2 <
/2 — y, yielding configuration 2 of Fig. 1b. With bulk
phase 1 and all three contact angles satisfyines 7 /2—y,
an additional condition is needed for the presence of an
intermediate-wetting layer as sketched in configuration 4 of
Fig. 1la. Fenwick and Blunt [2] and Firincioglu et al. [16]
have formulated the following necessary purely geometrical
condition for the existence of such a layer,

cog012+y) i
r23 _ 08023+ 7) if 623 < 012,

< iy (2)
2 2&3;57_2225 if 023 > 012,

provided thabi, andfa3 satisfy condition (1). In condition
(2) r;; denotes the radius of curvature for the AM between

i\ ]
3

1
2

i 3
phases and; (see also Fig. 3). ﬂﬁ

1

2

Notice that we assume that only convex interfaces occur,
defining convex as sketched in Fig. 1, since concave AMs

generally do not arise from realistic displacement processes 5
in uniformly wetted pores [13]. Consequently, we consider

2
1 \

only positive radii of curvatures;;, when defined as in > A 3 A

Fig. 3. Furthermore, if an interface can exist in a particular 3 2 N

corner, its radius of curvature is bounded from above, 1 N\ 3

because for too large radii AMs from different corners ﬂ 1

coalesce. B B

For the piston-like displacement of one bulk phase by an- ()

other, we consider all possible pairs of cross-sectional fluid
configurations with different bulk phases in a single pore.

3 A
2
Obviously, the two bulk phases must meet somewhere in-
side the pore and are said to be separated by a main termi- 1 2 B
nal meniscus (MTM). Furthermore, corner phases surround-
ing the bulk phase may lead to additional menisci at the 3 .

MTM. To categorize these pairs of fluid configurations we
again consider each corner of the pore separately and take ©
a slice along the, por.e from the Ce_mer into one of the cor- Fig. 2. (a) Cross-section of a triangular pore showing the line A-B through
ners, as shown in Fig. 2a for a triangular pore. Then, the ywhich a slice along the pore is taken. (b) Possible equilibrium fluid con-
possible pairs of configurations are sketched in Fig. 2b. For figurations in the indicated slice of the pore. (c) Possible equilibrium
example, configuration 4 of Fig. 2b combines corner fluid fluid configuration in the slice through A-B—C in the triangle of Panel a,
configuration 3 of Fig. 1a to the left and configuration 1 of combining con.figurations 5 and 6 of Pgnel b. In configurations 1 and 2 of
. . . Panel b, phase is non-wetting to phasg, for the possible combinations
Fig. 1b to the right of the curved interface between phasesl.j —12 13 23,
1 and 2. Pairs of corner configurations are not permissible
only if one corresponding corner fluid configuration has the
wetting phase 3 in the corner, which the other cannot have Due to the possibly complicated geometry of the pore
on the basis of condition (1). This excludes combination of cross-section, the precise shape of the MTM is unknown.
configuration 2 of Fig. 1a and configuration 2 of Fig. 1b, as However, this does not affect the analysis below as only
well as combination of configuration 4 of Fig. 1a and con- the corresponding effective radius of curvature is important
figuration 1 of Fig. 1b. Obviously, if the various corners of a for the capillary entry pressures. Observe that in each of
particular cross-section are different, the pairs of configura- configurations 3, 4, and 5 of Fig. 2b three different menisci
tions may be differentin each corner as illustrated in Fig. 2c can be distinguished as well as a three-phase (fluid—fluid—
for two corners in an arbitrary triangle. fluid) contact line.
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Since we assume capillary equilibrium between the

phases, the effective radius of curvatuyre of a meniscus
is determined by the differenc&; = P, — P; between the
pressures of phaseésand j on either side of the meniscus
through the Laplace equation

o
Py = 3)

r,'j
with ij = 12, 13, 23, whereo;; denotes the interfacial ten-
sion. Furthermore, by definition we have

P13= P12+ Po3. 4)

Obviously, an AM far away from the MTM is only curved

in the cross-sectional plane of the pore as sketched in Fig. 1
and forms the arc of a circle; therefore, the corresponding
ri; is the radius of curvature in this plane. Since we assume
that the pressure differences do not vary along the pore, the
effective radii of curvature;; of the same type of fluid—fluid
interfaces are identical, in particular of the MTM, despite its
possibly complex geometry.

