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��R m JK:<.j�Ap;�gF<0ND=Q7FC2i�?��O3D=Q�B32?FIH�2uFI@yWTWg.VHI:IRcd=298�UK8cDyd<�hD?S�2 QP298;8q^�29H�FIWX298;8P29SN>h8L29: m . R
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FIBKR;H<.£2gd5D?SNFIRc>K.V:Y29UK8c.£{bJ3298;R;HY29HIR;46.£>AR¥¤t.V:<.VSNd5.£D9\�Uw.V032=4bRcD?:=^ HI0N.V@u032=46.£D?SN.eHI:Y29R;H¦R;S�d5D?WTWgD?S¨§P©«ªl¬?­
®5¯s°A±?²I±G³]´ ¬Gµh29HZ2 ®=¯¶°A±?²I±G³]´ ¬?µ ° ¬ ´ µ ³ S

D?S�HI0N.kQP298;8¨JKBNFIHI:<.=29W(D9\�HI0N.kUK8cDyd<�E^KQlR;HI0u:<.VHI:<D m :Y2?>K.eO3D·Q¸29HHI0N.TD?BKBEDGFIR;H<.TFIRc>K.CD9\
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u(y = 0) = 0
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©�F<.VB329:Y29HIRcD?S�BED?R;S¿H7\]D?:1O3D·QÃR;SiHI0N.

x
>AR;:<.5dVHIRcD?S»032?F ∂u

∂y
|y=0 = 0
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êx
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u = (u, v, 0)
¼|�Ap;� ¾

ω = (0, 0, ζ)
¼|�Ap¹� ¾

Ñ|ÒLÓ¨Ô¹Õ�ÖØ×YÙqÚ�Û�ÖÝÜvÞ9×�Õ|ÛIß¦à¢ávÓqâoÛ�ãoÙqÛ�Õ|Ûäá=Ó¶×<ÓqÔ¹à¢ákÔ¹á�å æbÙqÔÝÓ|Óqà�á	çIè�é¢éYêcë
�=ìA�



�=ìG� �����������
	���
������������
����	������������������ �!���"���#�$�%����&'�
�(�

��R m JK:<.£�Ap;�G§ À HI:<.=29�b8;R;SN.eB329HIH<.V:ISNFZ\|D?:Z�?�ÉO3D·Q¸29H¦2 ¾ R = 0.02
29SN>uU ¾ R = 3300

Ð10N.a>K.¢ÍNSKR;HIRcD?S
ζ = ∂1u2 − ∂2u1 = ∂v/∂x − ∂u/∂y

R;WTBK8;Rc.5F=§
∂ζ

∂y
=

∂2v

∂x∂y
−

∂2u

∂y2

¼|�Ap*) ¾
©1H7HI0N.kQ1298;8P¼

y = 0 ¾ ^NUw.5d=29JNF<.eD9\�HI0N.eUED?JKSN>N29:I@ud5D?SN>AR;HIRcD?SNF u = v = 0
\|D?:¦298;8c.

x
§

∂u

∂x
|y=0 =

∂v

∂x
|y=0 = 0

¼|�Ap + ¾
,vFIR;S m HI0N.ad5D?S¿HIR;SbJKR;H¶@�.5{bJ329HIRcD?S�¼.-/- ¾ Qz. m .VH=§

∂v

∂y
|y=0 =

∂2v

∂x∂y
|y=0 = 0

¼|�Ap*0 ¾
Ð10¿JNF·^A\]D?:lHI0N.a46D?:IHIRcdVR;H¶@�29HlHI0N.eQ1298;8¨HI0N.k\|D?8;8cD=QlR;S m d5D?SN>AR;HIRcD?S�0ND?8c>KF=§

ζ = −
∂u

∂y
(y = 0)

¼|�Ap*1 ¾
∂ζ

∂y
= −

∂2u

∂y2
(y = 0)

¼|�Ap32 ¾
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Ð10KRcF¦R;WTBK8;Rc.5F¦HI0329HvHI0N.�46D?:IHIRcdVR;H¶@»29HvHI0N.aQ1298;8���� ± µ	� ¯¢®£®�´ �?µÎ29H¦HI0N.�F<.VB329:Y29HIRcD?S BED?R;S¿H=pZÐ10bJNF=^EF<.VB32o¡:Y29HIRcD?SuR;WTBK8;Rc.5FlHI0N.e.¢nARcFIH<.VSNd5.eD9\�2�:<. m RcD?SuQl0N.V:<.eHI0N.v46D?:IHIRcdVR;Hs@`032?F1HI0N.eD?BKBEDGFIR;H<.eFIR m SuD9\�d5D?WTB329:<.5>H<Dg.V8cF<.VQl0N.V:<.£R;SiHI0N.kO3D·QapP�3D?:¦2	O3D=Q�FIR;HIJ329HIRcD?S�8;R;�6.aHI0329HZR;S���R m JK:<.£�Ap¹�A^�
eR;HZWg.=29SNFZHI0329H¦2 ° ¬ ®�´]³]´��?¯
ζ
RcF¦BK:<.5F<.VSbHe29HZO3D=Q F<.VB329:Y29HIRcD?S¨p�
vD=QP.V46.V:=^EHI0N.a:<. m RcD?S�QlR;HI0 ζ > 0

