GLOBAL WEAK SOLUTIONS FOR A
VISCOUS LIQUID-GAS MODEL WITH TRANSITION TO
SINGLE-PHASE GAS FLOW AND VACUUM

STEINAR EVJEAB.C, TORE FLATTEN#, AND HELMER ANDRE FRIISB

ABSTRACT. This work deals with a viscous two-phase liquid-gas model relevant for flow in wells
and pipelines. The liquid is treated as an incompressible fluid whereas the gas is assumed
to be polytropic. The model is rewritten in terms of Lagrangian coordinates and is studied
in a free boundary setting where the liquid and gas masses are of compact support initially,
and continuous at the boundary. Consequently, the initial masses involve transition to single
phase gas flow and vacuum at the boundary. An appropriate balance between pressure and
viscous forces is identified which allows to obtain pointwise upper and lower estimates of masses.
These estimates rely on the assumption of a certain relation between rate of degeneracy of the
viscosity coefficient and the rate that determines how fast the initial masses are vanishing at
the boundary. By combining these estimates with basic energy type of estimates, higher order
regularity estimates are obtained. Existence of global weak solutions is then proved by showing
compactness for a class of semi-discrete approximations.
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1. INTRODUCTION

We are interested in a one-dimensional two-phase liquid-gas model of the drift-flux type [1, 15,
26]. This model is frequently used to simulate unsteady, compressible flow of liquid and gas in pipes
and wells [27, 9, 21, 12]. The model consists of two mass conservation equations corresponding to
each of the two phases, and one equation for the conservation of the mixture momentum. More
precisely, it is given in the following form:

Itlagpg] + Ozlagpgug] =0
8t[alpl] + 8z[alplul] =0 (1)
Blouprur + agpgug) + O lagpgul + crprui + Pl = —q + 0 [e0ptumiz),  Umiz = gty + aquy,

where P,e > 0. Unknown variables are liquid and gas densities p;, p; and volume fractions
ay, g € [0,1] satisfying the fundamental relation

ag+a; = 1. (2)

Furthermore, velocities of liquid and gas are represented by wu;,uy whereas P is common pres-
sure for both phases. Finally, ¢ is representing external forces like gravity and friction. The
momentum is given only for the mixture, therefore an additional closure law is needed, a so-called
hydrodynamical closure law, which connects the two phase velocities. In addition, we need a
thermodynamical equilibrium model which specifies the fluid properties.

Few results concerning existence, uniqueness, and stability seem to exist for two-phase liquid-
gas models of the form (1). Compared to the single-phase Navier-Stokes model, several new and
challenging problems occur when two phases of totally different character are introduced in one
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and the same model. Thus, in the works [7, 8] we have focused on a simplified model obtained
by assuming that fluid velocities are equal vy = u; = u and by neglecting the external forces, i.e.,
q = 0. More precisely, we considered a model in the form

Otlagpg] + Ozlagpgul =0
O¢laupt] + Oz[upru) =0 (3)
Oi[anpru] + Oy laupiu?] + 0, P = 0,[e0,u), Pe>0.
Here certain small gas effects have been neglected since we employ a simplified momentum equation
where acceleration terms depend solely on the liquid phase. This is motivated by the fact that
liquid phase density typically is much higher than gas phase density, i.e. p;/p, = O(10%).
The purpose of this paper is to continue the work with the model (3). Assuming that the liquid

is incompressible, i.e. p; = Const, whereas the gas is represented by a polytropic gas law relation
P = Cpj with v > 1 and C a positive constant, we get a pressure law of the form

P(n,m) = cpg(m ﬁm)”, (4)

where we use the notation n = agpy and m = a;p; as

pin
pr—m’

This follows by observing that p, =
well as the relation (2). In particular, we see that pressure becomes singular at transition to pure
liquid phase o; = 1 which yields m = p;. In order to treat this difficulty we shall in this work
consider (3) in a free boundary problem setting where the masses m and n initially occupy only
a finite interval [a,b] C R. That is,

n(x,0) = ng(z) > 0, m(z,0) = mo(x) > 0, u(z,0) = up(z), x € [a,b],

and ng = mg = 0 outside [a, b]. In particular, the initial masses ng, mg are assumed to be positive
in (a,b) and vanish at the boundary z = a,b. The viscosity coefficient ¢ is assumed to be a
functional of the masses n and m, i.e. € = e(n,m).

We rewrite the model (3) in terms of Lagrangian variables. An advantage is that the free
boundaries are then converted into fixed and we get a model in the form (see next section for more
details)

On + (nm)dyu =0
Oym +m?0,u=0 (5)
Oy + 9, P(n,m) = 0z (e(n, m)mdyu), z € (0,1),
with boundary conditions
n=m=0, atx=0,1, t>0, (6)
and initial data
n(z,0) =ngo(z), m(z,0) =mo(z), u(z,0)=up(x), x € [0,1]. (7)

In [8], the initial masses ny and mg were assumed to be connected to vacuum at the boundary
with a discontinuity. Then, it was shown that the masses n, m remained strictly positive in time
up to the vacuum interface x = 0, 1. This estimate then played a crucial role in the study of global
existence of weak solutions. By contrast, in this work initial masses n,m connect to vacuum
continuously through the boundary condition (6), in other words, they vanish at the boundary
where the vacuum interface is located. Consequently, more refined arguments are required to
obtain a priori estimates that ensure existence of weak solutions. In particular, the analysis of
this paper reveals that a certain relation must exist between rate of degeneracy associated with
the viscosity coefficient e(n,m) and the rate of degeneracy of the initial masses ng,mo at the
boundary x = 0,1, i.e. the rate that determines how fast the initial data is approaching zero at
the boundary.

The main result of this paper is that we obtain an existence result for the model (5)—(7) for a
class of weak solutions and for a flow regime where the viscosity coeflicient is of the form

nP

(o —m)pr1’ B e (0,1/3). (8)

e=¢e(n,m) =
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This form is quite natural in view of the pressure law (4) and ensures a certain balance between
the pressure and viscous forces, represented respectively by (4) and (8), as m is approaching the
critical limit p;. This balance is sufficient to guarantee that the liquid mass m can be controlled
pointwise from below and from above by means of a weight function ¢(x) = z(1 — x) when initial
data is subject to a similar behavior. This pointwise control is then transferred to the gas mass
n through the common fluid velocity v and the two mass conservation equations of (5). More
precisely, by assuming initially that the gas and liquid masses n and m do not disappear or blow
up on (0, 1), but degenerate at the boundary points at a certain rate a € (0,1), given by

C7l¢(x)* <no(x) < Co(x)®,  C'o(x)*? <mo(x) < Co(x)** < p, 9)

for a suitable constant C' > 0, then a similar behavior will be true for the masses n and m for all
t € [0,T] for any specified time T" > 0. We refer to Theorem 2.1 for a precise statement. This in
turn allows us to obtain various estimates which ensure convergence to a class of weak solutions.
The main tool in this analysis is the introduction of a suitable variable transformation allowing
for application of ideas and techniques similar to those used in [23, 17, 19, 29, 24, 31, 28, 16] in
previous studies of the single-phase Navier-Stokes equation.

The novelty of this paper compared to [8] can be summarized as follows:

e The model studied in this paper is different from the one studied in [8] in the sense that
the e coefficient now depends on both n and m together with the assumption of continuous
masses 1, m at the boundaries. More precisely, in [8] we considered a flow regime where
viscosity was governed by the presence of the liquid phase only by using

mP
(pr —m)P+t

For this case, the liquid mass m and gas mass n were shown to be non-vanishing at all
points in the domain [0, 1]. The current work focus on a flow regime where the viscosity to
a large extent is governed by the presence of the gas phase as expressed by the functional

nB
(= m) P

In particular, the boundary condition (6) implies that the viscosity coefficient (11) vanishes
at the boundary x = 0, 1.

e The model (5)—(7) involves transition to single-phase gas flow at the boundary since
aq|z=0,1 = 0. This situation is not included in the analysis of [8].

e The analysis of Section 3 shows that there is a fine balance between (i) the rate of degen-
eracy at the boundary associated with initial data ng, mg and represented by a function
of the form ¢(z) = (x(1 — x))?; and (ii) the rate of degeneracy associated with the vis-
cosity coefficient (11). More precisely, a specific relation between « and (3 is identified for
8 € (0,1/3) and o € (0,1). This may reflect some of the additional difficulty associated
with two-phase flow compared to single-phase flow. It also represents a clear difference
between the present work and the two-phase model studied in [8].

e(m) = (10)

e(n,m) = (11)

To motivate for further studies in the context of two-phase liquid-gas flow, we would like to
emphasize some of the restrictions that are used in this work:

e Relatively strong smoothness assumptions are made on the initial data and weaker con-
ditions would clearly be desirable, i.e. analysis that allows for discontinuous initial data.
For some results in this direction in the single-phase gas flow setting, we refer to [13, 14]
and references therein.

e A relative strong restriction on the rate of degeneracy associated with the viscous coeffi-
cient €(n, m) is assumed since 5 € (0,1/3). It would be interesting to explore the model
used in this paper in a framework where the upper limit of 5 can be relaxed.

e The assumptions on the initial data ng,mg are rather restrictive concerning the rate of
degeneracy at the boundary represented by the parameter o € (0,1). This is due to

the fact that we make use of the assumption that cq(x) = Z%((?),

in view of (9), can be
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bounded as
C1¢(2)*/? < co(x) < Cag(x)™/2.

