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ABSTRACT. We suggest to endow Mumford’s GIT quotient scheme with a stack structure,
by replacingProj(−) of the invariant ring with its stack theoretic analogue. We analyse
the stacks resulting in this way from classically studied invariant rings, and in particular
for binary forms of low degree. Our viewpoint is that the stack structure carries interest-
ing geometric information that is intrinsically present inthe invariant ring, but lost when
passing to itsProj(−).

1. INTRODUCTION

Let G be a reductive group acting onPN via a linear representation, and letY ⊆ P
N

be aG-invariant subscheme with homogeneous coordinate ringS. Thus we consider a
linearized action ofG on Y = Proj(S). Let R = SG be the invariant ring. According
to Mumford’s geometric invariant theory, the semistable locusY ss admits a good quotient,
which is the projective scheme

X = Proj(R).

In classical invariant theory, a central question was to findexplicit presentations for the
invariant ringR in specific examples. Such presentations give explicit equations for the
GIT quotient schemeX .

Let 0 ∈ Spec(R) be the vertex, defined by the idealR+ generated by elements of
strictly positive degree. ThenGm acts on the complementSpec(R)r{0}, and the quotient
scheme isProj(R). TheGm-action is free ifR is generated in degree1, but not in general.
The invariant rings we will consider are not generated in degree1, and thus it is natural
to consider also the stack quotientX of the same action ofGm onSpec(R) r {0}. This
stack will be called thestacky GIT quotient.

Thus the stacky GIT quotientX is a Deligne-Mumford stack with the usual projective
GIT quotient schemeX as underlying coarse space. In the language of Alper’s stack
theoretic treatment of GIT [3], the schemeX is a “good moduli space” for the quotient
stack [Y ss/G], and as the natural mapY ss → X is G-invariant (in the2-categorical
sense), the quotient map from[Y ss/G] to its good moduli space factors through the stacky
GIT quotient:

[Y ss/G] → X → X

Thus the stacky GIT quotient sits somewhere between the fullstack quotient and the GIT
quotient scheme. It has richer structure than the latter, but is simpler than the full stack
quotient, which is not Deligne-Mumford in general. On the other hand it is unclear exactly
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what the stacky enrichment of the usual GIT quotient captures, and we do not know of any
sense in which it is aquotient, for instance in terms of a universal property.

Our aim is to analyse the relationship between the stacky GITquotient and the GIT
quotient scheme in the examples studied in classical invariant theory, where explicit pre-
sentations for the invariant ring is known. Thus we are concerned with the action of
G = SL(n + 1) by substitution on the projective spaceY of degreed hypersurfaces in
P

n for n andd small. More precisely, we consider the actions ofSL(2) on binary quartics,
quintics and sextics; ofSL(3) on cubic curves; and ofSL(4) on cubic surfaces.

The invariant ring of binary quartics and cubic curves are just weighted polynomial
rings in two variables. The invariant rings of binary quintics, binary sextics, and cubic sur-
faces are more interesting, and admits a special presentation (see Equation 5.1) involving
a certain polynomialF . We find that for a ringR of this form, the corresponding stackX

can essentially (precisely, up to an essentially trivialµr-gerbe) be reconstructed from its
coarse spaceX = Proj(R) together with the divisorZ(F ) on it. On the other hand, this
divisor cannot be described in terms of the intrinsic geometry of the GIT quotientscheme.
Thus, for invariant rings of the type (5.1), the divisorZ(F ) is the essential piece of infor-
mation that is intrinsically present in the ring, and remembered by the stacky GIT quotient,
but “forgotten” by the GIT quotient scheme.

Moreover, in the case ofSL(2) acting on binary forms of degree up to6, we consider the
classification of binary forms according to symmetry, i.e. their stabilizer groups inSL(2):
Binary forms with prescribed symmetry group correspond to locally closed loci in the
GIT quotient schemeX . We observe that the loci of binary forms with extra symmetries
(i.e. larger symmetry group than the generic one) occur as

(1) singular points ofX ,
(2) the divisorZ(F ),
(3) singular points ofZ(F ), or
(4) singular points of the singular locus ofZ(F ).

As the stacky GIT quotientX remembers the divisorZ(F ), this enables us to describe
the loci of binary forms with extra symmetries in terms of theintrinsic geometry ofX .
We remark that the same statement trivially holds for the stack quotient[Y ss/G], but is not
obvious for the stacky GIT quotient, since the automorphismgroups of its points do not
coincide with the stabilizer groups for theSL(2) action.

