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½�8QE :O4V6FEH��G@AD69:=RU4 >YRU4Q<96@AD4V6F<

A
AD4Qx

B
ADGFE x;EH6FEHG9_`:O4QEYx*w�Z¿698QE wTRUP;4QxQADG9Z >YRU4Qxy:O69:=RU4 ¢°¯ o ¯n¤ AD4Qx

:O4V69GFRjxyPQ>H69:=RU4[RDSXAD4QRU698QEHG'>YRU4Q<F6@AD4V6F<
C
IM8;:=>F8�x;EH6FEHG9_`:O4QEY<'698QEJAD_`C;NO:O69PQx;E�ª

−kAe−kh + kBekh = 0 , C = 2Ae−kh = 2Bekh
¢°¯ oO± ¹ ¤

356�S�RUNON=RuI�<�698BAD6
f(z) =

1

2
C{ek(z+h) + e−k(z+h)}

¢°¯ oO± Ô ¤
AD4Qx

Φ = C cosh(k(z + h)) cos(kx− ωt)
¢°¯ oO± ¯n¤

½�8QEqxy:=<FCsEHGF<9:=RU4�GFEHNWAD69:=RU4
ω = ω(k)

AD4Qx�698QEqC;8BAU<@EX¬nEHN=Rj>H:O6rZ
V = ω/k

¢ <FEYE � C;CsEH4Qxy:~]�Î ¤ :=<�RUw;6@AD:O4QEYx
wVZ�:O4Q<FEHG969:O4;�©698QE?<FRUNOP;69:=RU4�:O4V6FR«ÎX¡ o ¢°¯ o Â ¤ ª

k sinhkh− ω2

g
cosh kh+

αk3

ρg
sinhkh = 0

¢°¯ oO± � ¤
�
	ty{�`}krx�B�vsv��sv}ksvu !��9�{�5�Xy{z ��� �t�<�#��
��x�xs���y{ux�����t��} ��rty1y��5�

B = 0
�]�5s��t�<u

e−kz
�tsv� ��� !��<�`��� �]y�ut�<u1}ks � �v�v���

z < 0 � 3� ��}k���#y�u��c�B�/sv�v� �<y{ux�5s��t���`}krxsv�'�9�{�5�Bz y{��}krt���7ux�{� �5y{�v�t}ksvy�u 3������k�*�i�+y{ux�~��uxy{}ks �<�B}krx� }`svu�}krx���t��� �����7�ts����vsv��sv}#y�ut�
!���}k��� �5sv���x�v�����t���ks��{� }ksvy{u�y{z|}krx�*�k���5�x�~}k�<�7�/rxs �Sr �<y{�5�k��� �]y�u7� �`}ky �k�#�x�����<svu !

cosh(k(z + h))
� �

ekz
� u7��}S�{utr

kh
�1�

1
svu�}krt���7ux�{�j��� �t�k�<�5�5svy{ux� 3�� u�}krt� �t�ky{�x�v�<�����5� ��}ks�y{u��c�*�/sv�v� y{ux�~�
�<y�ut�5s � ���/}krxsv�/�vs���s~} 3
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+ Ô Â
Ó E?698QEH4�RUw;6@AD:O4�698QE?xy:=<9CsEHGF<F:=RU4�GFEHNWAD69:=RU4

ω2 = (gk +
αk3

ρ
)
6@AD4;8

kh
¢°¯ oO± � ¤

AU<�IKEHNON�AU<�A 8Hh;l��Ud9l�Ë Ç m <9P;CTEHG9CTR�<9:O69:=RU4�S�RUG9_�P;NWA�S�RUG�698QE�C;8BAU<FEg¬nEHN=Rj>H:O69:=EY<
Vg
S°RUG�C;P;GFE 4Ud9l�� Ç Ë�6 � l��Deif

¢
α = 0

¤
Vα

S�RUGMC;P;GFE m@l ��Ç ÌkÌOlUd�6 � l��De^f ¢
α� ρg/k2

¤ ª
V 2 = V 2

g + V 2
α

¢°¯ oO± � ¤
V 2

g =
g

k

6@AD4;8
kh

¢°¯ oO±bÂ ¤

V 2
α =

αk

ρ

6@AD4;8
kh

¢°¯ o ·�¸ ¤
 �AD6FEHG�RU4©IKEtIM:ONONB<FEYEM698BAD6K:~S�A�I�Ab¬nEt:=<�A fih � e^d �$: f Ç Ë Ç5:UÈ�RDS�C;NWAD4QE�I�AY¬nEY<KIM:O698«xy:~}�EHGFEH4V6qI�AY¬nEHN=EH4;��698Q<
:O4Q<96FEbAUx«RDSTwTEH:O4;��_¦RU4QRj>F8;GFRU_©AD69:=> ¥ 698QE 4Ud : h � �De^Ì : m Ç Ë�6 IM:ONONBwTEtA�_¦RUGFE�_¦EH4;:O4;�US�P;Ns¬nEHN=R�>H:O65Z`_¦EbAU<9P;GFE
698BAD4�698QE?C;8BAU<@E�¬nEHN=R�>H:O65Z o
�����
	���
���������������������� �!�"��#%$&��'(��)��*	�	+���,	��+-&.(��/

Ó E�IM:ONONt>YRU4Q<9:=x;EHG©698QEz<FRUNOP;69:=RU4Q<LS°RUG`698QE�6rIKR�NO:O_`:O69:O4;��>bAU<FEY<
λ � h

¢ x;EYEHC�NO:=¡�P;:=x ¤ AD4Qx
λ � h¢ <98BADNON=RuIvNO:=¡�P;:=x ¤ o ½�8QE�8VZjCsEHG9wTRUNO:=>�6@AD4;�nEH4�6XS|AU>H6FRUGX8BAU<Xxy:~}�EHGFEH4V6�ADC;C;GFRb]j:O_©AD69:=RU4Q<�:O4`698QEM65IKR�NO:O_`:O6F< ¥