Weaker conditions are clearly of interest.

e Apparently, a consequence of the techniques we rely on in this work is that we do not cover
the mixed situation where the liquid phase does not vanish at the boundaries whereas
the gas mass does vanish. In other words, the transition to single-phase gas-flow at the
boundary seems inevitable, see Remark 3.1 for more details.

e The existence result presented in Section 2 relies on the fact that the o parameter is related
to £ in a certain manner. More precisely, for a choice of 8 € (0,1/3), the a parameter
cannot be chosen freely in (0, 1) but must obey the relation (34). An interesting question
is whether this is only an artifact of the techniques used in this work, or reflects a more
intimate connection between degeneracy of the viscosity coefficient and behavior of initial
masses at the boundary.

e The form of the viscous term represented by (11) is not based on experimental data or
some deeper physical considerations, but represents a rather straightforward generalization
in view of the relation between the functional form of pressure and viscosity as used for
single-phase gas flow [23, 17, 19, 29, 24, 31, 28, 16]. Clearly, it is of interest to address
this aspect more carefully in a context where experimental data is considered.

e It would be desirable to consider a more complete two-phase model where unequal fluid
velocities are involved. An example of such a two-phase drift-flux model written in terms
of Lagrangian variables is given in [12]. Various numerical methods for solving the model
(1) in such a more general context can be found in [3, 4, 5, 9, 10, 11, 18, 20, 22, 27].

The rest of this paper is organized as follows. In Section 2 we give more details relevant for
the model (5) obtained from (3), and we state various assumptions and the main theorem. In
Section 3 we describe a priori estimates for an auxiliary model obtained from (5) by employing
an appropriate variable transformation. Finally, in Section 4 we consider a family of approximate
solutions obtained by defining a semi-discrete approximation to (5). The estimates of Section 3 are
shown to hold for these approximate solutions, which in turn imply compactness and convergence
to a global weak solution, as stated in Theorem 2.1.

2. A GLOBAL EXISTENCE RESULT FOR A SIMPLIFIED VISCOUS TWO-PHASE MODEL
In the following we shall work with the compressible gas-incompressible liquid two-phase model

Ogn + Oz [nu] =0

Ogm + Ox[mu] =0 (12)
Or[mu] + 0y [mu?] 4 9, P(n,m) = d,[e(n, m)d,ul,
where
P(mm):A(mﬁm)W, v > 1, (13)
B
s(n,m)zBW, B € (0,1/3), (14)

where A and B are appropriate constants. One special feature of the above two-phase model (12)—
(14) is that the pressure law becomes singular for pure liquid flow, that is, when m = pjaq = p;. To
compensate for this, it is assumed that the viscosity coefficient £(n, m) reflects a similar behavior
such that a proper balance between pressure and viscous forces takes place.

2.1. Main idea. The idea of this paper is to study the model (12)—(14) in a setting where sufficient
pointwise control on the masses n and m can be ensured through a careful balance between
pressure and viscous forces. Motivated by previous studies of the single-phase Navier-Stokes
model [19, 31, 28, 25], we propose to study (12) in a free-boundary setting where the gas and
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liquid masses n and m are of compact support initially. More precisely, we study the model (12)
with initial data
(no, mo, moug) € [a, b,

) ) 70 = i
(n,m, mu)(x,0) {(070’0) otherwise,

with ng(z) > 0 and mg(z) > 0 for = € (a,b). In other words, we study the two-phase model in
a setting where an initial true two-phase mixture region (a,b) is surrounded by vacuums states
n = m = 0 on both sides. Letting a(¢) and b(¢) denote the particle paths initiating from (a,0)
and (b, 0) respectively, these paths represent free boundaries, i.e., the interface of the gas-liquid
mixture and the vacuum. They are given by

d d

el - - = 15

Loy =ula®).0,  To(e) = u(bie). 1), (15)
together with an appropriate boundary condition. In [8] we studied (15) together with the bound-
ary condition

(—=P(n,m) +e(m)uy) (a(t)™,t) =0, (=P(n,m) +e(m)ug) (b(t)~,t) =0, (16)

where €(m) was given by (10). In particular, it was assumed that the initial masses ng(x), mo(z)
connect to vacuum discontinuously, i.e., inf[o’l] no(m),inf[oJ] mo(x) > Cy > 0 for a positive con-
stant Cj.

A main purpose of this work is to study the case where ng(z), mo(z) connect to vacuum contin-
uously, as described in [19, 31] in the context of single-phase Navier-Stokes equations. This means
that the boundary condition (16) is replaced by

n(a(t),t) = n(b(t),t) =0,  mla(t),t) = m(b(t),t) = 0. (17)

Following along the line of previous studies for the single-phase Navier-Stokes equations [23, 17,
19, 31}, it is convenient to replace the free boundaries a(t) and b(t) (which are unknown in Eulerian
coordinates) by fixed boundaries using Lagrangian coordinates. First, in view of the particle paths
X;(x) given by

dX¢(x
) _ux@).n, Ko =
the system (12) takes the form
an
dt e
d
d—’? +mu, =0 (18)
d
md—qz + P(n,m), = (e(n,m)uy),.
Next, we introduce the coordinate transformation
x
5 = m(y7 t) dy7 T =1, (19)

a(t)
such that the free boundary z = a(t) and = = b(t), in terms of the (£, 7) coordinate system, are
given by
b(t) b
@@ =0 @)= [ iy [ mo)dy = cons (20)
a(t a
where f; mo(y) dy is the total liquid mass initially, which we normalize to 1. Applying (19) to
shift from (x,t) to (£, 7) in (18), we get

nr + (nm)ue =0
m, + (m?)ug = 0
ur + P(n,m)e = (e(n, m)mug)e, Eel:=(0,1), 7>0,
where boundary conditions, in light of (17), are given by
n(0,7) =n(l,7) =0, m(0,7) =m(1,7) =0.
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In addition, we have the initial data

n(fa O) = no(g)v m(§70) = m0(§)7 U(ﬁ,O) = uO(S), 5 € I:= [Ov 1}
In the following, we find it convenient to replace the coordinates (£,7) by (z,t) such that the
model we shall work with in the rest of this paper is given in the form

On + (nm)dyu =0
Oym + m29,u =0 (21)
Oy + 0z P(n,m) = 0, (E(n,m)0u), z € (0,1),

with n ~
P = 1 22
(om) = (=) > (22)
and 5
mn

where we, for simplicity, have set the constants A = B = 1. Moreover, boundary conditions are
given by
n(0,t) = n(1,t) =0, m(0,t) =m(1,t) =0, (24)
whereas initial data are
n(x,0) =ng(z), m(z,0)=mo(z), u(z,0)=1up(x), r=1=][0,1]. (25)

Both initial masses ng(x), mo(x) become zero at the boundary x = 0, 1. But it is also essential, as
stated in a precise manner in assumption (A1) below, that the initial gas mass ng(x) is approaching
zero faster than the initial liquid mass mq(x).

2.2. Main result. Before we state the main result for the model (21)-(25), we describe the
notation we apply throughout the paper. H'(I) represents the usual Sobolev space defined over
I = (0,1) with norm || - || g1 (7). Moreover, LP(K, B) with norm || || .»(x,p) denotes the space of all
strongly measurable, pth-power integrable functions from K to B where K typically is a subset
of R and B is a Banach space. In addition, let a € (0,1), C%[0, 1] denotes the Banach space of
functions on [0, 1] which are uniformly Hélder continuous with exponent o and C*®/2(Dr) for
the Banach space of functions on Dy = [0,1] x [0, 7] which are uniformly Hélder continuous with
exponent « in x and «/2 in ¢.

In the following, we first state some main assumptions for the initial data ng, mg, and ug and
the constants v and ( relevant for P(n,m) and E(n,m). Then we present the global existence
result.

