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Abstract We are interested in a viscous two-phase gas-liquid mixture model relevant
for modeling of well control operations within the petroleum industry. We focus on a
simplified mixture model and provide an existence result within an appropriate class of
weak solutions. We demonstrate that upper and lower limits can be obtained for the gas
and liquid masses which ensure that transition to single-phase regions do not occur. This is
used together with appropriate a prior estimates to obtain convergence to a weak solution
for a sequence of approximate solutions corresponding to mollified initial data. Moreover,
by imposing an additional regularity condition on the initial masses, a uniqueness result
is obtained. The framework herein seems useful for further investigations of more realistic

versions of the gas-liquid model that take into account different flow regimes.
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1 Introduction
We are interested in a one-dimensional two-phase liquid (¢) and gas (g) model in the form

my + (vgm), =0,
ne + (vgn)y =0, (1.1)
(mvg 4+ nvg)e + (mvf +nvg)e + p(m,n)e = qr + 46 + (Vmix) 2z
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where p > 0 and
m = upy, n = 0 Pg,
qF = = [Vmix, 4G = =9 Pmix;
Umix = 0yU¢ + QgVg,  Pmix = OpPr + QgPg,
where f and g are nonnegative constants. The variables involved are as follows: ay, g are

volume fractions, pg, pg are fluid densities, and v, vg are fluid velocities. This model is supple-

mented with the following constraints (algebraic relations):

p=Cpy, py = constant, y > 1, (1.2)
ag+ag =1, (1.3)
Vg = Kvmix + 5, K, S are constants. (1.4)

The model (1.1)—(1.4) is often referred to as the drift-flux model. Note that by combining (1.2)

n
pi—m’

and (1.3), we get p; = p Consequently,

p=cot (1) = bl (15)

pL—m

The drift-flux model is highly relevant in modeling of various well operations [7]. In
particular, the model has been used for the study of drilling operations. Currently, there is
much focus on development of safe and optimal drilling methods in the context of deepwater
wells. In this setting a typical model problem involves an interesting but complicated interaction
of different physical mechanisms like the balance between the pressure gradient induced by
frictional forces gr and the hydrostatic pressure qg, transition from mixture to single-phase
regions, free gas-liquid interface behavior, and various compressible effects like compression
and decompression. One aspect that requires special attention is the possibility of having a
gas-kick. A gas-kick refers to a situation where gas flows into the well from the surrounding
formation. As this gas ascends in the well it will typically experience a lower pressure. This
leads to decompression of the gas, which can provoke blowout-like scenarios. Clearly, for the
study of such flow scenarios we need a two-phase gas-liquid model that takes into account
compressible effects.

The purpose of this paper is to focus on one aspect of the model (1.1) by making several
simplifying assumptions. More precisely, we first neglect the acceleration terms in the mixture
momentum equation. That is, we consider the simplified momentum balance given by the

following static force balance

p(m7 n)l‘ =qr +qc + ,u(vmix)xx- (16)

The resulting “vanishing Mach number” model, often with p = 0 and sometimes called the
no-pressure wave model, has been demonstrated to be highly relevant in the context of well
flow scenarios, see [19] and [18] and references therein. The main effect of using the simpler
momentum equation (1.6) is that pressure (acoustic) waves are neglected. However, for many
applications the main interest is the slow transport of volume fraction waves (mass waves),
and not a detailed study of the pressure waves. In the present model the pressure waves are

approximated by infinite velocity waves.
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In this paper we want to explore the viscous dominated model where we also neglect the
friction term ¢r and assume horizontal flow, i.e., g = 0. In addition, we restrict to the special
flow case of no slip between the two phases, i.e., v, = v, = u. This represents a situation where
the gas is dispersed in the liquid phase such that the two-phase mixture moves with the same
velocity, more or less.

Previous work on the model (1.1)

Development of good discrete methods for solving the compressible gas-liquid model (1.1)
has been a topic for many papers during the last decade [1-3, 6, 7, 11-13, 18-21]. However, it
is only recently that the mathematical properties of this model have been investigated. In [8] a
simplified version of (1.1) was studied. More precisely, it was assumed that the gas and liquid
velocities were equal, no external forces were taken into account in the momentum equation,
and certain gas terms were neglected in the momentum equation taking advantage of the fact
that p;/pg > 1. The existence of global weak solutions was then obtained under suitable
assumptions on the initial data. In particular, the result showed that when the initial masses

no and mg do not vanish or blow up (n = ayzp, and m = ayp;), then n and m remain bounded:
Ot <n(t,-),m(t,") < Cr, te[0,T), T >0,

for a positive constant Cr. The 1D results [8] are extended to a 2D version of the model in [25].
The main assumption in [25] is that the initial energy is small in a certain sense. The provided
estimates are also strong enough to give the large time asymptotic behavior of the solution. We
also refer to [26] for a result on the blow-up behavior of the 2D gas-liquid model in Eulerian
coordinates.