(b)

2.2. Three-phase Caplllary entry pressures Fig. 3. (a) Cross-sectional areqaf?‘) occupied by phasg in cornera in

the presence of bulk phage The lengths of the surrounding fluid—solid
The described equilibrium fluid configurations with pairs and fluid-fluid contacts are indicated a!:é"‘l; and L(‘fl.)j, respectively.
of different bulk phases and j, separated by a MTM, are (b) Generalization if phasg occupies multiple corners.
taken as the configurations during a piston-like displace-
ment. The capillary entry pressufg ;; associated with this  \yherer, denotes the total length of the pore walls ang
displacementis then taken as the equilibrium pressure d!ﬁer'andajs denote the surface tensions for phasead .
ence between the two involved bulk phases, which is given |t aqditionally one corner, indicated as of the pore con-
by its effective radius of curvature; at the MTM through tains AMs on one or both sides of the MTM, both the virtual
Eq. (3). We assume that the shapes of the menisci do not deyyork and the surface free energy change are adjusted as fol-
pend on the direction of displacement, i.e., we neglect con- |o\ys. As an example we assume that the corner has fluid con-
tact angle hysteresis. figuration 5 of Fig. 2b. First, we define the cross-sectional
To derive the effective radii associated with the capillary areaA}‘?‘) occupied by phasg in cornere in the presence
entry pressures, we equate the virtual wdik and the  of pylK phasei and the lengths of the surrounding fluid—
change of surface free energyF" [28], when moving the  soid and fluid—fluid contacts®); andL'®). as indicated in

MTMs by a small distance/x in the direction along the  Fig. 3a. Then, the virtual work expression (5) changes into
pore. First, we consider what the balanceWfand AF

would be if the pore cross-sections on either side of the w = (Pjp4 — pleg’é) + p13(A§°é> _ A(l"é)))dx, (7)

MTM were occupied by the respective bulk phases only. ) i )

Then, we adjust this balance for the presence of AMs, hence@S phase 1 does not displace phase 2 in the cross-sectional

additional phases, in the corner. For the moment we assumeareaAsy, but phase 1 does displace phase 3 in the area

that a particular AM separates only one corner from the bulk Ag)é) — A(l”é). Furthermore, the expression for the surface free

of the pore; i.e., AMs from different corners do notinterfere. energy change (6) is adjusted to

Our analysis employs the same technique as that of Mayer

and Stowe [5] and Princen [6-8], but for three phases. AF = ((o15 — 025) Ly — abLgf‘l)3 + azng‘f‘2)3
If the pore cross-sections on either side of the MTM are

_ @ @ @
occupied by the bulk phasésand j only as in configura- 035 (Li'23 = Ly1g) + 013L 713 — 028L f'3) dx.

tion 1 of Fig. 2b, the virtual work is simply given by (8)
Equation (8) follows by considering that the fluid—solid con-

W= PijAdx, () tacts for phases 1 and 2 do not change albffg andL %),

whereA denotes the cross-sectional area of the entire pore_re(spectively, but the contact of phase 3 does decrease along

The Change in surface free energy is given by LS(,x2)3_ LS‘])S Furthermore, since on one side of the MTM an
AM between phases 1 and 3 is present, which extends along
AF = (0js —0js)Lsdx, (6) the pore, and on the opposite side an AM between phases 2
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and 3 is present, which shrinks, the energy changes with theNotice, that if an interface |s absent in corngr A@ =

respective fluid—fluid contacts of Iengﬂfy 13 andL(o‘%3 L = Lgf‘) =0, hencegg® =
Using definition (4), expression (7) reduces to Furthermore, with expressmns (16), Eq. (15b) reduces to
W = (P12A — P13Al”§ + stAéoé)) dx. 9) 2@ (r.0) = — A, 9)' 17)
Furthermore, we employ Young'’s equation o g ] ]
Considering Eq. (14), we find that the first term reflects
0;j COSH;j = 0js — 0 s (10) the energy balance for the bulk phase displacement if no

AMs are present. The second term reflects the energy

to red ion (8) t X
0 reduce expression (8) to balance related to the AM surrounding bulk phase 1 and

AF = (012€08012L; + 013(L %3_003913% 13) the third term reflects the energy balance related to the
@) @) AM surrounding bulk phase 2. Since we assume that the
- 623(Lf 237 003923L ))dx (11) AMs from different corners do not interfere, Eq. (14) can

Notice, that combination of Youngs equation (10) for the now easily be generalized for a piston-like displacement of
three fluid pairs results in the equation of Bartell and Phases and; in a pore withn corners
Osterhof [29] n
.. 0 — (@)
013C0SH13 — 012 COSH12 — 023C0p3 = 0, (12) Uz]g(ru,ez]) 2;({0’128 (r12,612)
o=
which relates the three fluid—fluid contact angles and the

. . . + 0138 (r13.013) + 0238 (r23. 023 } g
three interfacial tensions.

Hence, if the pore contains AMs in one correonly, + {‘712g(a)(712f 612) + 013 (13, 013)
with configuration 5 of Fig. 2b, the energy balari¥e= AF (@) ) _
+ o ro3, 0 . =0, 18
for a displacement of the MTMs by a small distantein 2387 (r23 23)}3'de/ (18)
the direction along the pore would be where sides and j indicate the sides of the MTM where

bulk phase$ andj, respectively, are present.

() ()
(Pr2A — P13AY3 + PasAgg)) dx For a given geometry and a set@f and¢;;, Eq. (18)

= (012C08012L4 —}—0'13(L(;’?.3— cosf13L ;) yields a relation between the three radii of curvatue
ij = 12,13 23. Combination of Egs. (3) and (4) provides
(L')5— cosd L("‘) ))d (13) . ; i
023 L3 235 23)) AX. an additional relation between the three radii,
Using Eq. (3) for the various pressure differences, we may 013 _ 012 | 023
te Eq. (13 oo (19)
write Eq. (13) as ri3  ri2 r23
0128(r12.012) — 0138 ? (r13.013) + 0238 @ (r23.623) =0, which reduces Eq.“(18) to a functional relation between at
(14) most two of the radii of curvature.