Main assumptions.
(A1) We assume that there are constants K, K2, K3, and K4 such that for ¢(z) = 2(1 — ) we

have
K1¢(:v)"/2 <mg(z) < K2¢($)a/2 < pi, 0<a<l,
such that sup mg(z) < py, (26)
z€]0,1]

K3¢(x)* < no(r) < Kyp(x)®.

In particular, this implies that for suitable constants C; and Co

n
C19(a)*'? < le) i= T (x) < Cao(w)% (27)
Moreover, in view of (26), it also follows that
B pynrz < M) < Qo) = QUmo(e) < TR o, (29)
P Pl inf(p; — mo(z))
for Q(z) = 2. We also note that the following estimate holds, in view of (26)

pi—x’

o (LI < oo ¢ o), tor k> g (29
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for all positive integer k since k1 — /2 > —1;
(A2) More assumptions that are required for the analysis are:

([ no }’6>xeL2k([0’1D7 ([ no ]V)xeﬁ([o,l]), (30)

p1— Mo pPr— Mo
for sufficiently large positive integer k. In addition, we require that
co.e € L7([0,1]); (31)

(A3) We assume that
up(z) € L=([0,1]) and (E(ng,mo)uo). € L*([0,1]); (32)
(A4) We assume that

1
0<f<3 >0 (33)
(A5) We assume that the choice of « and g, for sufficiently large k, satisfy the relation
2k +1 1 @ 1
_ < — =1 - 34
(2k —1) -2k 28 2 (2k-1)p (34)

Some comments are in order here before we present the main result.

Remark 2.1. We observe that mo|y=01 = 0 implies that agl,—0,1 = 1, i.e., transition to single-
phase gas flow occur at the left and right boundary point. However, vacuum states exist at the
boundaries since nglg—=01 = pglz=0,1 = 0. In addition, we observe that SUPge0,1] mo(x) < p
implies that the gas phase is present at all points in the domain (no transition to single-phase
liquid flow).

Remark 2.2. Sharper lower estimates are required for the masses ng and mg, as described by
(26) of assumption (A1), compared to previous studies of a single-phase gas flow model [31, 28].
For single-phase flow it is typically only required that 0 < po(x) < Co(x)* for a suitable choice of
C and o where p represents the gas density. The two-phase analysis requires an estimate of the
rate of degeneracy for the lower bounds of ng and mg, as described by (26), such that the estimate
(27) is obtained. Estimate (27) is used throughout the whole analysis.

Remark 2.3. Concerning the relation (34), we see that letting k go to infinity we get the relation
3 1 «

<—==-1-=
1-8 28 2’
that is,
1-208)(1
Lo 1-am)es)
2 26(1 - p)

Clearly, f(3) goes to infinity as B — 0T and f(B8) approaches 0 from above as 3 — 5 . In
particular, f(%) = 1 which implies that 8 must satisfy 8 € (0,1/3) in order to allow o to become
positive. In other words, for 3 close to % the rate of degeneracy of ng, mo must be low (o must be
close to zero). As [3 becomes smaller (i.e., the rate of degeneracy of the viscous coefficient e(n,m)
becomes lower), the rate of degeneracy « associated with ng,mo can be higher. The coupling
between o and 3 as described by (34) is a “two-phase phenomenon” in the sense that it is not seen

for the single-phase gas analysis as described in [31, 28].

= f(B)- (35)

Theorem 2.1 (Main Result). Under the assumptions (A1)-(A5), the initial-boundary value prob-
lem (21)-(25) possesses a global weak solution (n,m,u) in the sense that:

(A) For any T > 0, we have the following regularity:
n,m,u € L>=([0,1] x [0,T]) n C*([0,T); H*([0, 1])),
E(n,m)us € L=(0,1] x [0,T]) N C* ([0, T]; L*([0, 1]))-
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In particular, we have for a small constant > 0 the estimate

C(T) ()" < m(z,t) < min{p — p, C(T)p(x)* },
1dkot . o “ (37)
C1C(T)p(z) 72 *% < n(x,t) < Comin{p; — p, C(T)P(z)2 }p(z) 2,

where (x,t) € [0,1] x [0,T]. The assumptions on ko is that for all positive integer k,
sufficiently large,

%0 + 1 1 « 1
Gh—n—2k3 <3 Ty T @monp (38)

(B) Moreover, the following equations hold,

ng +nmu, =0, my + m2u, = 0,
(n,m)(x,0) = (no(z), mo(z)), for a.e. x € (0,1) and any t > 0,

/ODO /01 [U(bt + (P(n,m) — E(n,m)uz)q’)m} dz dt + /01 uo(2)d(x,0) dz = 0

for any test function ¢(x,t) € C§° (D), with D := {(x,t)|0 <x <1, t > 0}.

(39)

The proof of Theorem 2.1 is based on a priori estimates for a class of approximate solutions of
(21)—(25) and a corresponding limit procedure. These results are obtained by adopting techniques
similar to those used in [31, 28] for the single-phase Navier-Stokes equation. A crucial part of
this analysis is to obtain sufficient point-wise upper and lower limits for m and n, as described by
Corollary 3.4. A main tool in this analysis is to focus, not on the mass m but instead the related
quantity Q(m) = m/(p; — m) which connects pressure P(n,m) and viscosity coefficient E(n,m).
It turns out that we naturally can reformulate the model (21) in terms of the variables (¢, @, u)
instead of (n,m,u) where ¢ = n/m. Together with higher order regularity of u and (Q?), as well
as energy-conservation, certain pointwise upper and lower limits for Q(m) can be derived. This,
in turn, gives the required boundedness on m and n from below and above, together with the L'
estimate of m, and n,. Finally, L? continuity in time is obtained for m and n. Armed with these
estimates we can rely on standard compactness arguments to prove Theorem 2.1. This is done in
Section 4.

3. BASIC ESTIMATES

Below we derive a priori estimates for (n,m,u) assumed to be a smooth solution of (21)—(25).
We then construct the approximate solutions of (21) in Section 4 by considering a semi-discrete
approximation to (21)—(25).

More precisely, first we assume that (n,m,u) is a solution of (21)—(25) on [0,T] satisfying

o, /2
Ty Mgy Mgy Tty My Mgy Mgy Mgy Uy U, Uy Uy € C'Y / (Dr) for some « € (0, 1),

(40)
n(z,t) >0, m(z,t) >0, m(z,t) < p; on (0,1) x [0,T].

In the following we will frequently take advantage of the fact that the model (21) can be rewritten
in a form more amenable for deriving various estimates. We first describe this reformulation, and
then present a number of a priori estimates, obtained mainly by relying on suitable modifications
of techniques used in [28], see also references therein.

3.1. A reformulation of the model (21). We introduce the variable

n
= — 41
=2 (41)

implicitly using that m > 0, and see from the first two equations of (21) that

1 n nm nm?
Ct = —Ng — —5Mp = ——— Uy +

—u, = 0.
m m2 m m2



GLOBAL WEAK SOLUTIONS FOR A VISCOUS LIQUID-GAS MODEL 9

Consequently, the model (21)—(25) then can be written in terms of the variables (¢, m,u) in the
form

atC =0
om +m20,u=0 (42)
Ou 4 0, P(c,m) = 0, (E(c, m)0,u), x € (0,1),
with
me \7
Pe,m) = ( ) >1, 43
em= (S0 (43)
and
B+1
E = 0 1/3. 14
(c,m) C(pl—m) ; <p<1/ (44)
Moreover, boundary conditions are given by
c(0,t) = ¢(1,t) =0, m(0,t) =m(1,t) =0, (45)
whereas initial data are
c(z,0) = co(x), m(z,0) =mg(x), ulx,0)=ue(z), x €10,1]. (46)
Furthermore, we introduce the variable
Qm) = —— = >, (47)

:pl—mil—az
since m > 0 and m < p; and observe that
m 1 m
ame=(o=0),= (=m + )m
(m): p—mle \p—m ' (o —m)2) "
Pl m

