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Aeiθ , θ = kr − ωt + α TVU'WYX[Z
\ LBGJI�G'GON]P (iθ) = ^ =0A θ+ i

ADCY?
θ _ r ` GJCY?HacbdPS=0ADCYKDCF=@?fegG ^ K�=@Ihbi?BE t

KDLBGjKDCYkfG _ bi?BE α
b ^ =@?BADKlbi?mK W!n =@IbfoHN]G6E

t = t0
KDLBGqpsrQt@u6v

θ \ CYwYwxLsbyegGzbzoHNHG6E{e0biwY|BG θ = θ0
GJegGJID} \ LBGJI�G,CY?�b~a0CYegGJ?�PHw�bi?BG \ CYKDL

kb@A'bc?B=@IDk~biw8egG ^ K�=@I _ ADCY? ^ G r � A ^ =@kzPS=@?BGJ?mK�A'PsbiIlbiwYwFGJw8K�=,KDLBG�PHw�bi?BG�EH=,?B=@K ^ =@?mKDIDC ` |HK�GqK�=+KDLBGdA ^ biw�biIPHI�=QE]| ^ K W!� CYKDLB=@|HKdbi?m}�wF=0A�A'=i��agGJ?BGJIlbiw.biPHPHwYC ^ b ` CYwYCYK�} \ G \ CYwYw8CY? \ LsbiK'�V=@wYwF= \ A#b@A�AD|HkfG
k = kê1

\ CYKDL�KDLBG�PHw�bi?BG � A#PS=0ADCYKDCF=@?�biK x = x0
��=@I

t = t0 W�n =@I'w�biK�GJI#KDCYkfG6A t = t0 + ∆t \ GqLsbyegG θ = θ0
��=@I

x = x0 + ∆x _ bi?BE exp(iθ) \ CYwYw�ADKDCYwYw�Lsb6egG�KDLBG�CY?HCYKDC�biw�e@biwY|BG���=@I�biwYw T ∆t, ∆x Z ��=@I \ LHC ^ L
kx0 − ωt0 + α + k∆x − ω∆t = θ0 + 2πN , N

CY?mK�GJagGJI
� =@CY?mK�A \ CYKDL�b ^ =@?BADKlbi?�K�PHLsb@A�G \ CYwYw!KDLm|BA ` Gckf=[e�CY?Ha�CY?�KDLBG,PS=0ADCYKDCYegG x

E]CYI�G ^ KDCF=@? \ CYKDL�KDLBGqp%rQtiu6v� vO�Y�y�J�V�V�
V =

dx

dt
=

∆x

∆t
=

ω

k
TVU'W��gZ

n =@I#b ^ =@?BA�Klbi?mK t = t0 _ exp(iθ) \ CYwYw�LsbyegG�KDLBGqAlbikfG�e0biwY|BG���=@I�biwYw
x = x0 + Nλ , N

CY?�K�GJagGJI
bi?BE���=@I�b ^ =@?BADKlbi?mK x = x0 _ exp(iθ) \ CYwYw�LsbyegG�KDLBGqAlbikfG�e0biwY|BG���=@I�biwYw

t = t0 + NT , N
CY?mK�GJagGJI

\ CYKDL λ
bi?BE

T
KDLBG+��t � vJ�YvO�Q�0��r�bi?BE�KDLBGdpHvJ�����y  _ I�G6A�P;G ^ KDCYegGJwY} W�n |HIDKDLBGJI#EHGOoB?HCYKDCF=@?BA7��=@wYwF= \q¡�¢

k =
2π

λ

��t � vM�B£Q¤~¥�vO� TVU'W�¦gZ
ω =

2π

T
= 2πf

t@���@£Q�§t0��¨���vD©J£BvO�%�6� TVU'W ª�Z
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� L�|BA _]U��%WSTVU'WYX[Z EHG6A ^ IDC ` G6A>bMP;GJIDCF=QE]C ^ osGJwFE =i��e0biwY|BG6Ahkf=[e�CY?Ha,CY? KDLBG k