Since the pressure differencBs between the phases can
directly be expressed in terms of the corresponding radii
of curvature through Eqg. (3), we find eventually a relation

A .
g(r,0) == _0059 Ly, (15a) between the pressure difference between the bulk phases
and one of the remaining pressure differences. The pressure

whereg andg® are purely geometrical functions, defined
as

A®(r, 0) diff b he bulk ph is then tak h
(@) _ ) (@) _ (@) ifference between the bulk phases is then taken as the
gr(ro)= r + Lf (r,6) — €0sH L;(r, 6), capillary entry pressurg, ;; for piston-like displacement of
(15b) phases and j, which may vary with one of the remaining
with A@ @, 6,) = A(oz)’ L(“)(rl,, 6;) = L@ and pressure differences. The latter reflects the pressure in the

S third remaining phase, relative to the bulk phase pressures,
(@) _ (oz) (@)

Ly (rij. 6ij) =Ly ObV'OUS|y g** additionally depends more specifically, the pressure in the corner wetting phase 3

oln the half angIQ/("‘) of the corresponding corner. A ba-  for bulk phase displacement of phases 1 and 2 or the pressure

sic trigonometric exercise on the corner geometry shown in jn the layer of intermediate-wetting phase 2 for bulk phase

Fig. 3a gives displacement of phases 1 and 3. In other words, given the
% pressure in the remaining third phase, Egs. (18) and (19)
A — r2<9 +y@ T + Cos@(L — sin@)), provide the means to calculate the corresponding capillary
2 tany ) entry pressure of the bulk phases.

(16a) Obviously, obtaining a functional relation between two

L@ _ Zr( cosy in0> (16b) of the radii of curvatures is subject to a number of physical
s tany @) ’ and mathematical restrictions. The mathematical restrictions
@) T @ deal mainly with the issue of existence and uniqueness of
Ly = 2r< 0~y ) (16c) solutions of Egs. (18) and (19). We do not derive a general
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theory, but address this for specific cross-sectional geome-3. Resultsfor specific geometries
tries in Section 3. With respect to uniqueness, in many cases

Eqg. (18) depends only on two of the radii and then contains 3-1. Equilateral triangle
quadratic expressions for each of these radii. This means that
at most two solutions are found of which one can often be ex-

cluded by the physical restrictions on the that they must eral triangular cross-section. This shape of pore has often
. . ) been taken as a model pore and two-phase capillary entr
be positive and bounded from above, as described in Sec- P P pirary y

conditions were derived by Ransohoff et al. [10] and Ma
tion 2.1. We define® as the maximum allowed radius, Y L10]

; X ) X et al. [13]. By definition, all corners in this pore are equal,
i.e., for which all AMs of a given type coalesce. At this ra- which greatly simplifies the analysis. For an equilateral tri-

dius the surrounding corner phase snaps off the bulk phaseang|e with sided, i.e.,y = /6, we haved = (v3/4)d?

on one side of the MTM and the anticipated piston-like dis- Ly =3d, and the geometrical functions for the corners are
placementis no longer possible. In other words, the pressuregiven by Eqs. (16). Using Eq. (20) we find

in the surrounding phase relative to that in the bulk phase i

becomes too high to sustain a configuration with that bulk ,max _ r 7 (21)

phase in the center of the pore. For most regular geometries cost — (+/3/3) sinb

ri7® can easily be calculated, considering that at this radius o re,in — (V/3/6)d is the radius of the inscribed circle of

the bulk phase is no longer in contact with the pore wall, i.e., {1 triangle.

the total length of fluid—solid contact vanishes: For piston-like displacement of phaseand j in the ab-
sence of a third phase, as in configurations 1 and 2 of Fig. 2b,

First, we apply the above theory to a pore, with equilat-

Ly—Y L& =0 (20)  Eq.(18) reduces to
“ 3
i i axX s infinite i i oij | &(rij 9:")—Zg(“)(ri‘ ;)| =0 (22)
(see Fig. 3). Notice thai{}‘ is infinite if according to con- J A ‘ AR ’
o=

dition (1) no AMs can exist in any of the corners. The same
restriction applies foro3 when a layer of phase 2 is present. Whereg® = 0 for configuration 1 of Fig. 2b. Obviously,
Similarly, the pressure in an intermediate-wetting layer Ed. (22) depends on only one type of raditis and its
can be too high relative to the pressure of either the sur- solution does not depend an;. Interestingly, if a layer
rounding wetting phase or the enclosed bulk phase. This©Of phase 2 is present in all corners, as in configuration 6
is particularly important for displacements in configurations Of Fig. 2b, we also find Eq. (22), foij = 12, since the
such as 7 and 8 of Fig. 2b. Ifthe pressure in phase 2 become§ontributions @ related to the AMs between phases 2 and 3
too high, phase 2 entirely separates phases 1 and 3 an@®" e|ther s@e of the_MTM canqel. Using expressions (16),
piston-like displacements can occur in two steps only, i.e., e readily find the simple solution of Eq. (22), denoted as

