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a#b
'�0dcUef+.0hg&+`ij/�/lkm/>in),c#/1),2f+.eoij2pepqP/lefep/r+Wst/10d(�k,u<-vg&+wi,/.xy),zKsM2�(`+w0|{<kju<(./~}*/l0hqP��k,/1ep/^)�ij/�qP�.kj-!+wef2f),-�/l0
qP�.k�(Mkju<-�-�/Dg&+wi,/lk^�w��),c#�.kj),-!zwe<+����.��{&��/1k�}*/li�c<kj�w��/l(*)\���.0</10�+Ws�}*/l0Z),(�kjz�g&+wi,/10!2p0<0!2&/>i�s�/lk,i,2f(`+wepi�c<ef+.0
),�.-�2f0<0<��z.k1�*�yi�}*/li�{<ep2fkD),+.-�-�/�),s`+wk�cUz�+����.���1�>x�q\�wef�./lkD+WsZ+wiy(�k�+`q�i,kj/1),u<epij+.0�ij/l0n)�i�zwk�c&/1k,c#/l0&}*2p(�u<e���k,i
cUzZ}</l0�),(Mk�z@g&+`ij/l0�qP��kj}*2�}*/l0�/1k�),u<-�-�/10�+Wsmef�.(`+wef/�i,kj��(�(Mkj/>q�ij/lk�),�.-��`s./1kj+.eoiD)�i�zwk�c#/lkjc#/l0U}*2f(�u<e���k�i�c&z
g&+wi,/l0��Z�.��),(Mk�zWs�2p0U(./lef/l0�cUz

45 � -�/^}�q\�wkj/lk�)j+w-�-�/��<�.kj2f),�.0Mi�+wep������s�/lk,i,2f(`+wef(.�.-�c#�.0</10Mi1�
+��
Fh = ρghcA = ρ �� j¡l¡ gbR

(

h + 1
2R

)

= 998·9.807·3·2·(1+ 1) ¢ = 117.4
( ¢

{&�

hp = hc + Ic
hcA

= h + 1
2R + 1

12
R2

h +
1

2
R

=
h2 + hR +

1

3
R2

h +
1

2
R

=
1 + 2 +

1

3
4

1 + 1
-

= 13
6
-

= 2.17
-
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£�/l(Mi�+WsZ�`s�/lkjep2f�.��/l0U}</�s`+w0<0�s��.efu<-�¤

Fv = ρg
[

bhR + 1
2bRR

]

= ρ �� ,¡1¡ gbR
(

h + 1
2R

)

= Fh = 117.4
( ¢
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º (�k�zWsM2f0<(�/lef/l0mc&z

45 � -�/1}�q\�.k,/1k�+`i�+w0<��k,/1cU),c<u<0<(Mi,/li1x*),�.-»ef2p���./1kyc&z�),(�kjz@0</^}*/l0*qP��k�g&+`ij/1),/l0Mi,/1k,/li�¼Pe�+w0<�M)
}*/10�½1¸�²,¨�ªl¶¾¸o³�ª�g&+`ij/l0!�.�¿2p(�(./�c<k,�.��/l(*)\���.0</10&�±xwef2f�.�./1k�ef2p(�/�-¿��/Di,2fe&s�/l0U)�i,kj/DqP��k�g&+wi,/1),/l0Mij/lkj/>i�),�.-À0</1}</l0*qP��k
}*/li1�$�D}*�.c*ij/lk6}*/lk,qP�.k�/>i6}</lefk,/^)�u<epij+wi�qPk�+!{&��qP��k�z�Á&0<0</@+Ws*)�ij+.0U}*/l0�ij2pe

Fv
qPk�+Z}*/10�s./1k�ij2p(`+.ep/�s�/l����}*/1ep/10U)

qP�.kjef/l0<��/le�)�/�¤

xv = 1
2R + Ic

hcA
= hp − h = (2.17− 1)