<FEYE`³10'RU6969_©AD4;4 ±bÂ�Â ¯ ºrª
6@AD4;8

kh = 1 − 2e−2kh + . . . (kh� 1,
x;EYEHC�NO:=¡�P;:=x

)

6@AD4;8
kh = kh (1 − 1

3
(kh)2 + . . .) (kh� 1,

<98BADNON=RbI NO:=¡VP;:=x
)

½�R¦698QE?N=RbI�EY<96tRUGFx;EHGt698QE�C;8BAU<@E?¬nEHN=R�>H:O69:=EY<tGFEYxyPQ>YE?6FR

V 2 =
gλ

2π
(1 +

4π2α

ρgλ2
) (

x;EYEHC�NO:=¡�P;:=x
)

¢°¯ o · ± ¤

V 2 = gh(1 +
4π2α

ρgλ2
) (

<F8BADNON=RbI NO:=¡�P;:=x
)

¢°¯ o ·�· ¤
354ÍA�x;EYEHC�NO:=¡VP;:=x ¥ N=RU4;�U§|I�AY¬nEHN=EH4;��698Å��G@AY¬j:O6rZ I�Ab¬nEY<JIM:ONON�C;GFRUCBAD�VAD6FE¦S°AU<96FEHG�698BAD4�<F8QRUG96{§|I�AY¬nEHN=EH4;��698
RU4QEY< o 2 354Ñ698QEz<98BADNON=RbI�§|NO:=¡�P;:=x�NO:O_`:O6`698QEzC;8BAU<@E�¬nEHN=R�>H:O65ZÅIM:ONONtADC;C;GFRnAU>@8 A >YRU4Q<96@AD4�6 o�p :O��P;GFE ¯ o ·
:ONONOPQ<969G@AD6FEY<t698;:=<�S�RUGM698QE�>bAU<FE?RDS�C;P;GFEJ��G@AY¬j:O6rZzI�Ab¬nEY< o

ÏMAU<FEYx�RU4Å698QE«GFEY<FP;NO6�S°RUG¦A�<F8BADNON=RbIÄNO:=¡�P;:=x�I�E­_©AYZ��nEH6¦A[¡VPBADNO:O6@AD69:O¬nE�P;4Qx;EHGF<F6@AD4Qxy:O4;�\RDSt698QE
C;8QEH4QRU_¦EH4QRU4ÍRDS fihjdkcKc : diÊ¦l�Ë Ç5:UÈ[S�RUGgR�>YEbAD47I�Ab¬nEY<'_¦Ru¬�:O4;��Rb¬nEHG?A¦<FN=RUC;:O4;�«wTRU696FRU_):O4[698QEJ¬j:=>H:O4;:O6rZ
RDSX698QE	<98QRUGFE]n�<FE p :O��P;GFE ¯ o ¹ o�Ð :O4Q>YE

hT > hB
I�E	8BAY¬nE

VT > VB
ª Ð _©ADNON�xy:=<969P;G9wBAD4Q>YEY<?RU47A©I�Ab¬nE

>HGFEY<96MIM:ONON C;GFRUCBAD�VAD6FEJS°AU<F6FEHGM698BAD4�698QR�<FE?:O4z698QE?I�AY¬nE�69GFRUP;��8 o13
354©698QEtNO:O_`:O6�RDSÃA�x;EYEHC«NO:=¡�P;:=x ¥ S°RUG�A�>YRU4Q<96@AD4V6

z
¥ 698QEt>YR�<98«S°AU>H6FRUGK:O4«ÎX¡ o ¢°¯ oO± ¯n¤ >bAD4­wsEgADC;C;GFRY]y:~§

_©AD6FEYx«wVZ 1
2e

k(z+h) o 354Q>HNOPQxy:O4;��698QE�S°AU>H6FRUG 1
2e

kh :O4V6FR�698QE'AD_`C;NO:O69PQx;E'S°AU>H6FRUG C ¥ I�Et�nEH6�698QEt<@RUNOP;69:=RU4S°RUGM698QE?¬nEHN=R�>H:O65Z�CsRU6FEH4�69:WADN�:O4z698;:=<MNO:O_`:O6bª
Φ = Cekz cos(kx− ωt) (

x;EYEHC�NO:=¡�P;:=x
)

¢°¯ o ·�¹ ¤
4 qcrtsv�#sv�`�{ux�{�vy !{y��x�/}ky�}krt�65�7�(98�.;:=<�& 2?> 1+(�2 &?7;5 �xrt�<uxy{���<uxy{u�svu�y��t}ks �<� 3
@�qcrtsv�`sv�/� ���ksv� �9��z �ky���}krt�#}krt�<y{�5��z y{�`�5�J�{�v���{���t��s~}k�x�t�<�<� � u7��s~}/sv�/�1�x�<��}ksvy{u7�{�t�v�*rxy9�b�v� !�s~}ksv�J� }k�*}krt� �<y{u"�<�v�t�5s�y{u

sv��z y{� �7uts~}k���Q�{���x�vs~}k�7� �`�c�9� �<� 3
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p :O��P;GFE ¯ o ·yªX´�8BAU<FEJ¬nEHN=R�>H:O65ZzAU<'A�SÉP;4Q>H69:=RU4�RDS¨I�Ab¬nEHN=EH4;��698�S°RUGtAL��:O¬nEH4�x;EHC;698 ¥ S�RUG
α = 0

p :O��P;GFE ¯ o ¹yª Ð P;G{S�S°RUG9_©AD69:=RU4

N*OQPBO�� ������W \S_+\SW V+W ^�� [	����Y
�XacU��
��� fk^Bh \5[��
� <tA	GFEH_`:O4Qx;EHG ¥ :O4z698QEJ>bAU<@E?RDS�A`x;EYEHC�aQP;:=x�698QEHGFE?:=<M698QE?GFEHNWAD69:=RU4