E]CYI�G ^ KDCF=@? \ CYKDL egGJwF= ^ CYK�}
V _ b���t � v W�� CY? ^ G =@?HwY}�=@?BGf��I�G � |BGJ? ^ }�CFAqCY?�eg=@wYegG6E _ KDLHCFA \ byegG~CFA ^ biwYwFG6E ¤f�@�%�[�Orm�D�@¤ft0�V�V� _ bi?BE bp%�Yt@�;v���t � v#ADCY? ^ G'biwYwHPS=@CY?mK�A�CY?~bda0CYegGJ?fPHw�bi?BG7?B=@IDk~biwBK�= k

LsbyegG7KDLBG'AlbikfGje0biwY|BG>��=@I!KDLBG'GONQPHI�G6AlADCF=@?
��=@I7b,a0CYegGJ?

t W�� �.KDLBGft@¤#p%�Í�V�V£H mv A
CFAjI�GJPHw�b ^ G6E ` }�b,egG ^ K�=@I A _ KDLBG \ b6egG�CFA��V�Dt@�Hu � vO��uJt@�.�V=@I A ⊥ kbi?BE��Y�@���@�V�V£H @�É�;t@����=@I

A ‖ k W��� LBG PHLm}]ADC ^ biw � |sbi?mKDCYKDCFG6Af=i�dKDLBG \ b6egG�biI�G CYkzPHwYC ^ CYKDwY} I�GJPHI�G6A�GJ?mK�G6E ` } GJCYKDLBGJIzKDLBG I�Gybiw7=@I+KDLBGCYk~bia0CY?sbiID} PsbiIDK�=i� TVU'WYX[ZOW � LBG�I�Gybiw�PsbiIDK�Lsb@A ` G6GJ? |BA�G6E GONQPHwYC ^ CYKDwY} CY? <hLsbiPHK�GJI�A�� bi?BE! K�=
EHG6A ^ IDC ` G�KDLBG \ byegG _ CY?~KDLBG ^ b@A�Gd=i��KDLBG�wYCY?BGybiI7AD|HIº�­b ^ G \ b6egG6A \ CYKDL KDLBGdbikzPHwYCYKD|BEHG�bq��|H? ^ KDCF=@?�=i��KDLBGEHGJPHKDL ¡

A(z) cos(kx − ωt)
� LBG \ b6egG~?m|Hk ` GJI,CFA 2π ×

KDLBG~?m|Hk ` GJIc=i� \ b6egG ^ I�G6ADK�AqPSGJIq|H?HCYKqwFGJ?Ha0KDL W"� �>KDLBG~kfG6E]CY|Hk =i�
PHI�=@PsbiambiKDCF=@? =i�>KDLBG \ b6egG+CFA�kf=[e�CY?Ha{I�GJw�biKDCYegG+K�=�bi?�= ` AlGJIDegGJI _ KDLHCFA�P;GJI�Al=@? \ CYwYw ^ =@|H?�KMb�E]C$#SGJI�GJ?�K?m|Hk ` GJI7=i��K�=@PBA>Psb@A�ADCY?HacP;GJIh|H?HCYKhKDCYkfG ^ =@kzPsbiI�G6E K�=MKDLBG ^ b@A�G \ LBGJI�G�KDLBG#kfG6E]CY|Hk4CFA>biKhI�G6ADK W � LHCFA
^ Lsbi?HagG�CY? T bi?Ha0|Hw�biI Z ��I�G � |BGJ? ^ } CFA ^ biwYwFG6E KDLBG�%c��pgp%�FvO��v'&#v��6� _ bi?BE ` } ^ =@|H?mKDCY?Ha ^ I�G6ADK�Az=@?BG ^ bi?Gyb@ADCYwY}�AlbiKDCFAº�V} =@?BG6A�GJw§�!KDLsbiK'KDLBG ^ Lsbi?HagGqCY?��VI�G � |BGJ? ^ } CFA