The approach in this text is entirely dependant on the invariant ring having the special
presentation (5.1). This structure is very special, although it is typical for the invariant
rings determined explicitly by the invariant theorists of the 19th century. Already for binary
forms of degree larger than6, the present approach does not apply: The locus of binary
forms with extra symmetries has codimension at least2 as soon as the degree exceeds6,
and hence does not contain a divisorZ(F ). We remark that the invariant ring for binary
forms of degree8 has been explicitly described by Shioda [15], and its structure is indeed
more complicated than (5.1). Beyond those examples treatedhere, the only cases known
to the author that can be studied with similar methods are theactions of finite subgroups
of SL(2) onP

1 (with the natural linearization given by the action ofSL(2) onA
2), whose

invariant rings have a structure close to that of (5.1) [16, Section 4.5].
The text roughly consists of two parts: In Sections 3, 4 and 5 we recall standard stack

theoretic notions (the root construction, rigidification,the canonical smooth stack), and
investigate their meaning for the stacks arising from graded rings of the form (5.1). In
Sections 6, 7 and 8 we analyse the stacky GIT quotients corresponding to the classically
studied actions ofSL(n+1) on hypersurfaces inPn. The material in this second part has a
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classic taste, and is undoubtedly well known. I claim originality only for the interpretation
of these results in terms of the stacky GIT quotient. It should also be remarked that the
stacky GIT quotient for binary sextics, and its “memory” ofZ(F ), has been considered by
Hassett [11, Section 3.1].

For an overview of classical invariant theory, and for more detailed references to original
works than is given here, the reader is referred to the book byDolgachev [7], which has
been very useful in preparing this text. I learnt the right language (the root construction,
etc.) for these investigations from a talk on toric stacks byB. Fantechi at the Institut Mittag-
Leffler in May, 2007.

2. NOTATION

We work over an algebraically closed fieldk of characteristic zero. Following Fantechi
et. al. [9], we define aDM stackto be a separated Deligne-Mumford stack.

Let R =
⊕

d≥0 Rd be a nonnegatively gradedk-algebra withR0 = k, and letR+ be
the maximal ideal generated by elements of strictly positive degree. ThusSpec(R) is a
cone, with vertex0 ∈ Spec(R) defined byR+. We write

(2.1) Proj (R) = [(Spec(R) r {0}))/Gm]

for the stack quotient by the natural action ofGm associated to the grading. The coarse
space ofX = Proj (R) is the usual schemeX = Proj(R). Note that line bundles onX
can be identified withGm-linearized line bundles onSpec(R) r {0}. Thus, the graded
R-moduleR(n) gives rise to a line bundleOX (n) on X , although the sheafOX(n) on
X may fail to be locally free.

Example 2.1.Letd1, . . . , dn be positive integers, and letk[t1, . . . , tn] denote the weighted
polynomial ring in whichti has degreedi. Then theweighted projective stackwith the
given weights is defined as

P(d1, . . . , dn) = Proj (k[t1, . . . , tn])

and its coarse space is the usual weighted projective space

P(d1, . . . , dn) = Proj(k[t1, . . . , tn]).

Definition 2.2. Let G be a reductive group acting on a projective schemeY ⊂ P
N via a

linear representation. LetS be the homogeneous coordinate ring ofY . Then the stack

X = Proj (SG)

is thestacky GIT quotientof the linearized action ofG onY .

If f is a homogeneous element inR = SG of degreer 6= 0, the ringR/(f−1) isZ/(r)-
graded, and there is a corresponding action of the cyclic groupµr = Spec k[t]/(tr −1) on
its spectrum. The stack quotient[Spec(R/(f − 1))/µr] is an open substack ofProj (R),
and forf running through a generator set ofR, these open substacks form an open cover.
Thus the stacky GIT quotient is a DM stack with cyclic automorphism groups.

3. ROOT STACKS

We fix a DM stackX , a line bundleL on X with a global sections, and a natural
numberr. Associated to these data, there is a canonically defined stack

π : X [ r

√
s] → X

overX , called ther’th root alongs.
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Briefly, X [ r

√
s] is obtained fromX by addingµr to the automorphism groups along

the vanishing locus ofs, enabling one to extract anr’th root of π∗(s). Away from the
vanishing locus ofs, the mapπ is an isomorphism.

More precisely, an object ofX [ r

√
s] over a schemeT consists of a mapf : T → X ,

together with a line bundleM onT with a global sectiont, and an isomorphism

M
r ∼= f∗(L )

sendingtr to s. The foundations of this construction can be found in a paperby Cadman
[5]. In particular, Cadman shows that the root constructionapplied to a Deligne-Mumford
stack is again Deligne-Mumford.

Example 3.1. Let X = Spec(R) be an affine scheme, and lets ∈ R, considered as a
section of the trivial line bundle. Then ther’th root stack alongs is the stack quotient

X [ r

√
s] = [Spec (R[t]/(tr − s)) /µr]

where theµr-action corresponds to the canonicalZ/(r)-grading ofR[t]/(tr − s).

Our aim is to establish a graded analogue of this example. To state the result, we
introduce the following notation: IfR =

⊕

d≥0 Rd is a graded ring andn is a natural

number, letR(1/n) be the same ring with grading defined by declaring thatd ∈ Rn has
degreedn in R(1/n). Note thatR(1/n)

d = 0 unlessn dividesd. In the following we use the
notationProj (R) for the stack (2.1).