h . : . . 5., as [10,13]
phase 1 displacing phase 2 and phase 2 displacing phase 3
(compare micromodel experiments of Keller et al. [30]). n it 0 -
A layer of intermediate-wetting phase 2 may form under y ppe LU - &
s _ cose,,+\/(1/J§)(n/3—9,,+5|n9,, cost; ) (23)
the conditions formulated in Section 2.1. When the config- "ij = Jin . .
urations with and without a layer can both occur, it is likely 2co9; if 0; > 3.

that the configuration with the lowest capillary entry pres-  The presented solution fék; < 7/3 is the only one of
sure, hence smallest equilibrium pressure difference, occursihe possible two that satisfiesDr;; < rM@. Obviously,
since the latter is directly proportional to the free energy of this solution does not depend on any of the other radii, i.e.,
the system, as shown in the above derivations. the corresponding.;; is independent of the pressure of the
Finally, Eq. (18) can in principle also be applied in cross- remaining third phase. The latter is the common assumption
sections where AMs from different corners may interfere. for displacements in three-phase flow [18-25]; therefore,
In this case, the index refers to each distinguishable AM, Eq. (22) is the basis of all capillary entry pressures employed
which separates bulk phagefrom phase; residing in a in the three-phase flow pore-scale models described in the
combination of corners, as shown in Fig. 3b. Then, the mentioned references. However, in general we find more
effective half angles @ is found as the half angle between complicated expressions if we allow the third phase to be
the slopes of the pore wall at the two positions where the AM present in the pore.
touches the pore wall. The area and lengths of fluid—fluid ~ The radii of curvature associated with piston-like dis-
and fluid—solid contacts are taken as indicated in Fig. 3b. placement of phases 1 and 2 in the presence of phase 3, as in
Obviously, determining which corners or combinations of configurations 3, 4, and 5 of Fig. 2b, follow from Eq. (18) as

corners are occupied for a given radius of curvature is in 3
general a nontrivial exercise. Furthermore, Eq. (18) applies o1,g(r12, 612) — 2(0135'(“)(7137 613)
in principle to any cross-sectional shape as long as the a=1

effective half angle can be determined. — azgg("‘)(rzg, 923)) =0, (24)
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where the contributiong® corresponding to13 and r»3 Table 1

vanish for configurations 3 and 4 of Fig. 2b, respectively. Fluid—fluid parameters (interfacial tensions, contact angles, and spreading

Obviously this equation depends on more than one radiuscoefﬁcien'{ for phase 2(; ) for calculation of the relations between
o . the various radii of curvature at the entry conditions for piston-like dis-

of curvature; therefore, the capillary entry pressie >

) placement between phases 1 and 2 (1 displ. 2) or phases 1 and 3 (1 displ. 3)
depends on the pressure of phase 3. Since no AM between o

phases 1 and 2 occurs, Eq. (24) can be rewritten usingCase 532 52 12 613 3 o2 ldFig-l ) 1?9-' .
Egs. (14), (15a), and (19) as (1 displ. 2) (1 displ. 3)
06 16 0 0 0 0  2b5/2b6  2b2/2b8

08 16 0663 0593 Q8 —-0.2 2b5/2b6

06 16 O 0925 12 O 2b2/2b4 2b2/2b7
08 12 132 O 0 -06 2b5

16 08 116 0487 15 -18 2b4

16 08 144 0341 10 -18 2b5

3
013 (g (r13,619) — Y _ ¢ (r13, 913))

a=1

OO bhWNBRE

08 16 0699 0373 Q5 -0.2 N/A

. . . Note Cases 1 to 6 correspond to a pore of triangular cross-section and case 7
Equation (25) consists of two terms of which each dependsto a pore of rhomboidal cross-section. Furthermore, the figures are indicated

on one rqdius of Curvature' only. Moreover'- if one radius, which reflect the corresponding corner fluid configurations.
representing the pressure in phase 3 relative to one of the

bulk phases, is given, the remaining radius in Eq. (25) can 3 _ ; reflecting the situation in water-wet pores. For cases
be calculated. Notice that each of the terms in Eq. (25) has5 and 6 we take the wetting orderg, 2= w, 3= o

the same form as that in Eq. (22). With expressions (16), eflecting the situation in oil-wet pores with water wetting to
Eq. (25) can be formulated as a quadratic equation for one of g5 These orders are also in agreement with the most likely
the radii, which has an explicit butlengthy solution. Eq. (19) scenario in which the gas—water interfacial tension is larger
now yields the desired radiuts;. than the remaining two.