V 2 =
g

k
+
αk

ρ

p RUGzN=RU4;�U§|I�AY¬nEHN=EH4;��698�I�AY¬nEY< ¢
k2 � ρg/α

¤ IM8QEHGFEÍRUw�¬�:=RUPQ<9NOZ IKE _©AbZ xy:=<FGFEH�VADGFx 698QEÍ>bADC;:ONONWADG9Z
S°RUGF>YE ¥ 698QE�xy:=<9CTEHGF<9:=RU4`GFEHNWAD69:=RU4©8BAU<KA'S�RUG9_�xy:~}�EHGFEH4V6qSÉGFRU_�698BAD6KAD6X<F8QRUG96�I�AY¬nEHN=EH4;��698Q< ¢

k2 � ρg/α
¤^¥

8QRbI�EH¬nEHG
V
:=<�<FEYEH4L6FR���GFRuIÑ:O4	wTRU698`>bAU<FEY<¨IM8QEH4`698QE�NO:O_`:O6�:=<XADC;C;GFRnAU>F8QEYx o � 6X<FRU_¦E�¬�ADNOPQE

λ = λminRDSX698QEJI�AY¬nEHN=EH4;��698 ¥ 698QEHGFE�_�PQ<96g698QEH47wsE	A Ê ÇkÈBÇ Ê¦lUÌ ¬UADNOPQE
V = Vmin

RDS¨698QE�C;8BAU<FE�¬nEHN=R�>H:O65Z�� ¥ <FEYE
p :O��P;GFE ¯ o Ô o Ï�Z�x;EHG9:O¬UAD69:=RU4 ª

2V
dV

dλ
=

dk

dλ

d

dk
(
g

k
+
αk

ρ
) = 0 ⇒ g

k2
min

=
α

ρ

½�8QE?C;GFRUCTEHG969:=EY<tRDS¨698;:=<M_`:O4;:O_�P;_�RDS
V
ADGFE�ª

λmin = 2π

√

α

ρg

¢°¯ o ·DÔ ¤

V 2
min = 2

√

αg

ρ

¢°¯ o · ¯n¤
�
	ty{�

λ < λmin

}krx���c�9� �<��� �k���k� s��%}ky�rx�9� � .;5�7;8�. : 7�� 2 <�& 2?> 1+(�2�& 7;5��Xqcrx���xr7� �5��� �<�vy �<s~} � & 5��#( 1 .�2#1+2��/rt�<uF}krt�
���9� ������u"!{}kr < 1��#( 1 .�2#1+2�3
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�-�'��(�
+ ¯ ±

p :O��P;GFE ¯ o ÔQª
V = V (λ)

S°RUG
λ� h

Ó AY¬nEY<'IM:O6987A¦xy:~}TEHGFEH4�6
λ
¥ wsRU698[<98QRUG96FEHG'AD4Qx�N=RU4;�nEHG ¥ IM:ONON�C;GFRUCBAD�VAD6FE�IM:O698[AL¬nEHN=Rj>H:O6rZzNWADG9�nEHG'698BAD4

��:O¬nEH4�w�Z�Îq¡ o ¢°¯ o · ¯n¤ o ½�8QEJ_`:O4;:O_�P;_ ¬nEHN=Rj>H:O6rZz>YRUG9GFEY<9CTRU4Qx;<�6FR
Vg = Vα = 1

2V
o

p RUGgA	I�AD6FEHG'<FP;G{S°AU>YEJAD�VAD:O4Q<96gAD:OGbª
α = 0.0725 � _ −2 (20

y l
)

ρ ≈ 103 ¼ �X_ −3

g ≈ 9.81
_�< −2

½�8;:=<M��:O¬nEY<bª
λmin = 1.71

>H_ ¢°¯ o ·]� ¤
Vmin = 23.1

>H_�< −1 ¢°¯ o · � ¤
� 4QE�IM:ONON RDS�6FEH4�RUwQ<FEHG9¬nE�NWADG9�nE^§|I�Ab¬nEHN=EH4;��698[��G@Ab¬�:O65Z­I�AY¬nEY<t:O4zI�AD6FEHGMIM:O698�<98QRUG96{§|I�AY¬nEHN=EH4;��6987G9:OC;C;N=EY<
G9:=xy:O4;�«RU4[698QEH_ o ½�8QEJNWAD696FEHG?ADGFEJ>bADC;:ONONWADG9Z�I�Ab¬nEY< o�� ½�8QE�<9N=RuIMNOZz_¦Rb¬j:O4;�©G9:OC;C;N=EY<gRU4QEJ_©AbZ�RUwQ<FEHG9¬nE
AD6�<FEbA	S�GFRU_ AL<9_©ADNON wTRnAD6 ¥ IM:ONON�PQ<9PBADNONOZ�8BAb¬nE?I�Ab¬nEJN=EH4;��698Q<tRDS�RUGFx;EHG

1
>H_ o��

N*OQPBO�� ������WZ^�[j\k^#_ ^ � [ � ��fS\��*V+\Sd Y+a��][j\Sh f � U
½�8QEJ>YRU_`CTRU4QEH4V6F<'RDS�698QE?N=Rj>bADN�aBRuI ¬nEHN=R�>H:O65Zz>bAD4�4QRbI wTEgS°RUP;4Qx�SÉGFRU_ ¢°¯ oO± ¯n¤ AD4Qx ¢5£y£V¤ ª

ux = kC cosh(k(z + h)) sin(kx− ωt)
¢°¯ o · � ¤

uz = −kC sinh(k(z + h)) cos(kx− ωt)
¢°¯ o · Â ¤

½�8QEY<FE[E^]jC;GFEY<F<F:=RU4Q<©>bAD4vwTEz:O4�6FEH��G@AD6FEYx¿6FR\¾Q4Qx�698QE[x;EH¬�:WAD69:=RU4 RDS�698QE�aQP;:=x�CBADG969:=>HN=EY<«S�GFRU_ 698QEH:OG
EY¡�P;:ONO:Ow;G9:OP;_ CTR�<9:O69:=RU4Q< o­Ó E©x;EH4QRU6FE«698QE¦:O4Q<F6@AD4V6�CTR�<9:O69:=RU4Q<	RDSM698QE¦_¦Rb¬j:O4;�7CBADG969:=>HN=EY<�w�Z

x
AD4Qx

z
¥

IM:O698
x0

AD4Qx
z0
:O4Qxy:=>bAD69:O4;��698QEH:OG«EY¡�P;:ONO:Ow;G9:OP;_ CTR�<9:O69:=RU4Q< o�p RUG«<9_©ADNON~§5AD_`C;NO:O69PQx;E[I�Ab¬nEY<©I�Ez_©AYZ

