
� ���������	��
 �


 ����������������� ��� ��� � ! ���"�����$#&%'�(��)*�,+
�,-/.0�1�������0+

243658795;:=<?>A@CB=<EDAFG<EHI@AHJH=K9LM5N7(BOD&PQ5SR�F6DUTVFXWZY[5\TV<?]?]^HOK9L_LS@C:=<?`a5S<?Bb365;:O5SPc5Nda@CK6HO5\B=365_efDA:=LS@C]?<EH=L<EHM@C]EHODgK6HO5N7h<?FiB=365&795;:=<?>A@CB=<EDAFjDCekB=365l5nmpo9:O5NHJH=<EDAFheqDA:_>p<EHOdNDAK6HM5;F65;:=rtsG]EDtHOHu<?Fwvx3y@Co9BO5;:{z|WG}~Bu<EHo9:O5NHO5;F�BO5N7SefDA:x@\�O�A�����O���J�n�f�n�E�k�6K9<E7��pTV<?B=385;>�5;F�B=Ky@C]�H=oc5Nd;<�@C]?<?`U@CB=<EDAF8BOD�B=365�<?F6dNDAL_o9:O5NHOHO<?P9]E5kda@AHJ5tW���F@C]?BO5;:=Fy@CB=<?>�5\>�5;:OH=<EDAF�DCe�B=365\795;:=<?>A@CB=<EDAFGDCe�����Wx�q�kW?�a���n��@C]EHOD&<?F(BO5;F6HODA:bF6DABJ@CB=<EDAFX��da@CF(Pc5_efDAK9F67[<?F ¢¡ @Coy@CB=`U@AdNDtHkzt£t£t�¥¤¦W
§�¨J© ª¬«b­�®9¯�°Q­�®�®±¯�­�²I®y³V°
Y[5´<?F�B=:OD�7|K6dN5´B=365_�nµq�O���J��µ¦�n¶6�;�A�

‖σ‖
�qHO5N5�@C]EHOD_���QWX�~·|·p�=�n�6@uLS@CB=:=<¸m{TV<?B=3&dNDAL_oQDAF65;F�BOH

σij = −pδij + τij

�q�¹W?�U�
TV365;:O5

τij

dNDAF�BJ@C<?F6H�HOB=:O5NHOHO5NH�7|K65xBOD�B=365�>p<EHOdNDAK6Hº5n»�5Nd;BOHaW�24365�¼6:OHOB�<?F6795nm�H=oc5Nd;<¸¼y5NH�TV39<EdO3udNDAL_oQDAF65;F�BDCecB=365VefDA:OdN5VoQ5;:�K9F9<?B4@C:O5a@´DAF65�dNDAF6H=<E795;:OHU��B=365�HJ5NdNDAF67MH=oc5Nd;<¸¼y5NH�TV39<EdO38H=K9:½e¾@AdN5V<EH�dNDAF6H=<E795;:O5N7SP�suB=3657|<?:O5Nd;B=<EDAF�DCe¿<?BOH�F6DA:=LS@C]�>�5Nd;BODA:aWÁÀpDALM5IdNDAL_oQDAF65;F�BOH´DCe¿B=365bBO5;F6HODA:
‖τ‖
@C:O5IHO36DaTVFÂ<?FÂÃ�<?rtK9:O5u�¹W?�tW24365´>p<EHOdNDAK6HVBO5;F6HODA:

τij

L�K6H=B�Pc5I��ÄA�u�S�;µq�n�q�M�
τij = τji

�n�|TV39<EdO3&eqDA]?]EDUT�HVeq:ODAL1LMDALM5;F�B=K9L�Py@C]�@CF6dN5efDA:^@�>�DA]?K9LM5k5;]E5;LM5;F�BVDCe��6K9<E7Â�f@CP6HO5;F6dN5¹DCeX<?F|¼6F9<?BO5�:ODABJ@CB=<EDAF��nW�24365kBODABJ@C]yefDA:OdN5�oc5;:^K9F9<?Bx>�DA]?K9LM5k<?FB=365
i
7|<?:O5Nd;B=<EDAF�<EH¹DAP9BJ@C<?F65N7ÂP�sÂdNDAL_o9K9B=<?F9r{B=365b>t@C:=<�@CB=<EDAFg<?FgB=365b7|<?:O5Nd;B=<EDAF[DCe¿B=365uH=K9:½e¾@AdN5b>�5Nd;BODA:aWÅkH=<?F9r_B=365ÁH=K9L_LS@CB=<EDAF&dNDAF�>�5;F�B=<EDAFX�

∂jσij = −∂ip + ∂jτij

�q�¹WÆz��
Y[5´F6DAB=<EdN5´B=3y@CB�Ç�5;TVBODAFXÈ¢H�z|W6]�@NTÉefDA:�@uK9F9<?BV>�DA]?K9LM5t�

ρDtui = ∂jσij + ρgi

�q�¹WÆ���
:O5N7|K6dN5NH�BODuB=365���K9]E5;:�5N��Ky@CB=<EDAFG�½�tWÆzCÊ��^<?FlB=365Áda@AHJ5¹TV<?B=36DAK9B�>p<EHOdNDAK6H�5n»�5Nd;BOHaW
§�¨ÌË ª¬«b­�Í�²IÎ�ÏIÐOÍV°ÒÑI­�ÓN³V°�Ô�Í4¯�ÕO³�²×Ö�­�ÐO³´Ø�Õ½¯�ÙÚ¯Q­�²b®�³V°
24365$>�<EHOdNDAK6HSoy@C:=B8DCe´B=365ÂH=B=:O5NHOHSBO5;F6HODA:\TV<?]?]k795;oQ5;F67wK9ocDAFjB=365l�6K9<E7wo9:ODAoc5;:=B=<E5NH{@CF67jK9oQDAFwB=365795nefDA:=LS@CB=<EDAFÛ:J@CBO5gefDA:l@��6K9<E7É5;]E5;LM5;F�BaW�2�D¬r�5;B&@GLM5a@AH=K9:O5�DCeIB=365�795nefDA:=LS@CB=<EDAFÛ:J@CBO5gT^5g¼6:OH=B

�aÜt�



�aÜCÊ �������������
	���
�������������������������������������� ����!#"$�%��&���"���')(������*����"

Ãº<?rtK9:O5��kW?�,+�24365�H=B=:O5NHOHVBO5;F6HODA:

Ã�<?rtK9:O5Á�¹WÆz-+�.�5;]�@CB=<?>�5´LMDU>�5;LM5;F�Bk<?FlB=365¹�6K9<E7
<?F�B=:ODp7|K6dN5ÁB=3650/A�n�¸�U�;� µqÄ21A�4365A�¾�n¶yµ^µ¦�n¶9�N�A�

ζij

+

ζij = ∂iuj

�q�¹W Ê��
2439<EH�<EH�B=365V:J@CBO5�DCec:ODABJ@CB=<EDAFMefDA:x@¹]?<?F65�5;]E5;LM5;F�B¿TV<?B=387|<?:O5Nd;B=<EDAF

i
7|K65VBODÁB=365�dNDAL_oQDAF65;F�B^DCec>�5;]EDpd;<?B¦s<?FhB=365

j
7|<?:O5Nd;B=<EDAFXW(243658BO5;F6HODA:Mda@CFhPc585nm|o9:O5NHOHO5N7h@AHM@ÂH=K9L DCe�DAF65{H=spL_LM5;B=:=<Ed{oy@C:=Ba�

eij

�¿@CF67@CF6DAB=365;:�@CF�B=<EH=s�L_LM5;B=:=<Edboy@C:=Ba�
ηij

+

ζij = eij + ηij

�q�¹W87��
eij =

1

2
(ζij + ζji)

�q�¹W89��
ηij =

1

2
(ζij − ζji)

�q�¹W;:t�
.�5nef5;:=:=<?F9r�BODkÃ�<?rtK9:O5x�¹WÆz�Tx5^dNDAL_o9K9BO5xB=365x:J@CBO5¿DCeyHOB=:J@C<?F�efDA:�B=365^7|<¸»c5;:O5;F6dN5

δl
PQ5;B~Tx5N5;FuB¦T^DkLS@CBO5;:=<�@C]



��
�� 
 ����� �%����� ��� ����( � � �aÜ,7
ocDA<?F�BOH

A
@CF67

B
<?FZB=365¹�6K9<E7$+

(δl)2 = δxi δxi
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Dt(δl)
2 = 2 δxi Dt(δxi)

= 2 δxi δui

= 2 δxi δxj ∂jui
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τij = Λijklekl
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τij = λδijekk + (ξ + χ)eij
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