032?FZH<DXUw.£8c.5F<FZHI0329S HI0N.aH<D?HY298
:<. m RcD?SuQlR;HI0 :<.VHI:<D m :Y2?>K.edVR;:<dVJK8L29HIRcD?S¨p�Ð10KRcFPRcF1R;8;8;JNFIHI:Y29H<.5> R;S ��R m JK:<.a�Ap*)A^bQl0N.V:<.kHI0N.v46D?:IHIRcdVR;Hs@jR;S`HI0N.FIHY29SN>AR;S m .5>K>A@��ÝF7d5.VSbH<.V:ZSN.5d5.5F<FY29:IR;8;@ 032?FlHI0N.eF�29Wg.aFIR m S�2?FlJKBNFIHI:<.=29W"D9\�HI0N.eFY.VB329:Y29HIRcD?S�BED?R;S¿H=p

Ð10N.ad5D?SNF<Rc>K.V:Y29HIRcD?SNFv29UED=46.aF<0ND=QÃHI0329H7R;SuHI0N.
x
d5D?WTBwD?SN.VSN.VHvD9\�HI0N.��k254yRc.V:�¡ À H<D?�6.5Fv.5{¿J329HIRcD?S¨^
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∂u

∂x
+ v

∂u

∂y
= −
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ρ

∂p

∂x
+ ν

∂2u

∂x2
+ ν

∂2u

∂y2

D?SK8;@�H¶QPD�H<.V:IWgF£QlR;8;8�UE.g>AR¥¤E.V:<.VSbHa\]:<D?W��=.V:<DuR;SAÍNSKR;H<.5F<R;WX298;8;@ÎdV8cDGF<.TH<DuHI0N.XQP298;8k¼ R;:I:<.5FIBw.5dVHIR;46.V8;@/D9\
Ql0N.VHI0N.V:¦FY.VB329:Y29HIRcD?S�Dbd5dVJK:<FZD?:7SND?H ¾ §
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∂x
+ ν
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1

ρ

∂p

∂x
+ ν

∂ζ

∂y
= 0

¼|�Ap¹� ¾
-/. 032546. \|D?JKSN>Ã2�:<.V8L29HIRcD?S Uw.VHsQz.5.VS HI0N.�BK:<.5F<FIJK:<. m :Y2?>ARc.VSbH»298cD?S m HI0N.�QP298;8£29SN> HI0N.�46D?:IHIRcdVR;H¶@
m :Y2?>ARc.VS¿HeSND?:IWX298MH<DjHI0N.	QP298;8qparsHZRcFe2 � ¯ µ ¯¢²�± � :<.V8L29HIRcD?ShR;S HI0N.	FY.VSNF<.£HI0329HkSNDu2?F<FIJKWTBKHIRcD?SNFa29UED?JKH
R
032=46.aUE.5.VSuWX2?>K.��KHI0N.e:<.V8L29HIRcD?Si0ND?8c>KF7\]D?:7dV:<.5.VBKR;S m O3D=Q¸2?FlQP.V8;8�2?FlUED?JKSN>N29:I@ 8L25@6.V:7O3D·Qap- R;HI0hO3D=Q 29SN>h46D?:IHIRcdVR;Hs@ m R;46.VSÎUb@*¼|�Ap;� ¾ 29SN>½¼|�Ap¹� ¾ ^�Qz.X032546. (ω ·∇)u = 0

p Ð10N.T:<.VWX29R;SKR;S mSND?SA¡¶>ARcFY29BKBE.=29:IR;S m d5D?WTBED?SN.VS¿HvD9\�HI0N.e46D?:IHIRcdVR;Hs@u.5{¿J329HIRcD?S�¼.-�- ¾ FIR;WTBK8;R¥Í3.5FZH<D
(u·∇)ζ = ν∇2ζ