ADC;C;GFRY]y:O_©AD6FE'698QE�:O4Q<96@AD4V6@AD4QEYRUPQ<�CTR�<9:O69:=RU4Q<�:O4¦698QEtADG9��P;_¦EH4�6F<KRDST698QEM8�Z�CTEHG9wsRUNO:=>MSÉP;4Q>H69:=RU4Q<qwVZL698QEH:OG
EY¡�P;:ONO:Ow;G9:OP;_ ¬�ADNOPQEY< o 3r4�6FEH��G@AD69:=RU4�698QEH4���:O¬nEY<

x− x0 =
kC

ω
cosh(k(z0 + h)) cos(kx0 − ωt)

	 qcrt�#��y{��}c���t�4��} �c�<��y{z �t��}k���k��s�utsvu"!
α
��� �]���ksv���<u1}S�{�v�~�1� svu � y��v� �<� ���9�{�5� �k�<���<u1}!y{z�}krx�����9� ������u"!{}krJy z ��}S� u7�tsvu !

�9�4�xsv�v� ���5���c�����<�/��� �<s~}k�9���1���+}k�xutsvu"!+z y{�kw)y{�#�{u�y�� �<sv�v��� }ky �9����� �<y �S�tsvu"!+}ky�
 � y��������5z �<����
�������� 3
�<qcrt��� �t}krty{� y{z�}krx�<�5�/�v� ��}k� �k�#uty{}k�<� �]�<�vs���� �<�irt�/y��x�5���k� �9� �5�"�Sr ���9� ���irxsv���5�<�~z�� }i�{u)�4!��/�/rx�<uJrx�/w ux��� uty{}krxsvu !

�{�]y{�t} �7�ts���� � ux�{��s �<� 3
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p :O��P;GFE ¯ o ¯ ª¨½�8QEYRUGFEH69:=>bADNBCBADG969:=>HN=EtCBAD698Q<�S°RUG�CBADG969:=>HN=EY<X:O4 l _¦R�x;EHG@AD6FEHNOZ¦x;EYEHC ¥�� x;EYEHC�AD4Qx m <98BADNON=RuI
NO:=¡�P;:=x

= ã cos(kx0 − ωt)
¢°¯ o ¹�¸ ¤

z − z0 =
kC

ω
sinh(k(z0 + h)) sin(kx0 − ωt)

= b̃ sin(kx0 − ωt)
¢°¯ o ¹ ± ¤

½�8;:=<g_¦EbAD4Q<g698BAD6 ¥ 6FR©698QE	AU>Y>HP;G@AU>HZ[:O_`C;NO:=EYx7:O4�698QELAU<F<9P;_`C;69:=RU4Q< ¥ 698QE�CBADG969:=>HN=EY<�:O4�698QE�NO:=¡VP;:=x[IM:ONON
_¦Rb¬nE�:O4 e^ÌÉÌ Ç � Ë Ç mFlUÌ RUG9w;:O6F<txyP;G9:O4;�¦698QE?I�AY¬nE]mµ<'CsEHG9:=Rjx�ª

(
x− x0

ã
)2 + (

z − z0

b̃
)2 = 1

¢°¯ o ¹�· ¤
Î¨]yC;NO:=>H:O69NOZ ¥ 698QE`<9P;G{S|AU>YELI�Ab¬nE`_¦RU69:=RU4\8BAU<?wTRU698 69G@AD4Q<9¬nEHGF<@ADNKAD4Qx N=RU4;��:O69PQxy:O4BADNK>YRU_`CsRU4QEH4�6F< o ½�8QE
G@AD69:=R¦RDS¨698QEJEHNONO:OCQ<FE]mµ<MC;G9:O4Q>H:OCBADN¨A»]yEY<�8BAU<M698QE?6rI�R`NO:O_`:O69:O4;�©¬�ADNOPQEY<

lim
h→∞

b̃

ã
= 1 (

x;EYEHC�NO:=¡VP;:=x
)

¢°¯ o ¹�¹ ¤

lim
h→0

b̃

ã
= 0 (

<98BADNON=RbI NO:=¡�P;:=x
)

¢°¯ o ¹DÔ ¤
p RUG

h→ ∞ 698QE�CBADG969:=>HN=E?CBAD698Q<MIM:ONON�wTE?>H:OGF>HN=EY<tAD6tA	��:O¬nEH4
λ
¥ IM:O698zG@AUxy:O:�x;EY>HGFEbAU<9:O4;�©E^]yCsRU4QEH4�69:WADNONOZ

IM:O698¦698QE�xy:=<F6@AD4Q>YEMS�GFRU_�698QE�<9P;G{S|AU>YE o 3r4`_¦RUGFE'<98BADNON=RbI¿I�AD6FEHGq698QE�CBAD698Q<XwTEY>YRU_¦E�EHNONO:OCQ<FEY< ¥ 698QEM_¦RUGFE
EHN=RU4;�VAD6FEYx`698QEM>HN=R�<FEHG�6FR�698QE�wTRU696FRU_�RU4QE�>YRU_¦EY< ¥ AD4QxL:O4`698QE�NO:O_`:O6

h→ 0
698QE�I�Ab¬nEY<XwTEY>YRU_¦E�C;P;GFEHNOZ
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∂x
=
∂Φ
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∂Ψ

∂z
= −∂Φ
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∂Ψ

∂x
= kC sinh(k(z + h)) cos(kx− ωt)
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∂Ψ

∂z
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Ψ = C sinh(k(z + h)) sin(kx− ωt)
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t = 0
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Ψ = C sinh(k(z + h)) sin kx
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t = 0
ª