Similar to Eq. (25), we find for the displacementof phases £y rthermore, we have chosen the interfacial tensions such
1 and 3 according to configurations 7 and 8 of Fig. 2b that the spreading coefficient of the intermediate-wetting
> phase 2C, » = 013 — 012 — 023, is less than or equal to zero,

3
=023 (g (r23,629) — ) ¢ (r23, 923)) : (25)

a=1

reflecting conditions of thermodynamic equilibrium [28].
In fact, the remaining spreading coefficients,1 = o023 —
) o012 — 013 and C, 3 = 012 — 013 — 023, Satisfy the same

3
012 (g (r12,612) — ) ¢“ (r12, 612)

a=1

(26) condition. If C; 2 = 0, phase 2 separates phases 1 and 3 at
least by a molecularly thin spreading film.

In Fig. 4 we present the normalized radii of curvature for
X A > piston-like displacement of phases 1 and 2. For example,
for configuration 7 of Fig. 2b. in Fig. 4a, where the parameters of case 1 apply, we have

For a series of fluid—fluid parameters, which are given in calculatedpys as a function ofozs using Eq. (25). Then

TabJe 1, we have calculated Fhe relations petween the_various:p12 follows from Eq. (19). This solution is based on corner
radii of curvatures. The radii are normalized @as= r/r".

: ' | ; fluid configuration 5 of Fig. 2b. Because this solution is
In Table 1 the ratios of the interfacial tensiof®/o23 and not constant, the corresponding capillary entry pressure
o13/023 are specified, as well as the contact angigs

‘ ; > P. 12 varies, not monotonically, with the pressure in the
Obviously, given two of the contact angles, the remaining qrner phase 3, reflected by the pressure differehPee

third must satisfy Eq. (14). The actual choice of values of corresponding tg;3. On the other hands, is the simple

contact angles further obeys the linear relations [31,32] solution given by the first expression in Eq. (23), assuming
that a layer of phase 2 separates phases 1 and 3 as in

3
=—023 (g (r23,629) — ) g'“(r23, 623)

a=1

where the contributioz® corresponding to3 vanishes

COgo = E{Cw COSBow + Cs.0 + 20go}, (272)  configuration 6 of Fig. 2b. The corresponding capillary entry

i pressure does not depend on the pressure of phase 3. The
COShgw = 2—{(Cs,0 + 200w) C0Sow + Cs.0 + 2090} validity of both solutions is restricted to values pfz less

Ogw than pf3®, for which phase 3 snaps off phase 2. Similarly,

(27b)  the corresponding;s must be less thapi® to avoid snap-
whereC; , is the oil spreading coefficient and the contact off of phase 1 by phase 3. The straight dashed line delineates
angles are measured through the phase indicated by thepart of the(p23, p12) Space where inequality (2) is satisfied.
second subscript. These relations reflect the assumption thaOnly below this line a layer of phase 2 may be present; i.e.,
not two but only one contact angle is known, i.e., Qs pi, May be valid.
for oil-water, which reflects the underlying wettability of the The parameters of case 1 reflect the situation for a
pore. Obeying relations (27), means that we can envisage aspreading oil in a strongly water-wet pore. Then, the curves
realistic situation for each of the cases in Table 1, i.e., for for p12 and pj, in Fig. 4a touch exactly at the point where
cases 1 to 4 and 7 we take the wetting ordet &, 2= o, the line corresponding to inequality (2) crosses these curves.
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Fig. 4. Normalized radii of curvature corresponding to the capillary entry pressure for piston-like displacement of phasesoioaanbiy,, in a pore of
triangular cross-section, as functions of the normalized ragigswhich reflects the pressure in the corner wetting phagg 3denotes the (constant) radius

when a layer of phase 2 is assumed to be present, wheigeas the solution in the absence of a laypig is the intermediate result in calculating .

The maximum radijoi”?ax correspond to snap-off events and denote the maximum possible radii for which piston-like displacement can occur. Furthermore, a
straight dashed line may be present, calculated from condition (2), to indicate valpgsfof which a layer of phase 2 may or may not be present. Panels

a—f correspond to cases 1-6 in Table 1, respectively.

Hence, forpp3 larger than theposz corresponding to this  other than equilateral triangular. Additionally, if the contact
point, p12 is the only possible solution. For smallgps, angles do not obey the linear relations (27), the difference
a layer may be present and the capillary entry condition can become larger.

is derived frompj3,. Notice that in this cases> is always Case 2 reflects the situation for a nonspreading oil in a
smaller tharp],; hence, the absolute value Bf 1 is larger weakly water-wet pore. Figure 4b indicates that, contrary
for the case without than with a film, making;, more to case 1, most of thes, lies abovep;,. Based on the
likely. Anyway, the quantitative difference between the two above argument for the absolute valuefi2, o3, is only a
solutions is small, but this may be different for geometries likely option for p23 between 0 and the first crossoverqp
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Fig. 5. Normalized capillary entry pressure for piston-like displacement of

phases 1 and 2712 and [T}, in a pore of triangular cross-section for the

parameters of case 2 in Table 1, as functions of the normalized pressure
difference IT»3, which reflects the pressure in the corner wetting phase 3.
I1], denotes the (constant) capillary entry pressure when a layer of phase 2

is assumed to be present, wherdag is the solution in the absence of

the latter. Based on condition (2) the space is divided into sections where a

phase 2 layer can or cannot possibly be present.

andpj,. Notice that the larger value pf¥> for the increased
contact angle has extended the range of allopsggdwhich

is expected as for more weakly water-wet pores snap-off is

less likely [33].