Lemma 3.2. Let R =
⊕

n≥0 Rn be a gradedk-algebra withR0 = k, and letX =

Proj (R). Let s ∈ Rn be a homogeneous element, considered as a global section of
OX (n). Let r be a natural number, and assume thatr andn have no common factors.
Then ther’th root stack ofX alongs is

X [ r

√
s] = Proj (S) where S = R(1/n)[t]/(tr − s)

with grading defined by lettingt have degreen.

The lemma fails without the condition thatr andn have no common factors, as the
following example shows.

Example 3.3. Let R = k[x0, . . . , xn] where thexi’s have degree1. ThenX is the
schemePn. Consider the square root stack along a quadratic hypersurface, so lets ∈ R
have degree2. A point on the square root stack has automorphism groupµ2 if it belongs
to the vanishing locus ofs; otherwise its automorphism group is trivial. On the other hand

S = k[x0, . . . , xn, t]/(t2 − s).

The grading defined in the lemma is such that thexi’s andt all have degree2. But then
Proj (S) hasµ2 as automorphism group everywhere, and is thus not the squareroot stack
alongs. The only other sensible grading onS is that in whichxi andt have degree1, but
thenProj (S) would be a scheme, and we still do not get the square root stack.

Proof of Lemma 3.2.Let X = Spec(R) r {0} andY = Spec(S) r {0}, equipped with
Gm-actions

σX : Gm × X → X

σY : Gm × Y → Y.
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Viewing Y as the subscheme ofX ×A
1 defined bytr = s, the actionσY is the restriction

of the action onX × A
1 given onT -valued points by

(3.1) (x, a) 7→ (σX(ξr, x), ξna)

for (x, a) ∈ X(T ) × A
1(T ) andξ ∈ Gm(T ).

The claim is thatY = [Y/Gm] is ther’th root stack ofX = [X/Gm] alongs. We
will show how to map objects inX [ r

√
s] over a schemeT to objects inY over T and

conversely, leaving out the straight forward verification that these maps are quasi-inverse
functors in a natural way. With reference to the diagram

(3.2)

Q
(g, u)

- X × A
1

P
f

-

π
-

X

-

T

q

? p�

the objects in question are given by the following data:

(1) An object inY overS is aGm-torsorq : Q → T together with aGm-equivariant
mapQ → Y . Viewing Y as a subscheme ofX × A

1, the latter becomes a pair
(g, u) as in the upper part of diagram (3.2), which is equivariant with respect to
the action (3.1) on the target.

(2) An object inX [ r

√
s] over T is a Gm-torsorp : P → T together with aGm-

equivariant mapf as in the lower part of diagram (3.2), aGm-linearized line bun-
dle L overP with an equivariant sectionv ∈ ΓGm(P, L) and aGm-equivariant
isomorphism

Lr ∼= P × A
1
(n) (= f∗(X × A

1
(n)))

which identifiesvr with f∗(s). Here we writeA1
(n) for the affine line equipped

with theGm-action of weightn.

Given data (1), letP = Q/µr and letp : P → T be the map induced byq. This is a
Gm-torsor with respect to the induced action ofGm/µr

∼= Gm. Moreover,g induces an
equivariant mapf making diagram (3.2) commute. OnP there is theGm-linearized line
bundle

L = (Q × A
1
(n))/µr

with a sectionv ∈ ΓGm(P, L) induced by the unity section ofQ × A
1
(n), and a canonical

trivialization

Lr ∼= (Q × A
1
(n))

r/µr
∼= P × A

1
(n).

This defines data as in (2).
Conversely, let data (2) be given. The line bundleL with the trivialization ofLr gives

rise to aµr-torsorπ : Q → P , defined as follows: Identifying(L∨)r with the trivial line
bundle, we letQ ⊂ L∨ be ther’th roots of unity in each fibre. This is clearly aµr-torsor
under the action of multiplication in the fibres. Now we definea newµr-action onQ by
letting ξ ∈ µr act by multiplication withξn in the fibres. Sincer andn are relatively
prime, then’th power endomorphism onGm induces an automorphism onµr, soQ is
a µr-torsor also under this new action. Moreover, it extends to aGm-action as follows:
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Let ξ ∈ Gm act onL∨ by composing the contragradient action ofξr (using the given
Gm-action onL) with multiplication byξn in the fibres:

Gm × L∨ (n, r) × 1L∨

- Gm × Gm × L∨

Gm × L∨

1Gm

?
× (contragrad.)

L∨

(scalar mult.)
?-

ThenQ ⊂ L∨ is Gm-invariant, and the induced action extends theµr-action defined
above. The givenGm-action onP agrees with the induced action ofGm/µr

∼= Gm on
Q/µr

∼= P , and it follows thatQ is aGm-torsor overT . We now letg = f ◦ π and letu
be the restriction of

v∨ : L∨ → A
1

to Q. This defines data as in (1). �

4. RIGIDIFICATION

Intuitively, the rigidification of a given stack is “the samestack” with the general auto-
morphism group removed.

Definition 4.1. Therigidification of an irreducible DM stackX is a dominant map

f : X → X
rig

to another DM stackX rig, such that the automorphism groupAut(x) of a general point
x ∈ X rig is trivial, and such thatf is universal with this property.