-
= 1.17

-
ÂÃ¸�«Ä«�©!ªl²¿¬`©@§�«­ªl°#®.ªl¶¾¸o³�©!ª>«­¬1®�ª1¹
Å�/l0Æs./1k�ij2p(`+wef/�(.��-�c#�.0U/l0Mi,/10r+Ws�(�k�+`q�ijk,/^)�u<epij+.0Mi,/l0r��z.k��1��/10<0<��-Çi���0<��}</lc<u<0U(�ij/>i¿+Ws�}</>i��`s./1k,ef2f�.�./10U}*/
s`+w0<0�s��.efu<-�/>i1�<È�2f0<0�}*/>i�)�+Ws*)�i�+w0U}ZqPkj+�s�/l�.��/l0U)�qP��k,ef/l0<��/le�)�/6s./^}m/10�)�i�+w0U}<+.kj}Zi���0<��}*/1c<u<0<(Mi�)�{#/lkj/l��0<2p0U�U¤

xv =
[

ρgbhR· 12R + ρg 1
2bR2 · 23R

]

/Fv =
h +

2

3
R

h +
1

2
R
· 12R =

1 +
4

3
1 + 1 ·1

-
= 7

6
-

= 1.17
-
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ÉÊ/1�.��2f0<0�/>iË(��.0Mi,kj�.efefs.�.efu<-d),�.-��.-�q\+`i,i,/lk�+wepiÊsW+.0<0</li1xl-�/^}�2p0<0Uef�.c62f0*ÁU0U2oij/1),2p-!+wepiËu<0&}*/lkÊs`+.0<0<�`s./1k�g#+`i,/10�2
ij+.0<(./10��.�Du*ijef�.c�2.�</1s./1k�ij/l0U)Qu<i,e��wcÊ�1£�2�+w0Mij+.kË+`iË�`s�/lk,g&+`ij/1+.k,/^+wef/>i&2.ij+.0<(./10�/lk�)jz�-¿��/�)�i��wkjk,/�/10<0�k��wk,i,s./1k,k,�
),0<2oi,ij)j+wkj/1+.ep/li�+`i6�`s./lk,g&+wi,/l0&)yq\+wefep�U+�)�ij2p���</>i

V � �jÌ­Í�ÎW ,Ï\Ì
(`+.0�0</l��ep2�)\��/lkj/1)�2�/l0U/lkj�.2fep2f�.0<2f0<��/l0�/lefep/1k�Ðy/lkj0<��u<epef2�)

ef2p��0<2p0U�U¤
p  ,Ï\Ñ
ρg

+
V 2� �jÌ­Í�ÎW ,Ï\Ì

2g
+ z1 =

p  ,Ï\Ñ
ρg

+
V 2

2g
+ z2

Ò



V =
√

2g(z1 − z2)

Å�/>i�ij/�k,/^)�uUeoi�+`i,/li�(`+wefep/^)��wq�i,/��&¬`²±²±¸���ªl¶�¶¾¸�§¿¶p¬w½U����+wefefs./lk�}*2Ä¤

V =
√

2·9.807·2
-��`)

= 6.26
-��w)

{&�
ÉË+�0Uz�(��.0Mi,kj�.efefs.�.efu<-�/>iy2p0U0</l�<��ef}</�{U+wkj/�sW+.0<0</li�2p0<0U2Ê�</ls�/lk,i,/10Êx*-�/1}n2p0U0<ef�.c�2Ê�</ls�/lk,i,2f0<0<e��wc#/>iD�.��u*ijef�.c
2Ê�</1s./1k�iju*i,e��wc#/>i^¤

p2

ρg
+

V 2

2g
+ z2 =

p  �Ï\Ñ
ρg

+
V 2

2g
+ z2

p2 = p  ,Ï\Ñ'�efep/1k1x&)���-»��+.u<�./li,kj�M(�($¤

p �
	 �, 
���jÌ = p  ,Ï\Ñ�	 �, 
���jÌ = p  ,Ï\Ñ − p  ,Ï\Ñ = 0

�1�
¢ z.k F = (Fh, Fv)

s�2pkj(./1k�c&z��</ls�/lk,i,/l0Ëx`sM2fe
−F

sM2fkj(./ycUz�s`+w0<0</li�2<�</1s./lk,i,/10@����{<ep2fk�+.eoi�),z�}*/10�)�ij�.k,kj/le�),/l0
),�.-»2f0<0<�MzwkD2Q2f-�cUu<ef)j)j+`ij),/l0Ë�<È<�.kD�U�.kj2f),�.0Mij+.ep(��.-�c#�.0</10�ij/l0ÊxM-�/1}n(.��0Mi,kj�.efeps��.efu<-�)���- u<0U}</lkDc<u<0U(�i�{#�±¤