2
= Mt = —pI——5 e = —p1Q(m) U,
(Pl_m)2 ! p(Pl—m)2 ! piQ(m) s

in view of the second equation of (42). Consequently, we rewrite the model (42) in the form

de =0
2Q(m) + pQ(m)? Dy = 0 (48)
Ou+ 9. P(c,Q(m)) = 0.(E(c, Q(m))0zu), z € (0,1), t>0,
with
P(c,Q(m)) = c7Q(m)",  y>1, (49)
and
B(e,Qum) = PQm)*!,  0<p<1/3. (50)
This model is then subject to the boundary conditions
c(0,t) = ¢(1,t) =0, Q(0,t) = Q(1,t) = 0. (51)
In addition, we have the initial data
o(z,0) = co(z), Qz,0) =Qo(z), u(z,0)=uo(x), z=][0,1], (52)
where Qq(z) = Q(mo(x)) = plTSrEj()m)' In particular, the first equation of (48) gives that
c(z,t) = cola) == %(m) >0, xze(0,1), t>0, (53)

for initial data as prescribed in assumption (Al).
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3.2. A priori estimates. Now we derive a priori estimates for (n,m,u) by making use of the
reformulated model (48)—(52). In Section 4 we consider corresponding semi-discrete versions. Note
that in the following we will use C' to denote a generic positive constant depending only on the
initial data and C'(T') to indicate dependence on the given time T

Lemma 3.1 (Energy estimate). We have the basic energy estimate

[ o+ g e+ [ [ s

pi(y—1)
_ [ g _ (54)
- /O (§u§ + WO_HQ(””W 1) dr,  Vte|0,T]
< C(T).
Moreover,
cQ(m)(z,t) <C(T), V(1) €[0,1] x [0, T, (55)
and for any positive integer k,
1 t ol
/ u (x,t) da + k(2k — 1) / / w2 PQ(m) P (uy)? drds < C(T). (56)
0 0o Jo

Proof. We multiply the third equation of (48) by u and integrate over [0,1] in space. Applying
the boundary condition (51) and the equation
C’Y
— (@) + P QVuy =0, 57
pu(y — 1)( ) (57)
obtained from the second equation of (48) by multiplying with ¢YQ7~2, we get
4 /1 (1u2 + LQ“’_l)(m‘ t)dx + /1 E(c,Q)(ug)*dx =0
dt Jo \2 pu(y—1) ’ 0 7 ’ .
From this, (54) follows, by application of (32), (27) and (28).
Next, we focus on (55). From the second equation of (48) we deduce the equation

(@) + 6Q s =0, (58)
Multiplying with ¢® and integrating over [0,], we get

(€Q)(0:0) = (0Q)*(@.0)~ i [ Qs (59
Then, we integrate the third equation of (48) over [0, z] and get

/oz w(y,t) dy + P(c, Q) — P(c(0,1), Q(0,1) + (E(c, Q)uz) (0, 1) = E(c, Q)uy = c’Q(m) " u,.

Using the boundary condition (51) and inserting the above relation into the right hand side of
(59), we get

€@ = QP (w.0) ~ o1 [ ([ w1y + e, @)) s

- . (60)
= (@) (@.0) = G [ () = wo(w)) dy =51 | P(e.Q) s
Consequently, since P(c,@) >0
(eQ)7 (1) < (@)’ (x,0) + By / [u(y, )| dy + Bpy / [uo(y)| dy. (61)
0 0

Applying Holder’s inequality and (54) we can bound fol |u| dy, hence the upper bound (55) follows
in view of (27) and (28).
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Finally, we focus on estimate (56). Multiplying the third equation of (48) by 2ku?*~!, integrat-
ing over [0,1] x [0, ¢] and integration by parts together with application of the boundary conditions
(51), we get
1 t el
/ u?* da 4 2k(2k — 1) / / ch(m)B'H(ul)2u2]’“_2 dz ds
0 0o Jo
1 t ol
= / udF dr + 2k(2k — 1) / / cgQ(m) w2y, dx ds.
0 0o Jo

For the last term we have by the Cauchy type inequality ab < (1/4¢)a® + eb? where ¢ > 0, that

t ol
/ / g Q(m) u**u, dx ds
0 Jo

1ottt t ol
S*/ / Cé(v ﬁ/2)Q(m)2v—ﬁ—1u(2k—2) dxds—i—a/ / CgQ(m)BHU(Qk_Q)(uz)Qdxds
§—sup o / / )27 ALy, (k= 2)dxds+5/ / BQ m)P a2 (y,)2 da ds.

4e [0,1]

(62)

The last term clearly can be absorbed in the second term of the left-hand side of (62) by the

choice e = 1/2. Finally, let us see how we can bound the term fo f w2 (coQ(m))?> 1P dx ds.
In view of Young’s inequality ab < (1/p)a? + (1/q)b? where 1/p + 1/q = 1, we get for the choice
p=kand ¢g=k/(k—1)

//u(% D(coQm)> 1 Pdrds < = // (coQ(m)) 1Ak dderi// u?* dx ds

<C(T)+ ;/ / u?* dz ds,
ko Jo Jo
by using (55). To sum up, we get

1 t ol
/ u? da 4 k(2k — 1) / / AQ(m) ! (uy)?u?* 2 da ds
0 0 Jo

1 t 1
k-1
S/ udF dx + k(2k — 1) sup(cp) C’(T)Jri/ / u%dxds}.
0 [0,1] k- Jo Jo

In view of (63), application of (27) and Gronwall’s inequality then gives the estimate (56). O

(63)

Taking advantage of a more refined use of the relation (60) together with the higher order
integrability of u given by (56), we can obtain a sharper estimate for the upper bound of cQ(m)
as follows.

Corollary 3.1. We have the estimates
c(2)Q(m) < C(T)(z), (64)
and
Q(m) < C(T)d(x)*", (65)
where ¢(z) = z(1 — x).
Proof. In addition to (60), we also have
1

(@)% (2,1) = (cQ)° (,0) + fpy / (u(y, £) — uo(y)) dy — Bpy / P(c,Q) ds. (66)

x

Consequently, (60) and (66) give for a positive integer k, respectively,

x 1/2k
(cQ)? < (coQo)® + C(/ w2k dx) £2R=D/2k o

0
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and

1
(€@ < (@’ + O [ ) a-nE s ),

where we have used Holder’s inequality with p = 2k and ¢ = % Together with the fact that
min(z, 1 — z) < 2z(1 — z) this implies that

(cQ)” < (coQo)’ + C(/Ol u?t dx)

< (0Q0)” + C(T)(w(1 — ) PR D/2E,
where we have used (56). Thus, in light of (27) and (28), we conclude that
(cQ) < Clz(l = 2))* + O(T)(w(1 — 2))BE-D/2HE,
Observing that a < %%1 for all positive integers k when § € (0,1/3), we conclude that
(cQ) < C(T)(2(1 — )"
Then, from (27) of assumption (A1) it follows that
Q(m) < O(T)(x(1 - 2))*/>.

1/2k
(z(1 —x))=D/2k L Cp(1 — )

d

Remark 3.1. Note that the above refined arguments are necessary in order to obtain the estimate
Q(m) < C(T) because (61) together with (27) and (28) imply that

cQ(m) < C(z(1 —x)*+C,

which does not allow us to extract an upper bound for Q(m) since c(x) degenerates at the boundary.
On the other hand, (65) implies that m has to become zero at the boundary x = 0,1, i.e., transition
to single-phase gas flow is inescapable. Apparently, the interesting case where the gas-phase n
vanishes at the boundary whereas m does not, cannot be explored in the current framework.

Lemma 3.2 (Additional higher order regularity). We have for all integers k the estimate

| @l w0y do < (1), (67)
for a suitable constant C(T).

Proof. We have
(cQ); + puB Q7 uy = 0.
That is,
(@) = —puB(ur + P(e, Q)a),
where we have used the third equation of (48). Integrating in ¢ over [0,¢], and then multiplying

by [(cQ)?]?*~! and integrating in x over [0, 1] gives
[ 1@ da = [ ((c@o)2le@2 do = pip [ (utt.2) ~ uol@))[( Q2 de
0 0 0
- cQ)P12k—1 c L asdx.
i [ 1eQ2 [ P(e.Q)edsd

Repeated use of Young’s inequality ab < %ap + %bq then yields with p = 2k and ¢ = 2k/(2k —1)
and suitable choices of € > 0

[ @i <0 [ e@utar+ [ e
N C/O1 W (2, 1) de + C’/Olugk(x,t) da:+0/01(/0t P(c,Q)q ds)% dz.
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Consequently, applying (30), Jensen’s inequality, and (56) it follows that
1 1, gt ok
/ [(cQ)P)  de < C(T) + C’/ (/ P(c, Q). ds) dx
0 o Vo

t 1
< O(T)+C(T) / max (cQ) 2 / [(cQ)?)?* dz ds.
0 0
From this, in view of (55) and Gronwall’s lemma, the result follows. O

Corollary 3.2 (Additional regularity with weight function). We have the estimate

/1 V() (D [cQ(m)]?)?F (x,t) dz < C(T), (68)
0
for a constant C(T) and a bounded function (x).