We spell out the meaning of universality: For every dominantmapg : X → Y , to
a DM stackY whose general points have trivial automorphism groups, we require the
existence of a maph : X rig → Y making the diagram

X

X
rig

f
?

h
- Y

g

-

2-commutative, and the maph is unique up to unique natural equivalence.

Remark 4.2. Rigidifications are defined in the literature in greater generality [1, 2]. Namely,
one chooses a subgroup stackG of the inertia stackI(X ), and defines the rigidification
with respect toG to be a stack receiving a map fromX , with automorphisms belonging to
G being killed, and universal with this property. The rigidification of Definition 4.1 is the
special case whereG is taken to be the closure of the union of the automorphism groups of
general pointsx of X . The rigidification in this sense is known to exist [2, Example A.3]
under general conditions. In order to keep the presentationself contained we give a direct
construction in Proposition 4.3 in the situation we need here.

Without any conditions onX , the rigidification does not necessarily exist. We treat
an easy special case where it does exist: Consider a DM stack of the form [X/G] for
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an algebraic groupG acting on an irreducible schemeX , and suppose that the general
stabilizer group equals the common stabilizer group

H = {g ∈ G gx = x ∀ x ∈ X} .

More precisely, we assume that there is an open subsetU ⊆ X such thatGx = H for all
x ∈ U . Note thatH is normal, and the induced action ofG′ = G/H has generically trivial
stabilizer.

Proposition 4.3. Let G be an algebraic group scheme acting on an irreducible scheme
X , such that[X/G] is a DM stack and such that the general stabilizer group equals the
common stabilizer groupH ⊆ G. Then the stack quotient[X/G] admits a rigidification,
in fact

[X/G]
rig ∼= [X/G′]

whereG′ = G/H .

Before proving the proposition, we establish a lemma.

Lemma 4.4. Let Y be a DM stack containing an algebraic spaceU ⊆ Y as an open
dense substack. Let

α, β : S ⇉ Y

be two maps from a schemeS, such that the restrictions ofα andβ to every component of
S are dominant. Then equivalenceα ∼= β is a local property onS. Precisely, ifp : T →
S is a surjective, flat map, locally of finite presentation, such that p∗(α) and p∗(β) are
equivalent, then alreadyα andβ are equivalent.

Proof. There is an open dense subsetS′ ⊂ S whose image under bothα andβ is contained
in U . Since the restricted mapsα|S′ andβ|S′ have the algebraic spaceU as codomain, it is
clear that equivalenceα|S′

∼= β|S′ is a local property onS′, and so holds by assumption.
Recall that, according to our conventions, the DM stackY is separated. Thus there is

a closed subschemeS′′ ⊆ S which is universal with the property that the restrictions of α
andβ to S′′ are equivalent. We have established thatS′′ containsS′, which is dense inS.
ThusS′′ = S and we conclude thatα andβ are equivalent. �

Proof of the proposition.Clearly, the quotient stack[X/G′] has generically trivial stabi-
lizer, and admits a canonical surjective map

f : [X/G] → [X/G′].

Let g : [X/G] → Y be another dominant map to a DM stackY with generically trivial
automorphism groups, and consider the diagram

X

G × X -

σ
-

G′ × X
σ′

-

[X/G]
g

-

π
-

Y

X
π

-p2

-p2 -

whereσ andσ′ are the actions,p2 is second projection andπ is the quotient map. We claim
thatg ◦ π ◦ σ′ andg ◦ π ◦ p2 are equivalent mapsG′ × X → Y . Once this is established,
it follows from the universality of the quotient stack[X/G′] that g factors throughf as
required.
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We apply the lemma as follows: LetU ⊂ Y be an open dense substack with trivial
automorphism groups everywhere. It is an algebraic space. By definition of the quotient
[X/G], the two mapsπ ◦σ andπ ◦p2 are equivalent. Hence also their compositions withg
are equivalent. TakingR → S in the lemma to be the flat surjective mapG×X → G′×X ,
we find that the two maps fromG′ × X to Y are already equivalent, as claimed. �

Corollary 4.5. LetR =
⊕

d≥0 Rd be a gradedk-algebra withR0 = k, whose nilradical
is prime (i.e.Spec(R) is irreducible). ThenProj (R) admits a rigidification. In fact,
letting

n = hcf{d Rd 6= 0},
we have

Proj (R)
rig ∼= Proj (R(n)).