ω − ω = k·us TVU'W � Z
\ LBGJI�G

us

CFA7KDLBG�kfG6E]CY|Hk � A�KDIlbi?BADPS=@IDK'egGJwF= ^ CYK } W� LBG��V|H? ^ KDCF=@?sbiw���=@IDk =i�,KDLBG���I�G � |BGJ? ^ } � A{EHGJP;GJ?BEHGJ? ^ G�=@? KDLBG \ b6egG ?m|Hk ` GJI�CFA ^ biwYwFG6E KDLBG @�Éu­pHvJ�luO�V�@� ��vO�§tg�V�V�@� ¡
ω = ω(k) TVU'W  Z

n =@I#b ^ =@?BA�Klbi?mK�PHLsb@AlG�egGJwF= ^ CYK } _ ω(k) = V k W
���)( *�&;5,+c) 2'�!�l5.-.9º"Q(

n =@I#b \ b6egG \ CYKDL�KDLBGqE]CFADPSGJI�ADCF=@?�I�GJw�biKDCF=@? ω = ω(k)
KDLBGq�@�D�@£[p � vO�Y�y�J�V�V��CFA'EHGOoB?BG6E ` }

U =
dω

dk
TVU'W0/0Z

� K�A7I�GJw�biKDCF=@?�K�=zKDLBG�PHLsb@A�GqegGJwF= ^ CYK } V
CFA
ω = V k

dω = V dk + k
dV

dk
dk

U = V + k
dV

dk
1#I ¡

U = V − λ
dV

dλ
TVU'W32gZ

n =@I�b \ b6egG ^ =@kzP;=0AlG6E ` }�PHw�bi?BG \ byegG6A \ CYKDL�E]C$#8GJI�GJ?mKd�VI�G � |BGJ? ^ CFG6A _ GJeQCFEHGJ?mKDwY}�KDLBGMa0I�=@|HP�egGJwF= ^ CYK�}\ CYwYw ^ =@?�KlbiCY? kf=@I�G+CY?]��=@IDk~biKDCF=@? KDLsbi?�KDLBGzPHLsb@AlG+egGJwF= ^ CYK }�=i�'b \ byegG~=i�'bi?m}�ADCY?Ha0wFG \ b6egG W54 GJKq|BA
^ =@?BADCFEHGJI'KDLBGqPHLm}]ADC ^ biw�CY?mK�GJIDPHI�GJKlbiKDCF=@?�=i��KDLBG�a0I�=@|HP�egGJwF= ^ CYK�} ¡
687y²°µ�½§´�¸º¼'Å8´DÄJ¼º±h¯�·f´q¹�¯ÈÎ6²i¯È»+¯�±j´l·~¼�9i´l³7Çi¹�¼'¾�½.´�·z¯�·6À­¼Âµ­³7¼D»[¯È´lÀ­¼'¸D´�±�¼;:;¸º¾�·i¸º¼ µ­·i¯�·iÌ�À­®i¼'³7¾�ÄJ¼º³7¼Â·yÀ�¾�½�À­®i¼=<@²°¯Í»Ç@´�µ�À­¯�¸º¹�¼º±ºÊ



��
�� 
������	� � ����
���
 	���� XyÑ0¦
� G#ADKlbiIDK ` } b \ byegGda0CYegGJ? ` }~b����0£��O��vJ�'u�£[pHvO��p]�iuO���V���@� T AlG6G#biwFA�=���PHPSGJ?BE]C§N�� Z =i��PHw�bi?BG \ byegG6A\ CYKDL��VI�G � |BGJ? ^ CFG6A�CY? b ?sbiIDI�= \ CY?mK�GJIDe0biw�=i� \ CFE]KDL 2ε