Σ(F ��� �� ,¡1¡ )x = −Fh + p2A − p  ,Ï\Ñ A

= ρQ(V
�>Ï
x − V � ¡l¡x )

= ρAV (V − V )

}*s*)1�

Fh = (p2 − p  ,Ï\Ñ )A = 0

}U�
��2fef),s`+wkj/l0U}*/�2Qs�/lk,i,2f(W+.eQk,/li,0<2f0<�&x*�Ms��.k�s`+w0<0U/>ij)Di��M0U��}*/�(.��-�-�/1k�2Qi,2fepef/l���U¤

Σ(F ��� �� j¡l¡ )z = −Fv + 0 − 0 − ρ �� j¡l¡ gV�
= ρQ(V

�>Ï
z − V � ¡l¡z )

= ρAV (0 − 0)

��+wefeps�/lk�}*2Fx���s.��kyqP�.k,i,/l��0</>i�+.0<�.2fkD(�kj+wq�i�2Ë0</l�M+`i,2��
z
�Yk,/li,0<2f0<�&x<}*s*)l�*0</^}*�`s./1k1¤

Fv = −ρ �� ,¡1¡ gV� = −998× 9.807× 0.0471 ¢ = −461 ¢
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��0Mi�+�¼F)�2�}*/l0n2f(M(�/�0U�M/�+.0<0</>i�/lkD)j+w�.i���+`iD{&/1s./1�./le�),/l0!qP��k,/1��zwk�)jz¿e�+w0<�.iyuU0U}*/lk�s`�D),(./l�`s�/lk,g&+`ij/l0Z+wiy2f0<�./10
�`s./1k�g#+`i,/1{#�.ep��/l/lqP/l(Mi,/1k6��c<c*ijk,/1k1xË}<s�)1��+wi�i���0<��}</l(�k,/lq�i,/1k�2p(�(�/Z{<ef2pk@sM2f(Mi,2f�./�qP��k¿s`+w0<0&)�ijkj�.-�-�/10r��-�(Mkj2f0<�
ef/l�./1-�/>i�),+.-�-�/10<ef2p��0</>iD-�/1}�}*/�s�2�)�(M�.),/�(�kj/>q�i,/10</.� º 2p-�2fef+.k,2pi,/lij),(Mk�+Ws./liy{Uep2fk�}<+�ef2p(�/���/l��0<�.e�}<)�ij+.epeÄ�
+��
(
��/

)m = (
��/

)p ⇒
VmDm

νm
=

VpDp

νp

Vm =
Dp

Dm

νm
νp

Vp = 1
λ

νmρp
µp

Vp = 1
λ

νmspρ �� j¡l¡
µp

Vp = 1
7

1.01·10−6·0.833·998
0.0287 15

-��`)
= 6.27

�l-��`)
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Ðyk,uU(�}*/l0@�.kju<0<0<ef/l���./l0&}*/�}*/lÁU0<2�)P����0</l0�+Ws �D/l��0<��ef}U)�i�+wefeM),�.- qP��k,�<��ef}</>iÃ-�/1epef�.- ijk,/1�.�</lij),(�kj+wq�i��.�6s�2f),(���)
(�kj+wq�i1�<Å�kj+.�.(�k�+`q�i,/10mkj/lc<kj/1),/l0Mij/lkj/lk�}*/l0�s�2f),(���)�/6(�kj+wq�i,/10Ê¤