To illustrate the behavior of the corresponding capillary
entry pressures, Fig. 5 shows the normalized entry pressures,

IT12 and 13, as a function of the normalized pressure dif-
ference between phases 2 and33, wherell = Prin/o23.
Obviously, the maximum radiys)y* transforms into a min-
imum allowed pressure diﬁerend@"}j”. Because of the in-

393
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Fig. 6. Normalized radii of curvature corresponding to the capillary entry
pressure for piston-like displacement of phases 1 ang $and p{5, in a

pore of triangular cross-section, as functions of the normalized radisjs
which reflects the pressure in the corner wetting phase 3. Panels a and b

verse proportionality between radius and pressure, the smallcorrespond to cases 1 and 3 in Table 1, respectively.
range of radii for which the solution with a layer is possible,
as shown in Fig. 4b, transforms into a large range of pressureconfiguration 5 of Fig. 2b, without a layer, is possible. The
differences in Fig. 5. However, as we may expect that the resulting solutione12, shown in Fig. 4d, shows significant
various pressure differences are of the same order of magnivariation with p23. On the other hand, if bot#yz andd,3 do
tude, the solution without a layer is the more likely option not satisfy condition (1), only a constant solution is possible.
for most realistic pressure differences. Notice that the quan- Cases 5 and 6 reflect conditions for a weakly oil-wet pore
titative difference betweefl;, and/13, is not very large. in which water is wetting to gas and the water spreading co-
For case 3, which reflects a very weakly water-wet pore efficient is strongly negative. Not surprisingly, condition (2)
with a spreading oil, the oil-water contact anglg does indicates that no layer of phase 2 can be present. For case 5
not satisfy condition 1. Hence, this situation corresponds to both#;, anddz3, the gas—water and water—oil contact angles,
fluid configuration 2, with = 1 andj = 2, or 4 of Fig. 2b. respectively, do not satisfy condition (1). Hence, only config-
Strictly speaking, configuration 2 of Fig. 2b does not involve uration 4 of Fig. 2b is possible for which, the corresponding
a layer of phase 2 that separates phases 1 and 3, but weolutionp12 is shown in Fig. 4e. This solution does not show
still refer to this configuration as having a layer, because the much variation witho3. Case 6, where onl§s 2 does not sat-
corresponding solution for the radius of curvature is given isfy condition (1), corresponds to configuration 5 of Fig. 2b.
by (the first expression in) Eqg. (23). Furthermore, snap-off In this situation the variation in the associated solupgsis
of phase 2 by phase 3 is no longer possible; hence, forhuge, as fop,3 = 2.25 bothp12 andp13 go to infinity. How-
the solutions shown in Fig. 4c all (positive) values ever, the validity is restricted by the snap-off vall™ for
are allowed. Inequality (2) allows a solution with a layer p13, such thafoos is not allowed to be larger than 2.06 with
for all p23. Notice that also the varying solution is almost 12 = 14.3. This case is exemplary for a strong dependence
constant. For case 4, which reflects a strongly water-wet of the capillary entry pressure on the corner phase pressure.
pore with strongly negative oil spreading coefficient, the In Fig. 6 we present the radii of curvature associated with
gas—oil contact angle; > does not satisfy condition 1. Then, piston-like displacement of phases 1 and 3 for two different
an AM between phases 1 and 2 cannot be present and onlysets of parameters that may lead to entry conditions which
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depend on the pressure of phase 2. To find any effect of
the latter, a layer of phase 2 needs to be present; hence, if
612 > /3 we know a priori that such a varying solution for
p13 cannot be found. In Fig. 6a the radii of curvature for the
parameters of case 1 are shown, corresponding to spreading
conditions in a strongly water-wet pore. A possible varying
solution p13 corresponds to fluid configuration 8 of Fig. 2b,
while a constant solutiop; ; corresponds to configuration 2

of Fig. 2b, withi =1 andj = 3.

For p23 = 0.441, p12 and p13 become infinite and below
this value only negative solutions @fi, are found. Then,
the restrictionsp™ and p75* allow the varying solution
1310 0.458< p23 < 1 only. Condition (2) for the existence
of a layer of phase 2, indicated in Fig. 6a, restricts this
range of allowed values gh3 even further to G158 < p23 <
P55 =0.563, whereop3 = p3, is the solution of Eq. (22) for
ij = 23, while at this point als@, = Piz* see Eqg. (26). Fig. 7. (a) Geometry of rhombus with principal radij < ry, side
Finally, we find that forpzs < p3s, hencepiz > pf,, the  d = /rZ +/7, and comer half angley® = y@ < y@ = .
pressure in phase 2 becomes too high to allow the piston-like(b) Cross-sectional fluid configuration with different corner occupancies.
displacement of phases 1 and 3. Instead, for these values of
p23 two separate piston-like displacements will take place corners are given by Egs. (16), where
as discussed at the end of Section 2.2. Consequently, for
the present case where phase 2 is spreading and the POrg ., (W — 1 _rd
is strongly water-wet, piston-like displacement with a layer tany@
of phase 2 is impossible. . '