biI�=@|H?BE b ^ GJ?mKDIlbiw���I�G � |BGJ? ^ } ω0 W �1� CYKDL�KDLBG
^ =@kzPHwFGON���=@IDk~biwYCFADk bi?BE�KDLBGqI�GybiwxPsbiIDK ^ LB=0A�GJ?�b@A'I�GJPHI�G6A�GJ?�KDCY?Ha�KDLBGqPHL�}QADC ^ biwYwY}{I�GJwFGJe@bi?�K � |sbi?mKDCYK } _\ GMEHGJ?B=@K�G�KDLBG \ byegG � A#EHGJeQC�biKDCF=@?��VI�=@k KDLBG�G � |HCYwYC ` IDCY|Hk�PS=0ADCYKDCF=@? ` }

ζ(x, t) =

∫
k0+ε

k0−ε

a(k)ei(kx−ωt) dk TVU�W�ÑgZ
� LBGqGON]P;=@?BGJ?�K ^ bi? ` G�I�G \ IDCYKDK�GJ? b@A

kx − ωt = k0x − ω0t + (k − k0)x − (ω − ω0)t

= (k0x − ω0t) + (∆k x − ∆ω t)
� Lm|BA _

ζ(x, t) = C(x, t)ei(k0x−ω0t) , C(x, t) =

∫
k0+ε

k0−ε

a(k)ei(∆k x−∆ω t) dk TVU�WYX��gZ
� LHCFA ^ bi? ` G�CY?mK�GJIDPHI�GJK�G6E b@A�b�LHCYa0L�� ^ biIDIDCFGJI ��I�G � |BGJ? ^ }�� ω0

kf=QE]|Hw�biK�G6E ` }1b KDCYkfG EHGJP;GJ?BEHGJ?�K
bikzPHwYCYKD|BEHG

C(x, t) W � LBG�PHI�=@PsbiambiKDCF=@? egGJwF= ^ CYK�}�=i�xKDLHCFA#bikzPHwYCYKD|BEHGqCFA
dx

dt
=

x

t
=

∆ω

∆k

≈
dω

dk
TVU'WYX0X[Z

\ LHC ^ L CFA'PHI�G ^ CFAlGJwY}�KDLBGqa0I�=@|HP{egGJwF= ^ CYK�} U W�� GJPSGJ?BE]CY?Ha =@?�KDLBGMADCYa0?�=i� dV/dλ _ KDLBGqa0I�=@|HP�egGJwF= ^ CYK }k~b6} ` G�ADk~biwYwFGJI�=@I7w�biIDagGJI'KDLsbi?{KDLBG�PHLsb@A�G�egGJwF= ^ CYK�} W� LBG,kf=QE]|Hw�biK�G6E A�LsbiP;G,=i��KDLBG \ b6egG ^ bi? ` GMCY?�K�GJIDPHI�GJK�G6E�b@Adb I�GJPHI�G6A�GJ?�KlbiKDCF=@?�=i���É�[¨J�@�O¤ft0�V���@� _=@IM=i�cvO�;vJ�V�@��C§�jKDLBGfw�biKDK�GJI � |sbi?mKDCYK }�CFAqI�GJw�biK�G6E K�=�KDLBGfEHGJeQC�biKDCF=@?��VI�=@k�KDLBGfG � |HCYwYC ` IDCY|Hk PS=0ADCYKDCF=@? W
� Gzk~by}�KDLBGJI�GO�V=@I�G~CY?mK�GJIDPHI�GJK U

b@AqKDLBGzPHI�=@PsbiambiKDCF=@? egGJwF= ^ CYK�}�=i�7KDLBGfGJ?BGJIDa0}�bi?BE�CY?]��=@IDk~biKDCF=@? =i�b \ b6egG W�n =@I+b�e�CFAD|sbiwYC! [biKDCF=@? _ wFGJKcKDLBG n =@|HIDCFGJI+AD|HPSGJIDP;=0A�CYKDCF=@? ` G~b�PH|HI�G�b@EHE]CYKDCF=@? =i�7K \ = ADCYkzPHwFGb@E#"�b ^ GJ?mK'�VI�G � |BGJ? ^ CFG6A _ \ CYKDL k1 ≈ k2 ≈ k
bi?BE