In the following lemmas the role played by the weighted function ¢(x) is crucial. In particular,
a proper balance between the weighted function ¢(z) and ¢(x) must be ensured in order to get
the desired estimates. The assumption (26) (which implies (27)) is used here.

Lemma 3.3. For any k1 > 57, from 29) it follows that ¢(x)k1Q(mo(z))~t € L([0,1]). Then

/ Q dx < C(T). (69)

Proof. We have

z)k
((zz(&) ), = po@) s = pr(6(@) ), — p(0(2)*) (70)

Integrating over [0, 1] x [0,¢] and using Young’s inequality with p = 2k and ¢ = 2k/(2k — 1) and
the fact that ¢(z)|g=0,1 = 0, we get

¢ '“
dr — // 1 uda:ds
/Qmo P
2k(k1 1) (71)
<C+C// xsdxds—l—C//(b 2%-1  dxds

Here we have used (56) and the observation that k; > % implies that 2(,’:1 11) > —1 which ensures
2k(k —
that fo ) S5 dr s finite. O

The following remark, taken from [28], is also relevant to us.

Remark 3.2. Note that the finite propagation property implies the finiteness of the integral
fol ﬁdw which is stronger than Lemma 3.3. However, this boundedness cannot be obtained
here without using the weight #(x)k where ky is a positive constant which can be arbitrary small.
The boundedness off0 Q dgc holds once the L bound on the velocity u is given, see Lemma 3.7.

in Lemma 3.3 we get the following result.

Considering the spec1a1 choice ky = ﬁ

Corollary 3.3. The following estimate holds:

Qk 1
<C(T). 72
[ o ar <o (72)
This result is used to obtain a lower limit for Q(m) as given by the next lemma.

Lemma 3.4. Let (3 satisfy 0 < 8 < 1/3. Then, for any positive k it follows that 0 < 2k — 1 —2k[.
Moreover, let o and [ satisfy the relation (34) of assumption (A5). This implies that for all
positive integer k, sufficiently large, the following relation holds

2k 41 1 o
2k — 1 — 2k %_1 2’ (73)
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Let ko be chosen in the interval

2k +1 1 e
72k—1—2kﬂ<k2<%717§’ (74)
and observe that
B 1 2k3 + 1
maX(l—ﬂ’2k—1)<2k—1—2kﬂ<k2' (75)
Then, the following estimate holds
Q(m(z,t)) > C(T)g(x)'+*2. (76)

Proof. Sobolev’s embedding theorem W11 (I) — L°(I), together with estimate (72) and the fact
that c(z)~! < O7 té(z) ™2 and c(z) < Cogp(x)*/?, yields (for a sufficiently large k)

st
(z t))

/ )Lt
Q(m(z,t))

< (max ¢(x)) k2~ e

1+k}2
d:c

LA e
/ d +/’ 1+kzc m
+ (14 ko) / G kQW M o +/ G 1+k2‘c M 4z +/ @) elz) 1+k26 Q(m)]m

¢ 2k1

dx

< C(T) + C(max ¢(x

1+k2+a/2
+C(max¢(ac))1+k2_o‘/2_2k—l/0 d +C/ #a [eQm)FT cQ(m)]B)w d

(T) + c/1 () 1+k2”§([z§g;;]+l)x dx

+ C/ (ZS 3/4+k2 ([Z;%( );Ll) da:,

where we have used that '670‘ < %, that is, 1— '670‘ > % which implies that (b(x)l_B‘Ta

3/4+k2
[ S ) s

/ oz 1/4k+1/4+k2¢( )(2k=1)/4k

< ¢(x)%. Next,

o (cQUm)?), da
/ 1/4k+1/4+k2 /
/¢ k 1/2 ([cQ(m)]?)2* d p / ¢ T dm)lq

<o ¢ (1/4k+1/4+k2)qd 1/q
)(B+1)a x) ’

(78)

where we have used Holder’s 1nequahty with p = 2k and ¢ = 2k/(2k — 1) together with Corol-
lary 3.2. Moreover, applying (72) we estimate as follows:

¢ (1/4k+1/4+k2)q 1/q (b Zk T ¢ (1/4k+1/4+k2)q T 1/q
/ m)(B+Dd /  Q(m)@Hhet 96)

(79)

<om) max(¢(cg()1+)kz )(6+1) 1/q¢(x)(1/4k+1/4+k2)7mf(lJer)((BJrl)fl/q).
m
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We define the parameter k3 and observe that

k1= (1/4k 4+ 1/4+ ky) - o~ (L k)((B+1) = 1/0)

(2k —1)
1 1 1
:k2*E+Z*(1+k2)(ﬂ+%)
1 1 /3
7k2(1*5)*5+1*ﬂ<5+k2)~
Noting that
. %3 + 1 %3

> > =

272k —1-2kB~ 2%k—2k3 1-3’
we conclude that

1 1 /3

S (2 >

k3>4 2k(2+k2>_0,

for k large enough, in view of the upper bound for ks given by (74). Consequently,
¢(z)'+he

B(x)1th2 ) (B+1)-1/q
Q(m) '

Q(m)

max( ) §C(T)+C(T)max(

15

Since f+1—1/q = +1/2k < 1 for a given § € (0,1) by choosing k large enough, we can conclude

that

)1 k2
o ) <.

max(
which proves (76).

Corollary 3.4. We have the upper and lower bounds

C(T)p(x)'*2 <Q(m(x,t)) < C(T)g(x) %,
C(T)p(z)' ™ <m(x,t) < min{C(T)¢(x)**, pr - p},
C1C(T)p() 215 <n(x,t) < Comin{C(T)$(x)*/?, pr — p}o(x)%,

where p > 0 is a small constant.

Proof. The first estimate (80) follows from Corollary 3.1 and Lemma 3.4. For the second estimate

(81) we observe that for Q(x) = —%—, which is strictly increasing for x € [0, p;), the inverse exists
and is given by Q1 (y) = %. Thus, in view of (80) it follows

mz Q7 (O +i) = LODIT T O]

T 1+ C(T)(x) k= = 14 C(T) o).

and

T a/2
m< Q! (C(T)¢(93)a/2) = 1pjrCé(TT)<)f><;(i)a/2 < min{p,C(T)p(x)*'%, pr — p},

for a suitable small g > 0. In view of the fact that n(xz,t) = m(z,t)co(z) and the estimate (27),

the last estimate (82) follows.

Corollary 3.5. We have the estimates

1 1
/ 10ym| dz < C(T), / 0| dz < C(T),
0 0

for a suitable constant C(T).

O

(83)
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Proof. Tt follows that
0 ([cQ(m))?) = P8,(Q(m)°) + B”~1Q(m) D,
= BPQ(m)P1Q (m)d,m + BP1Q(m) d,c

= ﬂpoﬁQ(m)ﬁfl%ﬂ;&aﬁm + BcP71Q(m)P 8¢

(m B+1

= Bpic” %awm + BeB1Q(m)Pd,e (84)

= SCBQ(m)B_l[l + Q(m)]28$m + ﬁcﬁ_lQ(m)ﬁawc
_ Be
o

since Q'(m) = (pi/m?)Q(m)? and m = p;Q(m)/(1 + Q(m)). For z € (0,1) where cQ(m) > 0 and
¢ > 0 we can rewrite in the form

[cQ(m)]ﬂ_l[l + Q(m)]?0,m + ﬁcﬁ_lQ(m)ﬁ&c,

cQ(m)|t—~ c
2114 Qumpra.m = LA, ey - X st gy,
cQ(m)|t=~ m

Consequently, using Young’s inequality with coefficients p = 2k and ¢ = % we get

1 m
/|am|dx<c/ o) 5 (@) P2 +c/ M@cmx

cp(x) ™=
< C(T) + C(T) /0 6(x)" da + C(T) /O 10, c| da,
with ( )
2k(1 — B« a 2k
M=o oo

and where we have used Lemma 3.2, Corollary 3.1, and (27) of assumption (A1l). We observe that
for 8 € (0,1/3) we get

a 2k 2 1 2k
1-Ba—= ~1>a(s -3
iz (=fa-gg—g - 1>N3 251
for sufficiently large k. Applying (31) of assumption (A2), the first estimate of (83) has been

proved. Clearly,

) 1> -1,

1 1 1
/ |8wn|dx§/ im|0ac] dac—i—/ e|9um| dz < C(T),
0 0 0

in view of (31), Corollary 3.4, and the above estimate of | |m,|dz. g

Remark 3.3. Note that the above estimate gives us upper bounds for the bounded variation of

m and n in space. However, the bound fOT fol my dx ds depends on the bound of fOT fol u2 dx ds by
applying the second equation of (21). This term, in view of the estimate of Lemma 3.1, requires
a positive pointwise lower limit of c®Q(m)P+. And this is not available due to the degeneracy of
¢ as well as Q(m). Consequently, more refined estimates must be obtained.