In Fig. 6b, we show the solutions for the radii of curvature Using Eq. (20), we find
for the parameters of case 3, which also reflects a situation Fin
involving a spreading oil, but where the pore is weakly " =7 ; ; )
water—wget, su?:h thatgthe oil-water contactpan@jg does g 72 (5 oS8 —rura Siné) + (1 €08 — rypry sin6))
not satisfy condition (1). As condition (2) is satisfied for (28)
all positive p1> and pp3, a layer of phase 2 may always be Wwhere the last term in the denominator vanishes if the cor-
present surrounding phase 1, as shown in configuration 7 ofresponding AM is present only in corners 1 and 3 afi&*

Fig. 2b. This leads to a varying solutigns whose validity ~is infinite if the AM is absent in all corners!" = ryry,/d

is restricted byp3, only; i.e., p13 is valid for pp3 > 1.38. denotes the radius of the inscribed circle of the rhombus.
Sinced3 also satisfies condition (1), the alternative constant It may be clear that the simultaneous presence in corners
solution p{, corresponds to configuration 2 of Fig. 2b with 1 and 3 and absence in corners 2 and 4 of one type of AM can
i =1 and j = 3. Notice that the varying and constant lead to computational complications, as for example in the
solutions are significantly different and that the varying configuration of Fig. 7b. An example of the corresponding
solutionpy 3 is the most likely one, but that this solution does  fluid configuration in a slice of the pore is shown in Fig. 2c,

not vary much with the pressure in phase 3. which combines corner configurations 5 and 6 of Fig. 2b.
Rather than working through all possible configurations, we
3.2. Rhombus consider one example for which we fix the contact angles

in the orderfi13 < 023 <612 (1=¢g,2=0,3=w in a

Contrary to the equilateral triangular cross-section, a typ- weakly water-wet pore), see case 7 in Table 1, and vary the
ical example of a cross-section in which not all corners are corner angles by increasing the aspect rafimm 1 (square)
equal is the rhombus. This may lead to additional complica- onward.
tions when condition (1) is satisfied only in some of the cor- In Fig. 8 we present the radii of curvature for piston-
ners, although the corresponding geometrical functions arelike displacement of phases 1 and 2 in a pore of rhom-
still easily analyzable. In Fig. 7a we present the geometry of boidal cross-section for different values of the aspect ratio
the rhombus and we define the aspect ratior,, /r,, which a =ry/rq. FOr a square pore,= 1, all three contact angles
is the most characteristic parameter. In Fig. 7b we show a satisfy condition (1) in all corners and the possible solutions
fluid configuration with different corner occupancies, when p12 andpj,, shown in Fig. 8a, are comparable to those for a
for exampled;» is satisfied in corners 1 and 3, but not in  similar case in the triangular pore (see case 2 in Table 1 and
corners 2 and 4. Fig. 4b). The equations correspondings@ and i, are of

The area and perimeter for the rhombus are- 2r,,r, the same form as Eqgs. (22) and (25), respectively. For all
and Ly = 4d, whereas the geometrical functions for the four cornersoj, corresponds to configuration 6 apg cor-
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Fig. 8. Normalized radii of curvature corresponding to the capillary entry pressure for piston-like displacement of phasepibapil,2andpf,, in a pore
of rhomboidal cross-section, as functions of the normalized ragigswhich reflects the pressure in the corner wetting phase 3. Parameters are as for case 7

in Table 1 with aspect ratios (a)=1, (b)a =1.15, (c)a = 1.5, (d)a =2, (e)a = 3, and (fla = 25.

responds to configuration 5 of Fig. 2b. The range of values of corresponding equation is
p23 Whereps2 is valid is only restricted byJ¥>. A layer of
phase 2, hence;,, is possible only for small values pbs.

For a = 1.15, all three contact angles remain to satisfy
condition (1) in all corners, but condition (2) becomes  — Z {o138® (r13, 013) — 0238 ® (r23,623)} = 0. (29)
different for corners 1 and 2. The solutiop$, and p12 are =24
as fora =1, with layers of phase 2 in all corners and layers This equation cannot easily be cast in a form with two terms
nowhere, respectively. A third solution, indicateds, is for r13 and rp3 separately as has been done in Eq. (25),
possible, when only in corners 1 and 3 layers are present,basically because terms corresponding to all three types of
for which the fluid configuration is shown in Fig. 7b. The AM occur. Using Eq. (19), we solve Eq. (29) fei, by

0128(r12,012) — Y 0128 (r12,612)
a=13
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the Newton—Raphson method for a given value-gf As
expected, the solutiopy, lies betweernp;, andp12 and may

only be valid between the two straight lines resulting from
condition (2) for the different corners, as indicated in Fig. 8b.