¼|�Ap;�=ì ¾
©vF7Wg.VS¿HIRcD?SN.5>�R;S»HI0N.£>ARcF<dVJNFYFIRcD?S�R;S��z0329BKH<.V:k�A^E29SN>»29S3298cD m D?JNFvH<DjBK:<D?Bw.V:IHIRc.5F¦�ySND=QlS»\ :<D?W"JNFIJ3298
>AR¥¤EJNFIRcD?S .5{bJ329HIRcD?SNF=^wHI0N.aH<.V:IW

ν∇2ζ
>K.5F<dV:IR;UE.5Fv>AR¥¤EJNFIRcD?S�D9\[46D?:IHIRcdVR;H¶@ >KD=QlS/2T46D?:IHIRcdVR;Hs@ m :Y2?>ARc.VS¿H=^R;SuHI0N.a>AR;:<.5dVHIRcD?S D9\�FIWX298;8c.V:v29UNF<D?8;JKH<.e4G298;JN.5F7D9\�HI0N.a46D?:IHIRcdVR;H¶@6p

r¶\�^M\]D?:CHI0N.ud<0ND?Rcd5.�D9\¦:<.¢\|.V:<.VSNd5.uFI@yF<H<.VW R;SxD?JK:T.¢nN29WTBK8c.G^�HI0N.V:<. WX2=@�UE.u29S¿@�:<. m RcD?SNFTQlR;HI0«2BEDGFIR;HIR;46.
ζ
D?JKH¦R;S»2	O3D=Q¸:<. m RcD?S�QlR;HI0�D?HI0N.V:IQlRcFY.aBK:<.5>KD?WTR;S329S¿HI8;@�SN. m 29HIR;46. ζ

^AR;Hl\]D?8;8cD·Q7FZHI0329HZHI0N.V:<.
W£JNF<H�UE.j2i:<. m RcD?SÎ\|D?: y = 0

¼ Ql0N.V:<.X46D?:IHIRcdVR;Hs@/RcF	dV:<.=29H<.5> ¾ QlR;HI0 ζ > 0
29SN>

∂ζ/∂y < 0
^�H<D m .VH>AR¥¤EJNFIRcD?S�D9\�BwDGFIR;HIR;46.k46D?:IHIRcdVR;Hs@iD?JKH1\ :<D?W�HI0N.eQP298;8qp[rsH1\|D?8;8cD=Q7Fl\]:<D?W��[{wp_¼|�Ap¹� ¾ HI0329H

• ∂p/∂x | y=0 > 0
RcF¦2CSN.5d5.5F<FY29:I@6^3UKJKHZSND?H¦F<J	�XdVRc.VS¿H=^wd5D?SN>AR;HIRcD?Si\|D?:lO3D=Q�F<.VB329:Y29HIRcD?S�¼ \|D?:lO3D·Q

R;S�HI0N.kBwDGFIR;HIR;46.
x
>AR;:<.5dVHIRcD?S ¾-/.�032546.�HI0¿JNF¦\]D?JKSN>�29S 29: m JKWg.VSbHk\]D?:¦HI0N.£UED?JKSN>N29:I@i8L2=@6.V:vdV8L2?F<F<R¥Í3d=29HIRcD?S Ql0KRcdY0»Q12?FvR;S¿HI:<Dy>AJNd5.5>R;S/HI0N.XBK:<.V4bRcD?JNF	d<0329BKH<.V:=pu�ND?:

R � 1
QP.g032=46.

∂p/∂x ≈ ∂p0/∂x
¼
Λ
SN. m 8;RcF�
I.V:IU329: ¾ ^�F<DuHI0329HC29SJKSA\q2546D?:Y29UK8c.CBK:<.5F<FIJK:<. m :Y2?>ARc.VS¿HeR;WTBK8;Rc.5FkHI0N.�BEDGF<FIR;UK8c.	.¢nyRcFIH<.VSNd5.	D9\�:<. m RcD?SNFkQlR;HI0�BEDGFIR;HIR;46. ζ

R;S HI0N.
O3D=Qa^�29SN>�2?d5d5D?:<>AR;S m 8;@ O3D=QÉFY.VB329:Y29HIRcD?S¨p- 0N.VHI0N.V:	O3D=Q F<.VB329:Y29HIRcD?S«2?dVHIJ3298;8;@�Dbd5dVJK:<FCR¥\ZHI0N. d5D?SN>AR;HIRcD?S«29UED=46.`RcFCFY29HIRcF�Í3.5>t^MQlR;8;8l>K.VBE.VSN>
D?S HI0N.a\]JK8;8�46D?:IHIRcdVR;Hs@�U3298L29SNd5.T2?Fk.¢nyBK:<.5FYF<.5>�R;S��[{wp�¼|�Ap¹� ¾ p
�M46.VS»\|D?: ∂p/∂x | y=0 > 0