FIm

FV m
=

FIp

FV p

FV p =
ρpV

2

p L2

p

ρmV 2

mL2

m

FV m =
ρm
ρp

(

µp
νmρm

)2
(

(
�D/

)p

(
��/

)m

)2

FV m

= 998
0.833·998

(

0.0287
1.01·10−6·998

)2

·12 ·3.5 ¢ = 3.41
( ¢
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ÉÊ/1�.�Z(��.0Mi,kj�.efefs.�.efu<-�/>i�),�.- 2 � c<c<��+Ws�/ � +��>�#��0Mij+!s�2�)�(M�.)�)�i,k��w-�x&-�/10�kj/l�.0�q\�.kj)�i�),�.- �.- }*/li�2f(M(�/¿/1k
c<u<-�c#/�i,2feË)�i,/1}</.�<£�/^}�2f0<0U),/>i,i,2f0<�!2Ê/10</lkj�.2fep2f�.0U2p0<��/l0mÁU0<0</1kD-�+.0n}</>i�),�.- ),(�u<epef/�s�2f),/1)1¤

p  �ÏFÑ
ρg

+
V 2� ��Ì­Í�ÎW �ÏFÌ

2g
+ z1 =

p  ,Ï\Ñ
ρg

+
V 2ÍPÌ­Ì�� �
2g

+ z2 + (ke + kb + f
L

D
)
V 2ÍPÌ­Ì�� �
2g

z1 − z2 =
V 2ÍPÌ­Ì�� �
2g

(

1 + ke + kb + f
L

D

)

V ÍPÌ­Ì�� � =

√

√

√

√

2g(z1 − z2)

1 + ke + kb + f
L

D

=
V � � Ì­Ì�� �

√

1 + ke + kb + f
L

D
{&�
��u<-�cU+�),/>i,i,/1)62f0<0�qP��k�zm��c<c<0Uz�+`i�)�ijkj�.-��&+.)�i,2f�.�</li,/l0~�w(./1k�ij2pe

V = V � � Ì­Ì�� � =
√

2g(z1 − z2)
2�i,2feoqP/1epef/>i

}*/1kD-�+.0��U+wk�kj/l/lefeÊ)�i,k��w-»����/10</lkj�.2pij+.cÊ¤

PP = 1
η ρgπ

4 D2
√

2g(z1 − z2)(ke + kb + f L
D )(z1 − z2)

= 1
η

π
8 ρD2[2g(z1 − z2)]

3/2(ke + kb + f L
D )

= 1
0.95

π
8 ·998·(0.05)2[2·9.807·2]3/2·5.25 ¢ -��`)

= 1.33
(��

��¬`©�©�ªl°U«­¦`²l¹
Å�/>i�/1k�k�+.),(./1k,/�zZ)\��/l(�(�/¿}*/>i6�.c<cU�.2pi�i,/@u*i�ijk,��(�(./li�qP�.k

hP
/10<0�z!u<i,ef/1}*/�}*/>i^��¼\�­0<�./10�+Wsn}</lef/l0</�(�kj/ls*}*/^)

),ep2f(��.c<c<�M+Ws./10�sW+.k�qP��k,-@u<ep/1k�i^� ��Ðyk,u<(nq��$/l(*)1�&2f0<0U),/>i,i,2f0<�m2Ã/10</lkj�.2fep2f�.0U2p0<��/l0�u<0&}*/lk�+��>¤#�D}<}</lk�u*i�ijk,��(�(./li
qP�.k

hP
cUz�s�/l0U)�i,kj/�)�2�}*/.x#)�/li�i�2f0<0

V 2

� � Ì­Ì�� � = 2g(z1 − z2)
2�)�ij/1}*/10*qP�.k

V 2ÍPÌ­Ì�� � cUz!�&�W�Mkj/�)�2�}*/�x<�.��ÁU0U0�+wi�}*/li)�i,/l-�-�/lk
	

�Êb
+��
Å�2ps�/lkj�./l0&)�/10�+WsZ�U+�)�ij2p���</>ij/l0Ê¤

∇·u = ∂
∂r

(0) + 0
r + 1

r
∂
∂θ

( γ
2π

1
r ) = 0 + 0 + 0 = 0

º 2�}*/l0�}*2fs./1k,��/l0U),/l0�/lkDef2p(�0�u<epeÄx*/lkD(��.0Mi,2f0�u<2pi,/>i�)�ef2f�.0<2f0<�./10mqP��kD/l0n2p0U(.�.-�c<kj/1)j),2p{#/leQ2�}*/l/1epeÊgUu<2�}���c<c*qP��epi1�

�



{&�
£�2fkjsMef2f0<�./10Ê¤

(∇× u)z = ∂
∂r

(
γ
2π

1
r ) + 1

r (
γ
2π

1
r ) − 1

r
∂
∂θ

(0) =
γ
2π (− 1

r2
+ 1

r2
) − 0 = 0

�­��s./1k�i,q\+wefeDu*i,/10*qP�.kZ��k,2f�.�r/lkm�U+.)�i,2f�.�</lij)�qP/lepi,/liZsM2fkjsMef2f0<��)�qPk,2pi�i^��¼ � kj2p���Æ/lk!/>in)�2f0<�.uUef��k,i!c<u<0<(Mi1�·�!Å6+Æ-!z
}*/li�/l(*),2f)�i,/1k,/�/>i��&+.)�i,2f�.�</li,c#�wi,/10U),2f+.e�),�.- �U+wk��U+.)�i,2f�.�U/>ij),s./1(Mi,�.kj/l0 ij2pe6�.k�+.}*2f/l0Mi~¼\(.��0Ms�/l0U)\���.0&)�-�/1)j),2p�
),�.-»�.q�i,/1)�i�-�/1}n-��wi�),+wi�i�qP�.k,i,/1�.0&�>�
�1�
��+�)�ij2p���</>ij/l0Z/1k�kj/l0Mi�ij+w0U�./l0&)�2f/lefeFx�}*s*)1��e�+w0<�M)�/10�),2pkj(./1eU�.-À��k,2f�.��-�/^}!kj+�}*2fuU)

r
���¿c#�.e�+wkjs�2p0<(�/le

θ
sM2feQ}*/>i

}*2��#/1k,/10U),2p/1epef/�{<u</l/1ep/1-�/l0Mi,/li
dL

s`��kj/6c&+wk�+wefep/1eoiD-�/1}
u
¤

Γ =
∮

L
u·dL =

∮

L
vt dL =

∫

2π

0

γ
2π

1
r r dθ =

γ
2π

∫

2π

0
dθ = γ

º 2fk,(�u<e�+.)\���.0U/l0n/lk�+wepij)jz@/l0�(.��0U)�i�+w0Mi1x�uU+Ws��</10<�.2f��+WsZkj+�}*2f/l0n2Ë)�2fkj(./lef/l0Ë�
Å�2��$/lk�+w0U),/l0m-�/1epef�.-�),2pkj(�u<e�+.)\���.0</10</DqP�.k�i,��)�2fkj(Mef/lk�-�/1}!qP��kj),(^��/lefep2f�¿}*2�+w-�/li,/lk�),(W+.e&2pq\�wef�./��&«­¬1¨�ª±§���«Yª�¬w²,ª>©
s`��k,/��.2pi�i�s./^}�2f0�ij/l��kj+.ep/li6+Ws�s�2pkjs�ep2f0<�./10��`s./1k�g&+wi,/10�-�/lefep��-Ç)�2fkj(Mef/l0U/.� ¢ zwk6s�2pkjs�ep2f0<��/l0�/1k�ef2p(�0�u<efeÄx$),ef2p(s�2$sM2�)�i,/�uU0U}*/lkyqP��k,kj2p��/�c<u<0U(�i^x�/lk�}*/>iD}*/lk,qP�.ky(.��0U),2f)�i,/10�iy+`i�sM2#�.�M),z��U+wk�qPu<0<0</li�)�2fk,(�u<e�+.)\���.0U/l0�i,2feQz�s`��kj/
uU+Ws��</10<�.2f��+Ws�)�2fk,(�/lefkj+�}*2f/l0Ê�
¼\Å�/>i@/lk�qP�.k��Ws�k,2f��),2f0<�.u<e�+wkj2pi,/>ij/l0r2��.kj2f�.��),�.- -�/^}�q\�wkj/lk�}</l0<0</���s�2pkjs�ep2f0<�M)�qPkj2p/�),2pkj(�u<ef+�)P����0</l0
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