Studies have also been carried out with the model (1.1) considered in Lagrangian variables
with free boundaries and a viscosity term depending on the masses. A first work in this
direction can be found in [9, 10]. More recently, these studied have been extended to include
the possibility of different fluid velocities [4], well-reservoir interaction [5], and external forces
like friction and gravity [14].

Contributions of the present work

The main purpose of this paper is to explore some other aspects of the two-phase model
(1.1) concerning the existence and uniqueness within an appropriate class of weak solutions.
The model we investigate becomes different than the one studied in [8, 25, 26] since we consider
a steady state mixture momentum equation (1.6). A main motivation for this work is to
establish a framework that possibly can allow for inclusion of important physical mechanisms
that currently are neglected in the model studied in the works [8, 25, 26]. Such investigations
are left for future work.

An important feature of the model we study is that although we apply a simplified linear
EOS for the gas phase (isothermal flow) by choosing v = 1 in (1.2), the resulting pressure law
p(m,n) for the two-phase mixture (1.5) becomes a nonlinear function. This reflects some of the
additional complexity represented by two-phase over single-phase modeling. Clearly, a potential
difficulty with the model we consider is the singularity m = p; (i.e. a; = 1) in the pressure
law (1.5). This corresponds to a situation where transition to single-phase liquid flow occur.
A main observation is that the assumption of no-slip condition implies that the two masses m

and n are related as 7= = s with s controlled. As a consequence, we obtain pointwise control



4 ACTA MATHEMATICA SCIENTIA Vol.32 Ser.B

on m and n (lower and upper bounds) which allows us to verify that the pressure p(m,n) is
well-defined.

Equipped with pointwise control on m,n we derive several a priori estimates in LP and
Sobolev spaces of a sequence of approximate solutions {my,nk,ur} obtained by applying a
regularization of initial data mg,no. These estimates yield some basic (weak) convergence
results. However, strong convergence of my, ny is required to recover the nonlinear pressure law
p(m,n). This is obtained by studying various renormalizations of the approximate solutions
and corresponding defect measures.

An interesting aspect of the model we study is that a (presumably natural) viscous approx-
imation of (2.1) is not easy to analyze using weak compactness and renormalization arguments.
This appears to be due to the fact that our analysis relies heavily on using the simple equation
satisfied by the quantity s := -, an equation that is not available in the context of uniformly
parabolic problems. A similar difficulty arises when attempting to prove strong convergence of
upwind-type difference schemes, cf. the discussion in Section 6.

The remaining part of this paper is organized as follows: In Section 2 we present the
compressible gas-liquid model and state the main results. Section 3 contains the analysis
yielding pointwise control on the masses as well as various LP estimates. In Section 4 the
compactness (convergence) of a sequence of approximate solutions is established. Moreover,
the limit functions are identified as weak solutions of the two-phase model in question. In
Section 5, a uniqueness result is derived under some additional regularity on the initial masses.

Finally, we make some concluding remarks in Section 6.

2 A Viscous Two-phase Model

We focus on a two-phase model in the following form

my + (um), =0, ng+ (un), =0,

(2.1)
p(m, n)ac = HUzz, n >0,
where the pressure function is given by
n ¥
pm,n—C< ) , > 1. 2.2
mn)=0(—L—) . (22)

In what follows, we set C' =1, v =1, and x = 1. We may restate the model as
me + um, = —mp(m,n), ne + ung, = —np(m,n).

The main purpose of this work is to establish the global-in-time existence of weak solutions

to the initial-boundary value problem

m¢ + umy, = —mp(m,n), t>0, x € RT,

ne +ung = —np(m,n), t>0,x € RT,
n (2.3)

pr—m’

Uy :p(mvn)a p(m,n) =

u(t,x)|e=0 =0, mli=o =mo(x), nli=o = no(x),
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where mg,ng € L®°(R*T) N LP(RT) for p > 1 and RT := (0, c0).
We mention that this system (2.3), along with its analysis, shares some resemblence with

the so-called Hunter-Saxton model

vt—l—uvx:—in, Uy = U,

see for example [22-24] and references therein.

Definition 1 (Weak solution) We call (m(t, z),n(t,x), u(t, z)) a weak solution of (2.3)
provided the following conditions hold:

(i) m(t,z),n(t,xz) € L2 (RY, LP(RT)), u(t,x) € C([0,00) x RT);

(ii) m¢ + (um), =0, nt + (un)z = 0, p(m, n) = u, in the sense of distributions;

(iii) The function u(t, x) is equal to zero at = 0 as a continuous function. The function
m(t,z) and n(t, z) take on the initial values mo(x) and ng(z) in the sense C([0, 00), L*(RT)).

To establish an existence result for weak solutions, the main challenge is to pass to the
limit in a sequence of approximate solutions in the nonlinear pressure function without relying
on BV or Sobolev-type of estimates.