Lemma 3.5. Under the assumptions of Lemma 3.4 we can prove that

1 t 1
/u%mﬂ//d@@ﬁ“@ﬂmﬁﬁﬂﬂ. (85)
0 0 JO
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Proof. We differentiate the third equation of (48) with respect to time ¢, multiply the resulting
equation by 2u; and integrate over [0,1] x [0,¢], and obtain

/01 u?(z,t) de + Q/Ot /OI(CVQ(m)V)mut drds = /1 u?(z,0) da

R (86)
2 s By ) peus da ds.
+ /O/O(c QM) uy ) pruy dx ds

First, it follows that

1
/ u?(z,0)dx < C(T), (87)
0
by considering the momentum equation of (48) at time ¢t =0

ur(2,0) + (e(2)Q(m(z,0))")z = (¢ (@)Q(m(x,0))" us(2,0))s,

together with assumptions (A2) and (A3), as given by (30) and (32). Moreover, using the second
equation of (48) it follows that

t el t o1
/ / (PQ(m)  uy) pyuy da ds = —/ / (PQ(m) uy) gy da ds
o Jo

t el (88)
—/ / AQ(m)P T2, drds + (B +1 pl// AQ(m)P+2uluy, dx ds,
o Jo
and
t ol t ol
//(c”’Q(m)”)mtutdxds:—/ / (AQ(m) )y dx ds
0 JO 0 JO (89)
t 1
Z%Ol/ / AQ(m) M uguy, dr ds.
0o Jo
Using this in (86) we get
1 t 1
/u?(x,t)dm—&—Q/ / AQ(m)P 2, dx ds
0 o Jo
- - (90)
§C+2(ﬂ+1)pl/ / cﬁQ(m)’@+2uiumt da:ds—27pl/ / AQ(m) " uyuy dr ds.
0o Jo o Jo
For the two last terms on the right hand side we estimate as follows:
t ol
2(ﬂ+1)pl/ / AQ(m)P 2 uuy,; da ds
o Jo
1 t 1 (91)
Si/ / AQ(m)P 2, dx ds +2(3 + 1)* / / AQ(m)P+3ul du ds,
0o Jo
where we have used ab < a2 + Z—i with € = % Similarly,
t 1
2’701/ / A Q(m) " M uyuy dr ds

1 t 1 t 1
< 5/ / AQ(m)P 2, dr ds + 2+p / / A BQ(m)> P2 da ds.
o Jo o Jo

Inserting this in (90) we get

1 t 1
u?(z,t dm+/ / AQ 5"’1 2 dxds
[ wodes [7 [ oam (93)

< C+2(8+1)%pi 11 + 29°p} I,
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where I = [/ fo PQ(m)P3ut drds and Ir = [ fol A =BQ(m)?=F+1u2 dx ds. We then estimate
as follows:

t el t
I, = / / AQ(m)PH3ul da ds < / max(Q?u2)V(s)ds (94)
0o Jo 0
where V(s fo AQ(m)P*+ 2 dr. We observe that the third equation of (48) gives
T 1
B(emu, = Plem) + [ wly.)dy = Plem)~ [ w0y
0 T
It follows, using Holder’s inequality, Lemma 3.4, Corollary 3.1, and (27), that
Q*uf = ("Q(m) " uy)* (cQ(m)) =’
x 2
= (cQ)™?" (/ ug dx + P(e, m))
0
1
C(eQ)™ %" (z(l —T) / u? dx + P(c, m)z)
0
1
< Co()g(x) P p(a)20HED / up du + C(eQ)*0 7
0
1 1
< C(x)t200tkata/2) / u? dx 4 C(T) < C(T) / u? dx + C(T),
0

0

where we have used that, for sufficiently large k, ko + 1+ /2 < see (74). Consequently, we

25’
have
t t 1 t 1
I < C(T) / V(s)ds + C(T) / V(s) / W2 dz ds < C(T) + C(T) / V(s) / W2dzds,  (95)
0 0 0 0
where V(s) € L1([0, 7)) in view of (54) of Lemma 3.1. Moreover, by (55) of Lemma 3.1 we have

I, = / / 2=BQ(m)> P2 da ds < /Ot max(cQ)*" AV (s)ds < O(T) /Ot V(s)ds < C(T).

(96)
Using (95) and (96) in (93) we get
1 t 1
/ u?(z,t) dx +/ / AQ(m) 12, dx ds
0 0 Ot . (97)
< C(T) + C(T) / V(s) / W2 da ds,
0 0
which by application of Gronwall’s lemma yields
1 t
/ u? dz < O(T) exp(O(T) / V(s)ds) < O(T).
0 0
O
We now can sum up the following ”regularity in space” type of estimates:
Lemma 3.6. Under the assumptions of Lemma 3.4, we have
1 1
/ jmg| dz < O(T), / Ing| dz < C(T), (98)
0
le(2)?Q(m(z, 1)+ ug(,t) |1~ (py) < C(T),  Dr =10,1] x [0, T], (99)

/| (PQ(m)P  uy) (1) dz < C(T). (100)
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Proof. The bounds of (98) have already been proven, see Corollary 3.5. Moreover, we have that
B B+1,, ’ v
”Q(m Uy = ug dr + (cQ(m))7,
Qm)* 1, = [ wda +(cQ(m) o
(Q(m)**ug)y = up + ([cQ(m)]")a
Estimate (99) follows directly from the first relation of (101), Corollary 3.1, Holder’s inequality,

and Lemma 3.5. Estimate (100) follows from the second relation of (101), by application of
Corollary 3.1, Lemma 3.2, and Lemma 3.5. O

Next, we focus on various regularity estimates for the fluid velocity u. We have the following
estimates.

Lemma 3.7. Under the assumptions of Lemma 3.4 where we choose ko such that for a sufficient

large integer k

1 o 1
kzﬁﬁflfgfma (102)

which clearly is possible in light of (34), it follows that
1
/ lue (2, )| de < C(T),  |lu(z,?)||p~py) < C(T). (103)
0

Proof. From the momentum equation of (48) we get

e = Q) 4 Qm) [y
0

1
= IQ(m) 7 — ¢ PQ(m) / e dy.

From this we estimate as follows:

1 1 1 T 1
[ usldn < [0 Quuy =tk [ i@y ([l dy, [ fualdy) do
0 0 0 0 x

= / Q)T da + V2 / < PQUm) o) o) ([ )",

(104)

where we have used Hoélder’s inequality and min(z,1 — z) < 2z(1 — x) = 2¢(x) for x € [0, 1]. For
the first integral on the right hand side of (104) we have:

Blz)

Qum) ™

1 1 1 N
/ PQm) P dx < / (cQ(m))PQ(m) "V dz < C / p(x) Aoz
0 0 0

1 1
_ 1 ¢(x) 2k—1
< C'max ¢(x) 779 7T / ————dz < C(T),
o Qm)
by choosing k sufficiently large, and where we have applied Corollary 3.1 and Corollary 3.3. For
the second integral on the right hand side of (104) we have

1 1
/ cPQ(m) P p(a) dx < c/ Q(m)Pp(z)t—F - BT "
0

0

1 1
%*%*ﬁfﬁ(“r’@)m
SC’/O o(z) o) da

N
< CT)maxpfa)t = # w0 | % dr < O(T),

in view of Corollary 3.3 and Lemma 3.4, see estimate (76), and by using (102) which implies that

Blka+1) < % - %ﬁ — ﬁ Thus, the first estimate of (103) has been proved. For the second

estimate it is sufficient to observe that fol |u| dz < C(T), which follows from Lemma 3.1, and apply
Sobolev’s embedding theorem W1([0,1]) — L>([0,1]). O
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The final estimates that are required, are about L?-continuity in time. More precisely, we have.