ζ ∝ sin kx
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Ψ = 0
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S°RUG
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= 0
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2π, . . .
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√
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dV

dλ
= − 1
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V ⇒ U =
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√
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V ⇒ U = 2V
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dV
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k
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dk
)
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k
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ρ
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sinh 2kh
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V
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S
AD4Qx

E
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E =
1

2
a2λ(ρg + αk2)
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S =
1
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a2λ(ρg + αk2) + παa2k
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a =
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UE =
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3αk2 + ρg

αk2 + ρg
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 3
p ���iy{u � svu �<���1y{�t�k�5�<�~zi}krx� } ���t�k�

u = Kêyez/δ cos(z/δ + ωt)
sv�X�)�5y{�v�t}ksvy�u�� �{u2� }5}k�<u �x� }k�9�����9� � �t�ky �x��!�� }ksvu"!�svu

}krx�*�ts~�k� ��}ksvy�u�y{z|ux�#! � }ksv� �
z
�t�/s~}kr�}krt� �<y{�5�k�#��}/}k�"�]�*y z �]y��tu7�x���5�	�<y�ux�ts~}ksvy�u�3
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698QE�AD_`C;NO:O69PQx;E�RDS¨>HP;G9N

u
IM:ONON�wsE�GFEYxyPQ>YEYx�wVZzA	S°AU>H6FRUG 1

e

o
Ð CTEY>H:WADNO:O¶bE?4QRbI 6FRLI�Ab¬nEY<t:O4�A`x;EYEHC�aQP;:=x o 3|S

δ � λ ⇒ λ2ω � µ

ρ

¢°¯ o Ô Â ¤
698QE­¬nRUG969:=>H:O6rZ�IKRUP;N=x�wTE­N=R�>bADNO:O¶bEYxÅ:O4vA[698;:O4�NWAYZnEHG¦>HN=R�<FE­6FR7698QEz<9P;G{S|AU>YE ¥ AD4QxÅ:O4Ñ698QE­GFEY<96`RDSt698QE
NO:=¡�P;:=xÑ698QEHGFEzIKRUP;N=x�wsE�CTRU6FEH4V69:WADNtaBRbI o¿Ð CTEY>H:WADNO:O¶bE�S�P;G9698QEHG¦6FRÍC;P;GFE���G@AY¬j:O6rZÑI�AY¬nEY<©:O4�698QEzx;EYEHC
aQP;:=x ¥ :O4�69GFR�xyPQ>YE�698QEJxy:=<9CTEHGF<9:=RU4zGFEHNWAD69:=RU4 ¢°¯ oO± � ¤^¥ AD4Qx�RUw;6@AD:O4 ª

λ2

√

2πg

λ
� µ

ρ

λ
3
2 � µ

ρ
√

2πg

≈ (0.025
_`_

)
3
2 (µ ≈ 10−3 ¼ ��_ −1 < −1 ¥ ¬UAD4;4 ¥ 20 y l )

¢°¯ o ¯ ¸ ¤
p RUG`ADNONq��G@Ab¬�:O65ZV§rx;RU_`:O4BAD6FEYx�I�AY¬nEY<	:O4ÅA�x;EYEHC�NO:=¡�P;:=x ¢ 698BAD6	:=< ¥ IM:O698

λ � 1.71
>H_ ¤ 698QE¦CTRU6FEH4V69:WADN

x;EY<F>HG9:OC;69:=RU4[:=<�698VPQ<tE^];>YEHNON=EH4V6 o o 2
½�8QE'6@AD4;�nEH4V69:WADN <969GFEY<@<FEY<X:O4­698QE'<FP;G{S°AU>YEt_�PQ<96�wsEt¶bEHGFRJS°RUGMA?¬j:=<F>YRUPQ<qNO:=¡�P;:=x ¥ :~S :O6q:=<�AU<F<9P;_¦EYx ¢ AU<

IKEMx;R ¤ 698BAD6¨698QE�¬�:=<@>YRUPQ<¨:O4V6FEHG@AU>H69:=RU4¦IM:O698L698QE��VAU<¨:=<�4QEH��NO:O��:Ow;N=E o ½�8QE�4QRU4y§|¬�:=<F>YRUPQ<�<@RUNOP;69:=RU4Q<�S�RUG�698QE
¬nEHN=Rj>H:O6rZ©I�Eg8BAY¬nE'S�RUP;4Qx ¥ x;R	4QRU6���:O¬nE'¶bEHGFR	:~S :O4Q<FEHG96FEYx­:O4�6FRL698QEt¬j:=<F>YRUPQ<�6FEHG9_ :O4«698QE�®�AY¬j:=EHG{§ Ð 6FR ¼ EY<EY¡�PBAD69:=RU4 o �'RuIKEH¬nEHG ¥ AU<tS°RUG�698QE	¬nRUG969:=>H:O6rZ ¥ A­>HN=R�<FEHG?E^]QAD_`:O4BAD69:=RU4ÍIKRUP;N=xÍ<98QRuI�698BAD6g698QELx;EH¬j:WAD69:=RU4
:O4z698QE?¬nEHN=Rj>H:O6rZzx;EY>HGFEbAU<FEJE^]yCTRU4QEH4V69:WADNONOZ�Rb¬nEHGgA	698;:O4�NWAYZnEHGg>HN=R�<FE�6FR`698QE?<9P;G{S|AU>YE o o 3

½�8QEHGFE^S°RUGFE ¥ A­CTEHG969P;G9wBAD69:O¬nE¦>bADN=>HP;NWAD69:=RU4�RDS�698QE`xy:=<F<9:OCBAD69:=RU4�RDS�_¦EY>F8BAD4;:=>bADN�EH4QEHG9��Z
Emek

_�PQ<96
wTE�A`�nRjR�x[ADC;C;GFRY]y:O_©AD69:=RU4 o ½�8BAD6t:=< ¥ 698QEJCTRU6FEH4V69:WADNÃaBRbI�<FRUNOP;69:=RU4[:=<�:O4Q<FEHG96FEYx[:O4V6FR«ÎX¡ o ¢5£y£V¤ IM8QEH4
698QE?N=R�<F<�G@AD6FEJ:=<M6FR`wTE?>bADN=>HP;NWAD6FEYx o 354�´�GFRUw;N=EH_ ¯ oO± I�E?GFEYxy:=<F>YRb¬nEHG'698QE 4Ve È e^d{l�Ì GFEY<FP;NO6