Proof. With n as above, the subgroupµn ⊂ Gm acts trivially onSpec(R). On the other
hand, there exists a finite set of homogeneous elementsf1, . . . , fr in R such that the highest
common factor of their degrees equalsn. Let U ⊂ Spec(R) be the open set defined by
the simultaneous nonvanishing of thefi’s. Then the stabilizer group of any point inU
is exactlyµn. Thusµn is both the common stabilizer group and the generic stabilizer
group, so the proposition applies. The quotientGm/µn is again isomorphic toGm, and
the induced action corresponds to the grading in whichf ∈ Rd is given degreed/n. This
is by definition the grading onR(n). �

Remark 4.6. In the last Corollary,R(n) andR are essentially the same ring, only with a
different grading. Geometrically, this can be phrased as follows: The stackProj (R) is the
n’th root stack ofO(1) on Proj (R(n)), defined similarly as the root stack in Section 3,
only without the sections (this construction can also be found in Cadman’s paper [5]).At
the level of points with automorphisms groups,Proj (R) is obtained fromProj (R(n))
by sticking in an extra automorphism groupµn everywhere. More precisely,

Proj (R) → Proj (R(n))

is anessentially trivialµn-gerbe. We refer the reader to Lieblich [13] and Fantechi et. al.
[9] for systematic expositions, but mention briefly that aµn-gerbe over a stackX corre-
sponds to an element ofH2(X , µn), and is called essentially trivial if the push forward to
H2(X ,Gm) vanishes. This is equivalent [13, Proposition 2.3.4.4] [9,Remark 6.4] to the
statement that the gerbe is then’th root stack of a line bundle onX .

5. THE STACKY GIT QUOTIENT

The invariant ring of binary quartics, and that of cubic plane curves, are weighted poly-
nomial rings in two variables (see Sections 7.1 and 8.1). In this section we study the more
interesting invariant rings for binary quintics, binary sextics, and cubic surfaces: All of
these have the structure (see Sections 7.2, 7.3 and 8.2)

(5.1) R ∼= k[t1, . . . , tn+1]/(t2n+1 − F (t1, . . . , tn))

whereti are homogeneous generators of some positive weightdi, andF is a weighted ho-
mogeneous polynomial of degree2dn+1. The weights fulfil the following three conditions:

(i) The highest common factord of d1, . . . , dn does not dividedn+1.
(ii) The weightsei = di/d, for i ≤ n, are well formed, i.e. non−1 among them have

a common factor.
(iii) 2dn+1/d is even.
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The first condition says thattn+1 is not an element of the subringR(d) ⊆ R, which thus is
a weighted polynomial ring. The second condition says that its generatorst1, . . . , tn have
well formed weights. The last condition says that the degreeof F , as an element ofR(d),
is even, which is the condition needed to apply Lemma 3.2 to extract a square root.

Recall [9, Section 4.1] that any varietyX , with at worst finite quotient singularities,
is in a canonical way the coarse space of a smooth DM stack, thecanonical stackXcan.
More precisely, for any smooth DM stackY with X as coarse space, there is a unique map
Y → Xcan, compatible with the maps toX . Thus, ifX is a DM stack admitting a smooth
rigidification, having a varietyX with finite quotient singularities as coarse space, then the
universal properties of the rigidification and the canonical stack yield a factorization of the
canonical mapX → X as

X → X
rig → Xcan → X.

Theorem 5.1. LetR be a gradedk-algebra of the form(5.1), satisfying conditions (i), (ii)
and (iii) above. LetX be the stackProj (R) and letX be its coarse spaceProj(R).

(1) X is the weighted projective spaceP(e1, . . . , en), and its canonical stack is the
weighted projective stackXcan = P(e1, . . . , en) = Proj (R(d)).

(2) The rigidification ofX is X rig = Proj (R(d/2)).
(3) The mapX rig → Xcan is the square root alongF , considered as a section of

OXcan(2dn+1/d).

Proof. The coarse moduli space of the stackProj (R) is the schemeProj(R). Since
Proj(R) ∼= Proj(R(d)), and

R(d) ∼= k[t1, . . . , tn]

is a weighted polynomial ring, where each generatorti has degreeei = di/d, it is clear
that the coarse moduli space is the weighted projective space as claimed. It is a standard
fact [9, Example 7.25] that its canonical smooth stack isP(e1, . . . , en) = Proj (R(d)),
using that the weights are well formed. This proves (1).

Next we apply Corollary 4.5. Since2dn+1 = deg F andd dividesdeg F , we see thatd
is even and the highest common factor ofd1, . . . , dn+1 is d/2 (using the assumption thatd
does not dividedn+1). This proves (2).

Finally, Lemma 3.2 immediately givesProj (R(d/2)) as the square root stack ofProj (R(d))
alongF . This proves (3). �

Remark 5.2. The theorem tells us in particular that the stackX remembers not only its
coarse moduli spaceX , but also the divisor defined byF . Conversely, knowingX and
F , we can reconstruct the rigidification ofX by extracting a square root ofF on the
canonical stack associated toX . Finally, X is an essentially trivialµ(d/2)-gerbe over its
rigidification, as in Remark 4.6.

6. SYMMETRIES OF BINARY FORMS

The aim of this section is to survey Klein’s classification [12] of binary forms according
to their symmetries, i.e. their stabilizer groups. Throughout, we identify forms that differ
by a nonzero scalar factor. Thus, by the stabilizer group of abinary formf , we shall mean
the elements ofSL(2) under whichf is semi-invariant, i.e. invariant up to a nonzero scalar
factor.