^E>AR¥¤wJNF<RcD?S D9\
46D?:IHIRcdVR;H¶@/\ :<D?W :<. m RcD?SNF£QlR;HI0 ζ < 0

WX2=@/d5D?JKS¿H<.V:Y2?dVHCHI0N.gBK:<.5F<.VSNd5.jD9\7BwDGF<R;HIR;46.
ζ
R;S�HI0N.TO3D·Qa^�FYD

HI0329H¦FY.VB329:Y29HIRcD?S�QlR;8;8¨SND?H7HY29�6.£BK8L2?d5.Gp��»Ð10N.£.V46.VS¿HIJ3298�BK:<.5F<.VSNd5.£D9\MF<.VB329:Y29HIRcD?S�QlR;8;8�>K.VBw.VSN>�D?SiH¶QPD
HI0KR;S m F=§

•
- 0N.VHI0N.V:7HI0N.kO3D·QÉ>K.V46.V8cD?BNFv2	:<. m RcD?S 29H7HI0N.kQP298;8�QlR;HI0»29SuJKSA\|2=46D?:Y29UK8c.aBK:<.5F<F<JK:<. m :Y2?>ARc.VS¿H

•
- 0N.VHI0N.V:7HI0KRcF m :Y2?>ARc.VSbHZRcFlJKSA\q2546D?:Y29UK8c.�.VSND?J m 0

Ð_Du>K.VH<.V:IWTR;SN.gQl0N.VHI0N.V:eHI0N.C8L29HIH<.V:eRcFvF�29HIRcF�Í3.5>�RcFkJNFIJ3298;8;@»>AR��XdVJK8;H=p	º1D?HI0Î2?FIBE.5dVH<Fv>K.VBE.VSN>hD?S�HI0N.
H¶@yBE.eD9\�O3D·Qa^�29SN>uHI0bJNF7D?S

R
p

��R m JK:<.h�Ap +*FI0ND=Q7F F<D?Wg.»Rc>K.=298;R �=.5> 46.V8cDbdVR;Hs@«BK:<D9ÍN8c.5Fu.V8;JNdVRc>N29HIR;S m HI0N.�29UwD·46. :<.V8L29HIRcD?SNF=p�Ð10N.46D?:IHIRcdVR;H¶@i>ARcF<HI:IR;UKJKHIRcD?S»032?F¦F<D?Wg.aFIR;WTR;8L29:IR;HIRc.5F¦QlR;HI0�HI0N.�>ARcFIHI:IR;UKJKHIRcD?S»D9\
−∂u/∂y

\|D?:ZFIWX298;8
y
^KQlR;HI0

Rc>K.VS¿HIR;Hs@�R;S HI0N.£8;R;WTR;H
y → 0

pvÐ10N.�\]D?:IW"D9\�HI0N.�dVJK:I46.5FvRcFv>K.VH<.V:IWTR;SN.5>�U¿@iHI0N.	FIR m S�D9\ ∂2u/∂y2
29H

HI0N.¦QP298;8��yR¥\¨R;HzRcFzBEDGFIR;HIR;46.G^¿R;HPR;WTBK8;Rc.5FPHI0329HzHI0N.¦46.V8cDydVR;H¶@X>ARcFIHI:IR;UKJKHIRcD?S W�JNFIHz032=46.v29S ´ µ=ª ¯ � ³]´ ¬Gµ ° ¬ ´ µ ³29HzFYD?Wg.¦>ARcFIHY29SNd5.Z\]:<D?W HI0N.¦QP298;8qp �urq\
∂2u/∂y2 |y=0

¼|29SN>XHI0¿JNFl298cF<D£HI0N.ZBK:<.5F<F<JK:<. m :Y2?>ARc.VS¿H ¾ RcFz8L29: m ..VSND?J m 0¨^bR;H�Wg.=29SNFzHI0329HP2k:<. m RcD?SjQlR;HI0X:<.VHI:<D m :Y2?>K.ZO3D=Q WX25@gDyd5dVJK:z29H�HI0N.ZQP298;8qpMrsSX��R m JK:<.¦�Ap +6> ¾ QP.F<.5.vFIJNd<0�29Su.¢nABK8;RcdVR;HlFIR m S329HIJK:<.kD9\�F<.VB329:Y29HIRcD?S��AHI0N.vBK:<D9ÍN8c.kWX25@`FIH<.VW�\ :<D?W 2£BwD?R;SbH7>KD=QlSNFIHI:<.=29W D9\
2CF<.VB329:Y29HIRcD?S»BwD?R;SbH=p
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