Emek = 2Ekin = 2Epot

¢°¯ o ¯ ± ¤
:OG9GFEY<9CTEY>H69:O¬nE�RDS�IM8QEH698QEHGg698QEJI�AY¬nE	:=<tRDSX698QE���G@AY¬j:O6rZ�RUG'698QE�>bADC;:ONONWADG9Zz6rZjCTE o � <'698QE�EH4QEHG9��ZzN=R�<F<t:=<
xyPQE?6FRL_¦RU69:=RU4 ¥ IKE?8BAb¬nE'o �

∂tEmek = ∂tEkin

¢°¯ o ¯ · ¤
½�8;:=<M��:O¬nEY< ¥ wVZ�:O4Q<FEHG969:=RU4zS�GFRU_�ÎX¡ o ¢5£y£V¤ ª

∂tEmek = −1

2
µ

∫

V
(∂iuk + ∂kui)

2 dV

= −2µ

∫

V
(∂i∂kΦ)2 dV

¢°¯ o ¯ ¹ ¤

Emek = ρ

∫

V
u·u dV

= ρ

∫

V
(∂iΦ)2 dV

¢°¯ o ¯ Ô ¤
p 4�� }krt��� �9� �5�<�B���t��}��]� ��rt� �Sw �9����� �x�vs �<s~}k�~� 3 	xy{�Bsvut��}S�{u"������z y{� �t�t�k�<�~� �9�4�xsv�v��� �5� ���9� �<��s�uF�)�t�<� � �7�ts�� y{ux� !���}k�

λ �
1

(2π)3
µ2

ρα
≈ 5.6×10−8

���
3
p�@ � � ��y{�S�tsvu !X}ky 
 � �{ux�x�{���{ux� � s~z �5rtsv}�� 
 ����� ��}krx�<�5� !{�S�{�tsv�<u1}`�t�<� s�� }ksvy{ux�����k�*uxy } � �{uxy{�J�{�vy��t�5�~�J� ��� !���
k�t�{�/� sv��}ks�u ��}

z �ky{��}krx�B� ����y ��sv}Q�)�����ks ��}ksvy�u�y�� ���`���]y{�xux�x� �5�)���<�1��� 3
p �
�Q���x�vs �<s~}k�~�1��}krx����ux��� ! � �vy��5�!�S� }k�/���t��}|�]�`�5�J� �v�x�<uty��"!{r�}kr7��}	�!��3 ��
 3 
 
 � sv�c� !�y1y ���4�"� �ky � sv�J� }ksvy{u��1�1� �]y{}k�<u1}ks��{��<ut��� !{�)�]�<svu"!+}5�S�{ux��z y{�k���9���7���Sw�}ky w svux��}ks �*�<ut��� !{���5y�}krx� }�}krx�B�x�{���{u �<�Bsv�/�J�{svu1}S�{svux�9� 3
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3rS�ÎX¡ o ¢°¯ oO± ¯n¤ :=<M:O4Q<@EHG96FEYxz:O4V6FR`698QEJ:O4V6FEH��G@AD4Qx;< ¥ :O6MS�RUNON=RuI�<�S�GFRU_ <9:O_`C;N=EJx;EHG9:O¬�AD69:=RU4Q<�698BAD6
(∂iΦ)(∂iΦ) = k2C2 {sinh2(k(z + h)) cos2(kx− ωt) + cosh2(k(z + h)) sin2(kx− ωt)}

(∂i∂kΦ)(∂i∂kΦ) = 2k4C2 {cosh2(k(z + h)) cos2(kx− ωt) + sinh2(k(z + h)) sin2(kx− ωt)}
Ó E`ADGFEL:O4V6FEHGFEY<96FEYx\:O4 Ë Ç Ê©e¦l��Ue^d{l 4Veif Ru¬nEHGJRU4QE�CTEHG9:=Rjx o	Ð :O4Q>YE

sin2(kx− ωt) = cos2(kx− ωt)
¥ :O6

S°RUNON=RbI�<�698BAD6 o �
(∂i∂kΦ)(∂i∂kΦ) = 2k2 (∂iΦ)(∂iΦ) =Ó EX4QRU69:=>YEK698BAD6�698QEqEH4QEHG9��ZJN=R�<F<�:=<�GFRUP;��8;NOZJE^]yCTRU4QEH4V69:WADNONOZ�xQAD_`CTEYx�Ru¬nEHG�EbAU>@8	<F6FEHC

λ/4π
:O4�xy:=<96@AD4Q>YE

S�GFRU_Ä698QE?<9P;G{S°AU>YE ¥ AU<�I�AU<�_¦EH4�69:=RU4QEYx[ADwTRb¬nE oXp P;G9698QEHG9_¦RUGFE ¥ I�Eg¾Q4Qxz698BAD6M698QE Ì : f@f�cYlnmYË : d ¥ x;E^¾Q4QEYx
AU<

γ = −∂tEmek

2Emek

¢°¯ o ¯�¯n¤
:=<tAL>YRU4Q<96@AD4�6bª

γ = 2
µ

ρ
k2

≈ (12700
<
)−1 (

1
_
λ

)2
¢°¯ o ¯ � ¤

½�8QE�GFEY<9P;NO6'8QRUN=x;<gP;4Qx;EHGg698QE`AU<F<9P;_`C;69:=RU47698BAD6'698QE�CsRU6FEH4�69:WADN�aBRbI�ADC;C;GFRY]y:O_©AD69:=RU4Í:=<t¬�ADNO:=x ogp GFRU_
698QE	x;E^¾Q4;:O69:=RU4 RDSK698QE�N=R�<F<tS|AU>H6FRUG':O6'S�RUNON=RuI�<g698BAD6'698QELEH4QEHG9��Z�x;EY>HGFEbAU<FEY<?AU< ∝ e−2γt