Recall that a binary form of degreed is stable if and only if all its roots have multiplicity
strictly less thand/2. Such a binary form has finite stabilizer group inSL(2). More
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Group Generators

Cn

(

ǫ 0
0 ǫ−1

)

(ǫ = 2n

√
1 primitive)

Dn

(

ǫ 0
0 ǫ−1

)

,

(

0 i
i 0

)

(ǫ = 2n

√
1 primitive)

T

(

i 0
0 −i

)

,

(

0 i
i 0

)

, 1
2

(

1 + i −1 + i
1 + i 1 − i

)

O

(

i 0
0 −i

)

,

(

0 i
i 0

)

, 1
2

(

1 + i −1 + i
1 + i 1 − i

)

, 1√
2

(

1 + i 0
0 1 − i

)

I

(

ǫ3 0
0 ǫ2

)

, 1√
5

(

ǫ − ǫ4 ǫ3 − ǫ2

ǫ3 − ǫ2 ǫ4 − ǫ

)

(ǫ = 5
√

1 primitive)

TABLE 1. Polyhedral groups

Group Ground forms

Dn

F1 = xn + yn

F2 = xn − yn

F3 = xy

T
F1 = x4 + 2

√
−3x2y2 + y4

F2 = x4 − 2
√
−3x2y2 + y4

F3 = xy(x4 − y4)

O
F1 = xy(x4 − y4)
F2 = x8 + 14x4y4 + y8

F3 = x12 − 33x8y4 − 33x4y8 + y12

I
F1 = xy(x10 + 11x5y5 − y10)
F2 = −(x20 + y20) + 228(x15y5 − x5y15) − 494x10y10

F3 = (x30 + y30) + 522(x25y5 − x5y25) − 10005(x20y10 + x10y20)

TABLE 2. Ground forms

generally, any binary form with at least three distinct zeros has finite stabilizer group. This
leaves just the casef = xnym (moduloSL(2) and scale), whose stabilizer group consists
of all diagonal matrices inSL(2) if n 6= m, and all diagonal and antidiagonal matrices
if n = m. From now on we assume thatf is a binary form with finite stabilizer group
G ⊂ SL(2). HenceG is a cyclic, dihedral, tetrahedral, octahedral or icosahedral group, by
the well known classification of finite subgroups ofSL(2). More precisely, a conjugate of
G equals one of the subgroups listed in Table 1. The conjugation corresponds to picking
another representative for the orbit off underSL(2), sinceγGγ−1 is the stabilizer group
of γf .

Thus, to classify binary forms with finite stabilizer group,it suffices to determine the
semi-invariant forms for each groupG in Table 1. A generalG-orbit in P

1 has degree
|G|/2. For non-cyclicG, there are precisely three special orbits of smaller degree, defined
by the vanishing of three so called ground formsF1, F2, andF3. These are listed in Table
2. We putνi = |G|/(2 deg Fi).
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Lemma 6.1(Klein [12]). A binary formf is semi-invariant under the cyclic groupCn if
and only if (up to a scalar factor)

f = xαyβ
N
∏

i=1

(λix
n + µiy

n)

whereα, β andN are nonnegative integers, and(λi : µi) ∈ P
1 are parameters.

A binary formf is semi-invariant under one of the groupsDn, T , O, I if and only if
(up to a scalar factor)

f = Fα
1 F β

2 F γ
3

N
∏

i=1

(λiF
ν1

1 + µiF
ν2

2 )

whereα, β, γ andN are nonnegative integers,(λi : µi) ∈ P
1 are parameters, andF1, F2

andF3 are the ground forms associated with the group.

Remark 6.2. Consider the central projection of an inscribed regular polyhedron onto the
Riemann sphereP1 (overC). Then the ground forms of the group corresponding to the
polyhedron have as zero loci the vertices, the midpoints of the faces and the midpoints of
the edges, respectively. A similar statement applies to thecyclic and dihedral groups. The
generic orbits, on the other hand, are the zero loci of the formsλF ν1

1 + µF ν2

2 .

For each fixed (and small)d, we can use the lemma to explicitly write down all semi-
invariants of degreed for each group in Table 1. This easily leads to the following classi-
fication of binary forms of low degree, where we include only the stable cases, and write
Stab(f) ⊂ SL(2) for the stabilizer subgroup off .

6.1. Binary quartics. Every stable, i.e. square free, quartic is equivalent undertheSL(2)-
action to

f = λ(x2 + y2)2 + µ(x2 − y2)2

for some(λ : µ), and so has the dihedral groupD2 contained in its stabilizer. Modulo the
SL(2)-action, there are exactly two quartics with larger stabilizer group:

(I) f = x4 + y4 Stab(f) = D4

(II) f = x4 + 2
√
−3x2y2 + y4 Stab(f) = T

6.2. Quintics. A stable quintic is one with at most double roots. All quintics are stabilized
by C1 = {±1}. ModuloSL(2), the quintics with larger stabilizer group are the following:

(I) f = x(x2 + y2)(λx2 + µy2) Stab(f) = C2

(II) f = x2(x3 + y3) Stab(f) = C3

(III) f = x(x4 + y4) Stab(f) = C4

(IV) f = xy(x3 + y3) Stab(f) = D3

(V) f = x5 + y5 Stab(f) = D5

Here, the pair(λ : µ) ∈ P
1 is a parameter assumed to have generic value, so that the listed

cases are disjoint.