ω1 ≈ ω2 ≈ ω ¡
cos(k1x − ω1t) + cos(k2x − ω2t)

= 2 cos
(k1 + k2)x − (ω1 + ω2)t

2
cos

(k1 − k2)x − (ω1 − ω2)t

2

≈ 2 cos(kx − ωt) cos(
1

2
∆k x −

1

2
∆ω t) TVU'WYXy�gZ

� LHCFA+CFAzb�IlbiPHCFE]wY} e@biID}QCY?Ha�ADCYa0?sbiw \ CYKDL ��I�G � |BGJ? ^ } ω _ \ CYKDL b�A�|HP;GJIDPS=0A�G6E ADwF= \ wY} e@biID}QCY?Ha A�CYa0?sbiw
\ CYKDL ��I�G � |BGJ? ^ } 1

2∆ω W � LBG w�biKDK�GJI \ CYwYwhLsbyegG��;�y mv�u \ LBGJI�G~KDLBG EHGJe�C�biKDCF=@? �VI�=@k KDLBG G � |HCYwYC ` IDCY|HkPS=0ADCYKDCF=@?�CFA� yGJI�= W�� ��KDLBG \ byegG � A#GJ?BGJIDa0}�CFA7I�GJw�biK�G6E{K�=zKDLBGqEHGJeQC�biKDCF=@? _ KDLBGJ?{KDLBGMGJ?BGJIDa0} ^ bi?H?B=@K�Psb@A�AKDLHI�=@|Ha0L�b+?B=QEHG�=i��KDLBG \ byegG \ CYKDL��VI�G � |BGJ? ^ } 1
2∆ω W� L�|BA _ KDLBGcGJ?BGJIDa0}{PHI�=@PsbiambiK�G6A�K�=@agGJKDLBGJI \ CYKDL�KDLHCFA�AD|HPSGJIDP;=0AlG6E \ b6egG \ LB=0A�G,a0I�=@|HP�egGJwF= ^ CYK }�CFA

∆ω/∆k W.� � ω
CFAd?B=@K�PHI�=@P;=@IDKDCF=@?sbiw�K�=

k _ KDLBG,a0I�=@|HP�egGJwF= ^ CYK } \ CYwYw!E]C$#8GJI#�VI�=@k KDLBGcPHLsb@AlGcegGJwF= ^ CYK�}
ω/k W!n =@I7AD|HIº��b ^ G \ b6egG6A7=@? \ biK�GJI7KDLHCFA \ b@A7A�LB= \ ?�GONQPHwYC ^ CYKDwY}~�V=@I>KDLBG ^ b@A�G�=i�xbcADCY?Ha0wFGdPHw�bi?BG \ b6egG WT � LBGqAlbikfG�LB=@wFEHA�CY?�KDLBG�wYCYkzCYK ∆k,∆ω → 0 WÈZ

� �7b{AD|HPSGJIDP;=0ADCYKDCF=@? CFAqK�=�I�GJPHI�G6A�GJ?�K+bi?$��CFA�=@w�biK�G6E%� \ byegG _ b���t � v�p]tg�'&@vJ� _ =@?BG ^ bi?H?B=@KcA�KDC ^)( K�=b~?sbiIDI�= \ Ilbi?HagGc=i�!�VI�G � |BGJ? ^ CFG6A W�� ?{KDLHCFA ^ b@A�GcKDLBGcCY?mK�GJa0IlbiKDCF=@?�Lsb@AdK�=~ID|H?�=yegGJI�biwYw \ b6egG+?�|Hk ` GJI�A�VI�=@k
−∞

KDCYw
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