Lemma 3.8. Under the assumptions of Lemma 3.4, we have for 0 < s <t < T that

/ Iz, 2) — m(e, ) de < O(T) s, (105)
/01 |n(z,t) —n(z,s)|*de < C(T)|t — s|, (106)
/ uet) — ule,8)P da < O sl (107)
/ ()1 Qm) g (2,8) — Qm) g (2, ) < O(T) e — o], (108)

Proof. We have, by Holder’s inequality and the second equation of (48) where we tactically have
assumed s < t,

| 1@tma.t) = @) ) o = (e, €)de] do

0 s
/’/ Xs,t] (€ >g<x,£>d5\2dx
/(t_S)(/o @m )(xt)|2dt)dm_t_sl’z/ /Q idxdt

t—spl/ / ~0Q(m)*~?)P Q(m) i dar di
7(t—s)pl/0 max(Q(Ci;gﬁ)V(s)ds

T
< C(T)(t - 8)/0 V(s)ds < C(T)(t - s),

by using Lemma 3.1 where V (s) is as defined in (94), and the fact that

3-8 (3-B)a/2
Qcﬁ SC¢(ng)Ba/2 < Colz)

<,

in view of the restrictions on the parameters o and (3. The fact that

= (Pl - m)2Q(m)ta

implies that this L? continuity estimate for Q(m) can be taken over to m as well, resulting in the
estimate (105). Moreover, the relation c¢(z)m(z,t) = n(z,t) also implies that (106) is obtained
from (105). Next, we focus on (107). Clearly we have

/01 lu(z,t) — u(z,s)|* dz = /01

where we have used Lemma 3.5. What remains is to prove (108). First, we see that

t 2 T 1
[ st opie da<pe—sl [ [ ui@ydeas < o -l

1 T 1
| 100 ustont) = Qo) s ) do < ool [ [ 1P Qm)* o )
0 o Jo

Furthermore, we observe that

(PQm) )y = QM) s — pi(B+ 1) Qm) i,
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Thus,

T 1

/ /[(CﬁQ(m)ﬁHuw)t]Qdasdt

0 0

T 1 T 1

& B+17,.8 B+1,,2 2 2 23 9544 4

§2/0 /O[C Q(m)PH)PQ(m) P 2, da dt + 207 (6 + 1) /0 /oc Q(m)?* 4l dx dt
T

<o)+ C [ max(@Qum) v o,
0

where we have used (85) in Lemma 3.5 and Corollary 3.1 and V(t) = fol AQ(m)PH1ul (x,t) d.
To estimate the last term on the right hand side we observe that

cQ(m))' =8
Q)2 = CX L (),

2

< C(x)*1/2=0) (/Ow uy dz + P(c, Q))
< O(T),

again by application of Lemma 3.5 and Corollary 3.1 and the fact that § < 1/2. Consequently,
(108) has been proved. O

Remark 3.4. The use of (34) in Lemmas 3.4-3.8 implies that a certain balance must hold between
the parameters o and 3. In particular, this relates the rate of the degeneracy to zero for initial
data ng and mg at x = 0,1 represented by ¢(x)* and the degeneracy of the viscous coefficient

e(n,m) = % This is a "two-phase phenomenon” in the sense that such a condition is not
(pr—m)B~+

required for the single-phase analysis presented in [31, 28].

4. PROOF OF EXISTENCE RESULT

In order to construct weak solutions to the initial-boundary problem (IBVP) (21)-(25), we
apply the line method which can be described as follows [24]. For any given positive integer N, let
h = % Discretizing the derivatives with respect to z in (21), a system of ODEs of the following
form is obtained

d
angz(t) + [ngz(t)mgz<t)]DIugz(t) =0, i=1,...,N -1,
d
a (109)
%u}zliq(t) + Dy P(nf;_y (), m;_ (1))
1 .
= - (Bmbi(0), mbi(0) Do — Bn_(8),mb;_o(0)Daf ), i=1,..., N,
with the boundary conditions
ng(t) =ngy(t) =0, mg(t) =mgy(t) =0, >0, (110)
and initial data
h h
nh.(0) = ng (2%) >0, o >mh(0) =mo (2%) >0, i=1,...,N—1,
2 . 2 (111)
ugifl(O):uo((%—l)i), i=1,...,N,

where we have used the assumption (26) for the initial data ng and mg. Here D,a; = (aj4+1 —

ai—1)/h and Dya;—y = (a; — a;—2)/h. Moreover, for i = 1,N we set u", = uly_ ,(t) =0

when we apply the third equation of (109), without loss of generality since E(nk(t), mf(t)) =

E(n}QZN (t), mgN(t)) = 0.
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Theory for ordinary differential equations ensure that the Cauchy problem (109)—(111) admits
a temporarily local solution in the domain

RSN?l = {(ngz(t)vmgz(t)vug]—l(t)) | 1= 17"'aN_ 17 ] = 177N}

in the regularity class C(0,7) x C(0,T) x C(0,T). Let [0,71) be the right maximal interval of
existence of this solution. The two first equations of (109) and the initial condition (111) imply
that

nb.(t) > 0, pr > mh(t) >0, for0 <t <Ty and i1=1,...,N—1. (112)

The below analysis will show that 77 can be any constant.

We now consider the local solutions (ng;(t), ma;(t), ug;—1(t)) which satisfy (112) and introduce
an auxiliary semi-discrete model associated with (109) which is more amenable for analysis. More
precisely, we introduce the variable cf,;(t) and Q% (¢) given by

h
h na;(t)
c l(t) = )
’ mi; (t)
for Q(m) = m/(p, —m) and observe that c&,(t) > 0 and Q% (t) > 0 are well-defined for 0 < t < Ty
andi=1,...,N — 1 by application of (112). Moreover, by applying (109) we observe that the
quantities (021( ), Qh.(t),uk,_,(t)) are described by a system of ODEs of the form

Qgi(t) :Q(mgz(t))v i=1,...,N—1, (113)

d .
dtcgz(t)_oa 7,21,...,N—1,
%QQz(t)+pl[Q§z(t)]2Dﬁfugz(t) :O7 1= 17"'7N_ 17
4 (114)
%u}i 1(8) + Dy Py (8), Q51 (1))
= (B (). Qi) Doy — By 5(1). Qo) Doty ). =1 N
- h 21 21 T %24 21—2 21—2 TH2i—2 | T st
where P(c, Q) and E(c, Q) are given by (49) and (50). Boundary conditions are given by
co(t)=chn(t) =0, Qi) =Qin(t)=0, >0, (115)
and initial data
cgz(o) 200(27’5)7 Q;Lz(o) :Q0(27’§>7 1= 13"'7N_17
X (116)
u’gi,l(O):uo((zi—lb), i=1,...,N.

In the following we neglect the index h and use the notation (cg;(t), Q2:(t), u2;—1(t)). First of
all, we obtain the following basic energy estimate by mimicing the arguments used in Lemma 3.1
similar to the references [23, 24, 31, 28].

Lemma 4.1. Let (c2;(t), Q2i(t), uz;—1(t)) be the solution to (114) with boundary and initial data
given by (115) and (116), respectively. Then we have

N

Z(; U, l(t)—'—pl('jgl) h+/ ZczzQﬁH )(Dxuzi(s))? hds
=t (117)

_Z( u3; pl(ﬁ 1)%‘1(0)) h,  Vtel[o,T).

From the above a priori estimates it follows, similar to [23, 24], that the solution of (114)
with boundary and initial conditions consistent with (110) and (111), exists for 0 < ¢t < oo and
coi(t) > 0 and Q2;(t) > 0 for 0 < ¢ < oo for any given hand i =1,..., N—1. As a consequence, by
application of the variable transformation (113), the existence and uniqueness of global solutions
(n2i(t), mai(t), uz;—1(t)) to (109)—(111) follows as well, where (112) holds for any 7} < oco.
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In the following we list a number of estimates that hold for the approximate solutions (ng;(t), me;(t), ug;—1(t))
that are uniform with respect to the discretization parameter h. These estimates are obtained by
combining discrete arguments similar to those used in [24] and the techniques used in Section 3
to derive estimates for the continuous model.

Lemma 4.2. Let (ng;(t), mai(t),uz,—1(t)) be the solution to (109)-(111). Then we have

% = c2iQui(t) < C(T)o(ih)*,  Quilt) < C(T)e(ih)*/?, (118)
and
N 2k
> D (le2iQui0)?)h < C(T), (119)
i=1

for any positive integer k.

Lemma 4.3. Let (ng;(t), ma;(t), uz,—1(t)) be the solution to (109)-(111). Then we have for any
positive integer k

i ¢(é T, <o), (120)
and o
Zu2z L) b+ k(2K — 1) / Zugf ~2(s) 1jﬁ(s)(Dmu2i,Q(s))2 hds < C(T),  (121)
and

i[dqu o h+/ Z B (s) ( w[%uQi_g(s)})thSSC(m. (122)

Finally, we have
Qai(t) > C(T)p(ih) 2, i=0,...,N, (123)
where ko satisfies (38).