12 MARTIN G. GULBRANDSEN

6.3. Sextics. A stable sextic is one with at most double roots. All sextics are stabilized by
C1 = {±1}. ModuloSL(2), the sextics with larger stabilizer group are the following:

(I) f = (x2 + y2)

2
∏

i=1

(λix
2 + µiy

2) Stab(f) = C2

(II) f = x(x5 + y5) Stab(f) = C5

(III) f = xy(λ(x2 + y2)2 + µ(x2 − y2)2) Stab(f) = D2

(IV) f = λ(x3 + y3)2 + µ(x3 − y3)2 Stab(f) = D3

(V) f = x6 + y6 Stab(f) = D6

(VI) f = xy(x4 − y4) Stab(f) = O

(VII) f = x2y(x3 + y3) Stab(f) = C3

(VIII) f = x2(x4 + y4) Stab(f) = C4

Here again the parametersλ, µ, λi, µi are assumed to have generic values, so that the listed
cases are disjoint.

Bolza [4] produced a list of symmetry groups for square free sextics, which is equivalent
to the first six items in our list. As we will return to Bolza’s work in Section 7.3, we remark
that the labels (I)-(VI) we are using agree with Bolza’s.

7. MODULI SPACES OF BINARY FORMS

We let

R ⊂ k[a0, . . . , ad]

be the invariant ring for theSL(2)-action on degreed binary forms

f = a0x
d + a1x

d−1y + . . . ady
d.

In this section we apply the results from the previous sections to analyse the geometry of
Proj (R), for small values ofd. In particular, we describe the loci of binary forms with
prescribed symmetry group in terms of the intrinsic geometry of the stacky GIT quotient.

For d = 4, we find that quartics with extra symmetries show up as pointsin the stacky
GIT quotient with nontrivial automorphism groups.

For d = 5 andd = 6, the invariant ringR has the form studied in Section 5. Thus,
from the stacky GIT quotient we obtain the usual GIT quotientschemeProj(R) together
with the divisorZ(F ). We find that the binary forms corresponding to singularities of the
schemeProj(R) have special symmetry groups, but there are also loci of binary forms
with symmetries that do not give rise to singularities. However, these loci show up as
Z(F ), its singularities, or the singularities of its singular locus. Thus the knowledge of
Proj(R) together with the divisorZ(F ) suffices to enable a geometric description of all
loci of binary forms with prescribed symmetry group.

For the explicit computations needed in this section we relyon a computer algebra
system such as Singular [10]. Armed with such a system, the calculations are straight
forward, and we only give the results.
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7.1. Binary quartics. The invariant ringR for binary forms of degree4 is freely gener-
ated by two homogeneous invariants

I2 = a0a4 − 4a1a3 + 3a2
2

I3 = a0a2a4 − a0a
2
3 + 2a1a2a3 − a2

1a4 − a3
2,

where the subscripti of an invariantIi indicates its degree. ThusR = k[I2, I3] is a
weighted polynomial ring, and the GIT quotient is

X = Proj(R) ∼= P
1.

In particular it is a homogeneous space, so, morally, it looks the same at all points. Thus
the geometry of the quotient does not single out the two points corresponding to the special
quartics (I) and (II) from Section 6.1. On the other hand, thestacky GIT quotient

X = Proj (R) = P(2, 3)

is a weighted projective line, in the stack sense, and the twospecial points(1 : 0) and
(0 : 1) corresponding to special quartics are distinguished by having automorphism groups
µ2 andµ3, respectively.

In the language of the root construction, the stackX is obtained from its coarse space
X by extracting a square root of(1 : 0) and a cube root of(0 : 1).

7.2. Binary quintics. The invariant ring for binary quintics can be written

R = k[I4, I8, I12, I18]/(I2
18 − F (I4, I8, I12))

where the generatorsIi are homogeneous of degreei andF is (weighted) homogeneous of
degree36.

Thus Theorem 5.1 applies: The GIT quotient scheme is the weighted projective plane

X = Proj(R) = P(1, 2, 3)

and the canonical stackXcan is the weighted projective stackP(1, 2, 3). The stacky GIT
quotientX = Proj (R) is an essentially trivialµ2-gerbe over its rigidificationX rig,
which is obtained fromXcan by extracting a square root ofF .

We note that the weighted projective planeX has cyclic quotient singularities at(0 :
1 : 0) and(0 : 0 : 1), and is otherwise smooth. The stackX also remembers the divisor
defined byF , which we now analyse.