Anyway, the deviation op{, from pi, is small, indicating

that the contributions from AMs in corners 2 and 4 are small.

For a = 1.5, 012 ceases to satisfy condition (1) in
corners 2. Hence, only solutiopsz, with no layers, angj.,,

with layers in corners 1 and 3 only, are possible, whereas the
validity of p7, is at least restricted by condition (2), as shown

in Fig. 8c. p7, is again calculated from Eq. (29). Also for
a = 2, where both912 and 6,3 do not satisfy condition (1)
in corners 2 and 4, a constant solutipf), does not exist.
In this case a solutiop;2 arises, shown in Fig. 8d, with

fluid configuration 5 of Fig. 2b in corners 1 and 3 and with
fluid configuration 4 in corners 2 and 4. The underlying
equation is similar to Eqg. (25). A second varying solution
pi, May arise when in corners 1 and 3 layers are present,
thus combining configurations 4 and 6 of Fig. 2b, for which

the equation is given by
0128(r12,012) — Y 0128 (r12, 612)
a=1,3

- Z 0138 (r13,613) = 0. (30)
a=2,4

As only terms relating to two different AMs arise, this

equation can be cast in a simple form with separate terms

for r12 andry3, similar to Eq. (25). The validity opj, is

restricted by condition (2) for corners 1 and 3 as indicated.

This solution is almost constant.

Fora = 3 anda = 25 none of the contact angles satisfies

condition (1) in corners 2 and 4. A varying solutipmy, if
no layers are present, and a constant soluysipy if layers

are present in corners 1 and 3 only, may arise as shown in

Figs. 8e and 8f, respectively. The variationm@b with p23
clearly increases with, but also the range of values pfs,

for which pj, is possible based on condition (2) becomes
larger. Based on the size of the corresponding capillary entry

pressures, we may expect thgt, is valid for p23 between 0
and the first crossover @fi» andpj,.

4. Summary and conclusions

We have derived a general formula for determination of
the capillary entry pressures for piston-like displacement of
two bulk phases in a pore with constant angular cross-section

has unequal corners, which may carry different corner AMs.
We have carried out a limited sensitivity study with respect
to the effect of wettability, the spreading coefficient of the
intermediate-wetting phase and the aspect ratio of the prin-
cipal radii of the rhombus.

Conclusions are as follows:

(i) The capillary entry pressures for piston-like displace-
ment of two bulk phases does depend on the pressure
in the remaining third phase, if the cross-sectional fluid
configurations contain this phase. Under these condi-
tions a displacement in three-phase flow is different
from a displacement in two-phase flow and the corre-
sponding capillary entry pressure is not a combination
of two-phase capillary entry pressures. The only excep-
tion arises in a displacement of the non-wetting phase 1
and the intermediate-wetting phase 2, when phase 1 is
completely separated from the wetting phase 3 by lay-
ers of phase 2. If a capillary entry pressure depends on
the pressure of the third phase, we refer to it as “vary-
ing,” otherwise it is called “constant.”

(i) The method is subject to a number of restrictions
of which the most important are (a) if the radius of
curvature associated with one of the AMs, that is
assumed present, becomes too large (for example, if
the pressure in the corner wetting phase is too high),
one of the bulk phases cannot be present in the pore
and the piston-like displacement does not take place;
and (b) layers of phase 2 can only be present for a
limited range of radii of curvatures as indicated by
condition (2). The presence or absence of such layers
may give the alternative solutions, constant or varying
of which the one with the smallest capillary entry
pressure is the most likely.

(i) For pores of triangular cross-section the effects of the
degree of wettability (size of contact angles) and the
effect of the spreading coefficient of the intermediate-
wetting phase have been investigated. For a spreading
oil in a water-wet pore, the varying solution for the
capillary entry pressure for displacement of bulk phases
1 and 2 is less favorable than the constant solution
involving layers of phase 2. For weakly water-wet pores
and for oil-wet pores, the constant solution is less
likely or not possible at all and the remaining varying
solutions often show strong dependence on the pressure
in the wetting phase 3. For displacement of bulk phases
1 and 3 the varying solution may not be allowed at all,
or its dependence on the pressure in the intermediate-

where also a third phase may be present. The method as-  wetting phase 2 is weak.
sumes that all the possible underlying phase occupancies in(iv) Inrhomboidal pores the dependence of the capillary en-

cross-sections on either side of the MTM are known. Us-
ing this approach, the fundamental question of whether a
displacement in three-phase flow is the same as in a two-
phase situation can be answered. The complexity of the cor-

try pressure on the pressure in the remaining third phase
increases with increasing aspect ratio. For intermediate
sized aspect ratios, constant solutions do not arise, as
only the smaller corners carry layers of phase 2. Be-

responding equations and the quantitative effects are studied  cause of the different sized corners additional solutions

using two different geometries, the equilateral triangle and
the rhombus. The main difference is that the latter geometry

may arise, which are more complicated when all three
types of AMs are present.
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