¥ AD4Qx[698VPQ<g698QE
I�Ab¬nE�AD_`C;NO:O69PQx;E�AU< ∝ e−γt

o 3rS
γτ � 1

¥ 698QE?EH4QEHG9��Zzx;R�EY<�4QRU6t>@8BAD4;�nE?_�PQ>@8[Ru¬nEHGtRU4QE?CTEHG9:=R�x o�p RUG
I�Ab¬nEY<t:O4�x;EYEHC�I�AD6FEHGtI�E?�nEH6bª

(γτ)g = 2
µ

ρ
k2 2π√

gk

≈ 1

15800
(
1
_
λ

)
3
2 (

��G@AY¬j:O6rZzI�Ab¬nEY< ¥ x;EYEHC�I�AYIM6FEHG
)

¢°¯ o ¯ � ¤

(γτ)α = 2
µ

ρ
k2 2π

√

αk3

ρ

≈ 1

8.53
(
1
_`_
λ

)
1
2 (

>bADC;:ONONWADG9ZzI�AY¬nEY< ¥ x;EYEHC�I�AD6FEHG
)

¢°¯ o ¯ � ¤
Ó E'8BAY¬nEg698VPQ<�<98QRuIM4«698BAD6�698QE'_¦EY>F8BAD4;:=>bADN�EH4QEHG9��Z«RDS C;NWAD4QEgR�>YEbAD4­I�Ab¬nEY<�IM:O698«I�AY¬nEHN=EH4;��698

1
_ RUG

ADwTRb¬nEg8BAY¬nE?A�8BADN~Sk§|NO:~S°Et6FR	wTEt>YRUP;4�6FEYx�:O4«8QRUP;GF< ¥ IM8;:ON=Eg698QR�<FE'IM:O698�I�AY¬nEHN=EH4;��698
1
_`_ RUG�wTEHN=RbI IM:ONON

wTE?xQAD_`CsEYx�Ru¬nEHG'A	S°EHI*CsEHG9:=Rjx;< o

���{� ���	�9I Kv��E��BM���� ���9E?�F���SM �F� >.�9� ���2C��F�
� 4�RUw��9EY>H6`69G@AY¬nEHNO:O4;��698;GFRUP;��8�698QE�AD:OG ¢ AD4vAD:OG9C;NWAD4QE ¥ AD4Ñ:O4Q>YRU_`:O4;�\_`:=<F<9:ON=E ¥ A7w;P;NON=EH6 ¥ oYoYo ¤ IM:O698
<9P;CTEHGF<FRU4;:=>`¬nEHN=Rj>H:O6rZÍxyG@AD�n<JwTEH8;:O4QxÍ:O6�A�>YRU4;:=>bADNK<98QRj> ¼ I�Ab¬nE ¥ IM8QEHGFE θ ¥ 698QE`8BADN~StADCsE^]\AD4;��N=E ¥ IM:ONONx;EHCTEH4Qx7RU4 698QE	¬nEHN=Rj>H:O6rZ o ½�8QEL<98QRj> ¼ I�AY¬nE¦:=<g>HGFEbAD6FEYx w�Z�:O4V6FEHG{S°EHGFEH4Q>YE`wTEH6rI�EYEH4\<FRUP;4Qx7�nEH4QEHG@AD6FEYxwVZ¿698QE RUw��{EY>H6�:O4 ADNON'CTRU:O4V6F<zRDS	:O6F<­69G@A	�{EY>H6FRUG9Z¿IM8QEH4*:O6«CBAU<F<@EYx¿w�Zsª�½�8QE RUw��{EY>H6�wTEH8BAY¬nEY<�AU<zA
m CTRU:O4V6'<@RUP;GF>YE]m ¥ AD4Qx�698QE?I�Ab¬nE	EH4QEHG9��ZzG@AUxy:WAD6FEY<tS�GFRU_ EbAU>F87CsRU:O4�6F<gAU< f ��� e^d Ç mFlUÌ � l��Deifno ½�8QE�I�Ab¬nEY<
p 	 	ty{�)���9� �<��s�ub� � �<� � �vs��1�xs�� }krx��}ksv���%�������S��!{�%�]�#�<y����<�J}5�ksv� s � � 3 
 � �{u7�t�{� �{ux� � s~z �5rxs~}�� 
���� � � ���/rx���k� }krt�

�9� � ���x��� }ksvy�u�sv�`�ty{ux�*z y{�#� �t��� ���vs��1�xs����tsv�`sv��� �k� �<sv�5�By�u�}krtsv� �]y�svu1} 3
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p :O��P;GFE ¯ o Â ªX½�8QE��7AU>@8�>YRU4QE ¥ IM:O698�<9:O4
θ = c

u
= 1

M

p :O��P;GFE ¯ oO± ¸yª Ó A ¼ E?I�AY¬nEY<':O4�x;EYEHCzI�AD6FEHG ¥ IM:O698�EH4V¬nEHN=RUC;:O4;�­NO:O4QEY<�xyG@AbIM4

C;GFRUCBAD�VAD69:O4;�¦S�GFRU_Ä698QE?¬�ADG9:=RUPQ<MCTRU:O4V6F<�>YRU_�w;:O4QEJ6FR`>HGFEbAD6FE?698QEJ<F6@AD69:=RU4BADG9Z­>YRU4;:=>bADNÃCBAD696FEHG94�_¦Rb¬j:O4;�
6FRU�nEH698QEHG�IM:O698©698QEtRUw��9EY>H6 ¥ <FEYE p :O��P;GFE ¯ o Âyo � 4©RUwQ<FEHG9¬nEHGKIM8;:=>F8­:=<XCBAU<F<FEYx©wVZL698QEt<FC;8QEHG9:=>bADNs<9P;G{S|AU>YE ¥
IM:ONON 8QEbADG'A mµ<@RU4;:=>?wsRjRU_bm o o �

� GFEHNWAD6FEYxLC;8QEH4QRU_¦EH4QRU4©EH_¦EHG9�nEY<¨wsEH8;:O4Qx¦Ag<98;:OCL_¦Ru¬�:O4;�?:O4`x;EYEHC`I�AD6FEHG o ½�8QE�<9P;G{S|AU>YE�I�Ab¬nEY<qADGFE
RUwQ<FEHG9¬nEYx�6FRL8BAY¬nE�A��t§°S°RUG9_¦EYx�EH4V¬nEHN=RUC;:O4;�­CBAD696FEHG947AU<�:O4 p :O��P;GFE ¯ oO± ¸ ¥ IM8QEHGFE�698QE?8BADN~SqADCsE^]�AD4;��N=E
8BAU<�A	��
 e � ¬�ADNOPQE

θ ≈ 19.5
y ¥ ÇkÈ �Ve � e È �Ve È Ë RDS�698QE'<98;:OC/mµ<q¬nEHN=Rj>H:O6rZ`C;GFRu¬�:=x;EYx«:O6q:=<qNWADG9�nE'EH4QRUP;��8«698BAD6

<9:O��4;:~¾B>bAD4�6�I�Ab¬nEY<	ADGFE©>HGFEbAD6FEYx o ½�8;:=<J>YRU4Q<9:=x;EHG@ADw;N=E«xy:~}TEHGFEH4Q>YE«ADG9:=<FEY<JwTEY>bADPQ<FELIM8;:ON=E
V ∼

√
λ
S°RUG

��G@AY¬j:O6rZ�I�AY¬nEY<':O4�A`x;EYEHC�NO:=¡�P;:=x ¥ 698QEHGFE?:=<�4QR©ADC;C;GFEY>H:WADw;N=E�xy:=<9CsEHGF<F:=RU4zS�RUG�<@RUP;4Qx�I�AY¬nEY<':O4�AD:OG o
354z698QE?69GFEbAD69_¦EH4V6gRDS�698;:=<�C;8QEH4QRU_¦EH4QRU4 ¥ >bADNON=EYx
� e^Ì � ÇÉÈ�� f?Ì Ç Ê Ç Ë�l È 4UÌ=e ¢ IM8;:=>@8�C;GFEY<9P;_©ADw;N=E�_¦R�<96

CTEYRUC;N=E¦8BAY¬nE«RUwQ<FEHG9¬nEYx�S�RUGJ698QEH_¦<@EHNO¬nEY< ¤^¥ IKE¦IM:ONONK:O4�IM8BAD6�S�RUNON=RuI�<�PQ<FE¦698QE¦69GFEbAD69_¦EH4V6	:O4¿³µ²gZy<9698QE
±bÂ ��¸nÒ � ± º o 356�:=<KwBAU<@EYx­RU4z<9:O_`C;N=EgC;8�Zj<9:=>bADN�ADG9��P;_¦EH4�6F< o o 	 Ó EgIM:ONON�xy:~}TEHGFEH4�69:WAD6FE?wTEH6rIKEYEH4�RUwQ<@EHG9¬nEHGF<
p � � �]y��x�t� �����k�<� svu"!�sv�/}kr7� }`}krx�B�]y1y{�Z���ksv�5�<�#�/rt�<u �-�x���{ut� �7�{�5�5���#}krt�ky{�"!{r�}krx��� �5y�uts ����� �v��� 3��i���5s � ���]}krx���k��� �k�

} �iy��{�v��y{��} ��y�svu"�<s�� s�u !-�<y{ux�<�<�t�/sv}kr�}ky � �]y{svu }k�/svu�}krt��z �ky{u }#� u7���x���SwJ�<u7� ��y{z }krx��y������ ��}9�t�k�<� �]� ��}ksv� ���v� 3
p � � ut�i��s !�r1} !�y#}ky/}krx�!y � �]y��5s~}k�c��� }5�k�<���!svux��}k�9�{�����{ux�X�t�5� }krx�!y � �9� �5svy�u�z y{�!�{uX�<� ��u+��y �k�!}krty{�ky�� !�rXsvu }5�ky � �"��}ksvy{u
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AD6�GFEY<96gIM:O6987GFEY<FCsEY>H6�6FR­698QEL<98;:OC AD4Qx76FR­698QELR�>YEbAD4 ¥ AD4Qx7PQ<FE�698BAD6?698QE	C;GFRUCBAD�VAD69:=RU4\RDSq698QE	I�Ab¬nE
EH4QEHG9��ZzEY¡VPBADN=<�698QE?��GFRUP;C�¬nEHN=Rj>H:O6rZ o

Ó EJx;E^¾Q4QE�ª
• k

I�AY¬nE?4�P;_�wTEHG�¬nEY>H6FRUGMIM:O698�xy:OGFEY>H69:=RU4z:O4Qxy:=>bAD69:O4;�«A	C;NWAD4QE�I�AY¬nE]mµ<MC;GFRUCBAD�VAD69:=RU4�xy:OGFEY>H69:=RU4
• us

698QE?Rj>YEbAD4/mµ<MaBRuI ¬nEHN=Rj>H:O6rZ�GFEHNWAD69:O¬nEJ6FR¦AD4�RUwQ<@EHG9¬nEHG
• u

698QEJ<98;:OC/mµ<M¬nEHN=Rj>H:O6rZ�GFEHNWAD69:O¬nE�6FRL698QEJR�>YEbAD4
• Ug

A	I�AY¬nE]mµ<'��GFRUP;C�¬nEHN=Rj>H:O6rZ�GFEHNWAD69:O¬nE?6FR`698QE?Rj>YEbAD4
• UE

EH4QEHG9��Z«C;GFRUCBAD�VAD69:=RU47¬nEHN=R�>H:O65Z�GFEHNWAD69:O¬nE?6FR`698QE?<98;:OC
½�8QE­<F>bADNWADG�¬�ADNOPQE

k = 2π
λ

:=<
2π× 698QE«4VP;_�wsEHG`RDStCTEHG9:=R�x;<	RDS�698QE­I�Ab¬nE«CTEHG	P;4;:O6�N=EH4;��698�:O4�698QE
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