The generatorsIi for the invariant ring are not uniquely defined. In the following we
choose the generators given by Schur [14]. With this choice,we have1

(7.1) 324F (I4, I8, I12) = −9I4I
4
8 −24I3

8I12 +6I2
4I2

8I12 +72I4I8I
2
12 +144I3

12− I3
4I2

12,

which is irreducible and is singular at(1 : 0 : 0) and(−3 : 3 : 3). Denoting the closures
of the loci of special quintics with Roman numerals (I)-(V),according to the list in Section
6.2, we have:

• (I) is the divisorZ(F )
• (II) and (III) are the two singularities ofP(1, 2, 3)
• (IV) and (VI) are the two singularities ofZ(F )

Moreover, the curveZ(F ) passes through (III) but avoids (II). The situation is summarized
in Figure 1.

1Schur does not give the relation, but it can be found in Elliot’s book [8]. Elliot’s and Schur’s invariantsIi

agree up to scale.
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III

IV
V

II

I

FIGURE 1. Inside the moduli space of binary quintics.

7.3. Binary sextics. The invariant ring for binary sextics can be written

R = k[I2, I4, I6, I10, I15]/(I2
15 − F (I2, I4, I6, I10))

where the generatorsIi are homogeneous of degreei andF is (weighted) homogeneous of
degree30.

Thus Theorem 5.1 applies: The GIT quotient scheme is the weighted projective space

X = Proj(R) = P(1, 2, 3, 5)

and the canonical stackXcan is the weighted projective stackP(1, 2, 3, 5). The stacky
GIT quotientX = Proj (R) is its own rigidification, and it is obtained fromXcan by
extracting a square root ofF .

The weighted projective spaceX has cyclic quotient singularities at(0 : 1 : 0 : 0),
(0 : 0 : 1 : 0) and(0 : 0 : 0 : 1) and is otherwise smooth. We next analyse the divisor
Z(F ).

For a specific choice of generatorsIi, Clebsch [6] givesF explicitly as twice the deter-
minant of the3 × 3 symmetric matrix(aij) with entries

a11 = 2I6 + 1
3I2I4 a23 = 1

3I4(I
2
4 + I2I6) + 1

3I6(2I6 + 1
3I2I4)

a12 = 2
3 (I2

4 + I2I6) a33 = 1
2I6I10 + 2

9I6(I
2
4 + I2I6)

a13 = I10 a22 = I10.

This polynomialF is irreducible. Its zero locusZ(F ) is a surface which is singular along
a curve, having two components. Each component has one singular point.

It turns out that these loci matches the classification of sextics from Section 6.3: Again
we use roman numerals (I)-(VIII) for the closures of the lociin X corresponding to the
special sextics. Equations for the loci (I)-(VI) were determined by Bolza [4], and the
points corresponding to the remaining special sextics (VII) and (VIII) can be determined
by evaluating explicit expressions for the invariantsIi. The results are as follows:

• (I) is the divisorZ(F )
• (II), (VII) and (VIII) are the three singularities ofP(1, 2, 3, 5)
• (III) and (IV) are the two curves along whichZ(F ) is singular
• (V) is the singular point of the curve (III)
• (VI) is the singular point of the curve (IV)

Furthermore, the curves (III) and (IV) intersect in (V), (VI) and one additional point. The
latter corresponds to strictly semistable sextics, i.e. sextics with a triple root.

One also checks that the surfaceZ(F ) does not contain (II) and (VII), but it contains
(VIII) and is smooth there. The situation is summarized in Figure 2.
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V

II

III

IV

VI

VII

VIII

I

FIGURE 2. Inside the moduli space of binary sextics.

8. CUBIC CURVES AND SURFACES

In this section we describe the relation between the GIT quotient scheme and the stacky
GIT quotient corresponding to cubic plane curves and cubic surfaces in space.

8.1. Cubic plane curves. The invariant ringR for the action ofSL(3) on cubic forms in
three variables can be written

R = k[I4, I6]

where the generatorsIi are homogeneous degreei polynomials in the coefficients of the
cubic form. Thus the GIT quotient scheme isP

1. By Corollary 4.5, the stacky GIT quotient
Proj (R) is an essentially trivialµ2-gerbe over its rigidificationProj (R(2)), which is the
weighted projective stackP(2, 3). As in Section 7.1, this stack is obtained from its coarse
spaceP1 by extracting a square root of(0 : 1) and a cube root of(1 : 0).

8.2. Cubic surfaces. The invariant ringR for the action ofSL(4) on cubic forms in four
variables can be written

R = k[I8, I16, I24, I32, I40, I100]/(I2
100 − F (I8, I16, I24, I32, I40))

where the generatorsIi are homogeneous of degreei andF is (weighted) homogeneous of
degree200.

Thus Theorem 5.1 applies: The GIT quotient scheme is the weighted projective space

X = Proj(R) = P(1, 2, 3, 4, 5)

and the canonical stackXcan is the weighted projective stackP(1, 2, 3, 4, 5). The stacky
GIT quotientX = Proj (R) is an essentially trivialµ4-gerbe over its rigidificationX rig,
which is obtained fromXcan by extracting a square root ofF .

One may expect that the singularities ofX , Z(F ), the singularities of their singular loci
etc., reflect a classification of cubic surfaces according totheir symmetries, as was the case
for binary forms. We have not investigated this further.
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