Lemma 4.4. Let (ng;(t), mai(t),u2,—1(t)) be the solution to (109)-(111). Then we have

N N
Z Ima;(t) — mai—2(t)] < C(T), Z In2i(t) — n2i—2(t)| < C(T), (124)
and
N
D lugiga(t) —ugia (1) < C(T), (125)
i=1
and
lu2i+1(8)] < C(T), (126)
and
and
N
Z‘E(n%—m(t)vm2i+2(t))DwU2i+2(t) — E(n2i(t), mai(t)) Dyugi(t)| < C(T). (128)

i=1
Moreover, we have the time continuity estimates
N N

S mai(t) = ma()Ph < ODt = sl Y nailt) —nau(s)Ph < Ot — s, (129)

=1 i=1
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and
N
Z |ugi—1(t) — ugi—1(s)[> h < C(T)|t — s, (130)
and )
N
Z |E(’I’L2i(t), mgi(t))DIum(t) — E(TLQZ‘(S), mgi(s))Dmu%(S)‘Q h S C(T)|t — S‘. (131)
i=1

Following along the line of previous works, see for example [24, 31, 28], approximate solutions
(np(x,t), mp(x,t), up(z,t)) for (z,t) € Dp =[0,1] x [0,T] are defined as follows:

np(x,t) = ng(t), mp(z,t) = mo;(t),

132
un(e,t) = ([ = (= 1/2)Rhuaisa (1) + [(m + 1/2)h — s 1 (1)), 152

for
x € ((i —1/2)h,(i+ 1/2)h), i=0,1,...,N.

In particular, we observe that for this approximate solution we have

8muh(x,t) = %(u2i+1(t) — ’ngifl(t)) = DIUQ»L‘(t).

From estimate (124) follows that np and my, as functions of z have total variations uniformly
bounded with respect to x for any fixed ¢t > 0. Let {¢;|i = 1,2,...} be a countable dense set in
[0,T]. By Helly’s theorem and the diagonal process we can select sequences my; and nj, which
converge a.e. for x € [0,1] and any t;. Then my; (and np;) tend to a function m (and n) in
L?(0,1) for any t; > 0. This convergence in L?(0,1) is uniform with respect to time ¢ due to the
time continuity (129).

The same arguments apply to the approximations uy(z,t), thanks to the estimates (125) and
(130) as well as E(np, mp)0zup in view of (128) and (131)). Thus, we can conclude that up
converge to a limit function u a.e. in z and for any ¢ € [0,7] and the convergence in L?(0,1) is
uniform with respect to ¢t. Similarly, E(ny, mp)0,up convergence to a limit function E(n, m)0,u
a.e. in x and for any ¢ € [0,T] and the convergence in L?(0, 1) is uniform with respect to t.

By standard arguments it can now be shown that the limit function (n,m,u) obtained from
(nn, mp,up) is a weak solution in the sense of (39) of Theorem 2.1, see for example [24] for details.
This completes the proof of Theorem 2.1.

REFERENCES

[1] C.E. Brennen, Fundamentals of Multiphase Flow, Cambridge University Press, New York, 2005.

[2] J.M Delhaye, M. Giot and M.L. Riethmuller. Thermohydraulics of Two-Phase Systems for Industrial Design
and Nuclear Engineering. Von Karman Institute, McGraw-Hill, New York, 1981.

[3] S. Evje and K.-K. Fjelde, Hybrid flux-splitting schemes for a two-phase flow model, J. Comput. Phys., 175
(2), 674-701, 2002.

[4] S. Evje and K.-K. Fjelde, Relaxation schemes for a two-phase flow model, Math. Comput. Modelling 36,
535-567, 2002.

[5] S. Evje and K.-K. Fjelde, On a rough AUSM scheme for a one dimensional two-phase model, Computers &
Fluids 32 (10), 1497-1530, 2003.

(6] S. Evje and T. Flatten, On the wave structure of two-phase flow models, STAM J. Appl. Math. 67 (2), 487-511,
2007.

[7] S. Evje and K.H. Karlsen, Global existence of weak solutions for a viscous two-phase model, J. Diff. Equations,
to appear.

[8] S. Evje and K.H. Karlsen, Global weak solutions for a viscous liquid-gas model with singular pressure law,
Submitted 2008. See also http://www.irisresearch.no/docsent/emp.nsf/wvAnsatte/SEV.

[9] L. Faille, E. Heintze, A rough finite volume scheme for modeling two-phase flow in a pipeline, Computers &
Fluids 28, 213-241, 1999.

[10] K.-K. Fjelde, K.-H. Karlsen, High-resolution hybrid primitive-conservative upwind schemes for the drift flux
model, Computers & Fluids 31, 335-367, 2002.
[11] T. Flatten and Munkejord, The approximate Riemann solver of Roe applied to a drift-flux two-phase flow

model, ESAIM: Math. Mod. Num. Anal. 40 (4), 735-764, 2006.



(12]
(13]
(14]

[15]
(16]

(17]
(18]

(19]
20]
(21]
[22]
23]
[24]
[25]
[26]
27]
28]
[29]
(30]

(31]

GLOBAL WEAK SOLUTIONS FOR A VISCOUS LIQUID-GAS MODEL 25

S.L. Gavrilyuk and J. Fabre, Lagrangian coordinates for a drift-flux model of a gas-liquid mixture, Int. J.
Multiphase Flow 22 (3), 453-460, 1996.

D. Fang and T. Zhang, Global solutions of the Navier-Stokes equations for compressible flow with density-
dependent viscosity and discontinuous initial data, J. Diff. Equations 222, 63-94, 2006.

D. Fang and T. Zhang, Discontinuous solutions of the compressible Navier-Stokes equations with degenerate
viscosity coefficient and vacuum, J. Math. Anal. Appl. 318, 224-245, 2006.

M. Ishii. Thermo-Fluid Dynamic Theory of Two-Phase Flow. Eyrolles, Paris, 1975,

S. Jiang, Z. Xin, P. Zhang, Global weak solutions to 1D compressible isentropic Navier-Stokes equations with
density-dependent viscosity, Meth. Appl. Anal. 12 (3), 239-252, 2005.

T.-P. Liu, Z. Xin, T. Yang, Vacuum states for compressible flow, Discrete Continuous Dyn. Sys. 4, 1-32, 1998.
R. J. Lorentzen and K. K. Fjelde, Use of slopelimiter techniques in traditional numerical methods for multi-
phase flow in pipelines and wells, Int. J. Numer. Meth. Fluids 48, 723-745, 2005.

T. Luo, Z. Xin, T. Yang, Interface behavior of compressible Navier-Stokes equations with vacuum, SIAM J.
Math. Anal. 31, 1175-1191, 2000.

J.M. Masella, I. Faille, and T. Gallouet, On an approximate Godunov scheme, Int. J. Computational Fluid
Dynamics 12 (2), 133-149, 1999.

J.M. Masella, Q.H. Tran, D. Ferre, and C. Pauchon, Transient simulation of two-phase flows in pipes, Int. J.
of Multiphase Flow 24, 739-755, 1998.

S.T. Munkejord, S. Evje, T. Flatten, The multi-staged centred scheme approach applied to a drift-flux two-
phase flow model, Int. J. Num. Meth. Fluids 52 (6), 679-705, 2006.

M. Okada Free-boundary value problems for the equation of one-dimensional motion of viscous gas, Japan J.
Indust. Appl. Math. 6, 161-177, 1989.

M. Okada, S. Matusu-Necasova, T. Makino, Free-boundary problem for the equation of one-dimensional motion
of compressible gas with density-dependent viscosity, Ann. Univ. Ferrara Sez VII(N.S.) 48, 1-20, 2002.

M. Okada, Free-boundary problem for the equation of one-dimensional motion of compressible gas with density-
dependent viscosity, Japan J. Indust. Appl. Math. 21, 109-128, 2004.

A. Prosperetti and G. Tryggvason (Editors), Computational Methods for Multiphase Flow, Cambridge Uni-
versity Press, New York, 2007.

J.E. Romate, An approximate Riemann solver for a two-phase flow model with numerically given slip relation,
Computers & Fluid, 27(4):455-477, 1998.

S.-W. Vong, T. Yang, C. Zhu, Compressible Navier-Stokes equations with degenerate viscosity coefficient and
vacuum (II), J. Diff. Eq. 192, 475-501, 2003.

T. Yang, Z.-A. Yao, C.-J. Zhu, Compressible Navier-Stokes equations with density-dependent viscosity and
vacuum, Comm. Partial Diff. Eq. 26, 965-981, 2001.

T. Yang, H. Zhao, A vacuum problem for the one-dimensional compressible Navier-Stokes equations with
density-dependent viscosity, J. Diff. Eq. 184, 163—184, 2002.

T. Yang, C. Zhu, Compressible Navier-Stokes equations with degenerate viscosity coefficient and vacuum,
Commun. Math. Phys. 230, 329-363, 2002.