Theorem 1 (Existence result) We assume that

(1) mo(z),no(z) € L>([0,00)) N LP([0, 00)) for some appropriate p;

(ii) there are positive constants A1, A2 and By, By such that

0< Ay Smo(:v) < As < py, 0< By S?’Lo(ib) < Bs. (2.4)

Moreover, mgy and ng have compact support;

Then problem (2.3) possesses a global weak solution (m(¢,x),n(t, x), u(t, z)) in the sense
of Definition 1. In addition, for any finite time 7' > 0, there are positive constants C; = C1(T),
Cy = C5(T) such that

O<Cf1§m(t,x)§01<pl<oo,
0<Cyt <n(t,z) <Cy < oo,

Remark As reflected by the assumptions, we consider a situation where the initial state
represents a true gas-liquid mixture. In other words, there exists no pure gas or liquid regions
at time zero.

In what follows, we will make use of the following notations:
Qr =10,T] x [0,00), Qoo =1[0,00) x [0, 00).

By assuming some more regularity on the initial masses mgo and ng, we can supply a
uniqueness result in the BV N L class.
Theorem 2 (Uniqueness result) Fix any 7' > 0. For i = 1,2, let (m¢,n%,u’) be a weak
solution on @7 of the system
K3

mi+ (u'm?), =0, ni+ (uin'), =0,

x
x

ui(t,w)z/o p(m'(t,y),n' (t, y))dy,
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with initial data m'|i—g = m{ € L> N BV, n'|;—g = n{ € L> N BV satisfying
0<mj(-) < Cpi < p1, 0<0'(-) < Cs,
for some finite constants C,,:, Cy,:. Then for any ¢ € (0,T),
[ (£, ) = m2 ()| o+ (|02 2 ) = 02 () o < Cr ([ =m0 = il 1) -

In particular, there is uniqueness of weak solutions of (2.3) in the BV N L™ class.

3 Estimates

First, we solve (2.3) with smooth initial data and obtain a priori estimates. In particular,
we assume for the initial data mg,ng that mg,ng € C°(R) and supp(mg), supp(ng) C [0, 1)
and they are nonnegative. We apply the method of characteristics and rewrite (2.3) in the

following form

T X (x)
Pl ) = [ e o) =,
d
(e, X,(@)) = ~[mp(m, m)](t, X,(x)), .
Con(t, X)) = ~lnp(m, m))(t, X,()),

m(t, Xi(2))li=o = mo(z),  n(t, Xi(2))|i=0 = no().

Clearly, the right hand side of this system of ODEs is Lipschitz continuous for an open set U,
such that m is bounded away from p; for all (m,n) € U. Hence, for each (m,n) € U, where
we also clearly can assume that (mg,ng) € U in light of (2.4), there exists a unique solution of
(3.1) which can be continued up to the boundary of U [15]. Now, we can study the behavior of

m and n along the characteristics. We have

dm dn
= —mpm,n), = —np(m,n),
from which we get, since m,n > 0,
1dm 1dn
mdt  ndt’

o dlog(m)  dlog(n)

dt dt

In other words,
log(m(t, X (x))) =log(n(t, X¢(x))) + C, ie, m(t,X:(z)) = Cnl(t, X¢(z)).

In view of the initial data we get the following solution

m(t, Xo(x)) = n(t, Xt(x))::;)((;)), (3.2)
where
A Byt < 0@y g (3.3)
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Along the characteristics the first equation of (2.3) takes the form

@) m2(t, X¢(z))
mo ) pr —m(t, X¢(x))’

%m(t,Xt(x)) = - [mp(m, Z—Zmﬂ (t, X, (x)) = _(

since p; — m(t, X;(z)) > 0, which implies that

Pl = E ™m ™m = log(m ﬁ .
gt X)) + =B = (22 )14 o), o) = oglma) + 22 (3.
Define ¢(m) by
def m
o) = s +

Then we have from (3.4)

Moreover, we find that

/ o pr—m
= G TogGm) +
& (m) = — 2log(m)p; — mlog(m) + 3p; — 2m.

(mlog(m) + pi)?

According to (2.4), we have that

0 < inf mg(z) < mo(z) < supmo(z) < p;.
[0,1] [0,1]
Hence, C(mg) > 0 so we can conclude that the right hand side of (3.5) is always positive and
does not blow up for any ¢t > 0. Moreover, We can check that ¢(m) is strictly increasing in
[0,p01], #(0) =0, ¢'(p1) =0, ¢ (p1) = —m < 0 such that m = p; is a maximum point,
and ¢(p;) = m. From this we get for 0 < t; < ta,

1 1
>
::L—?)tl + C(mo) Z—%tz + C(mo)

d(m(tr, X, (2))) = = ¢p(m(t2, Xt,(2))),
which implies that
mo(z) > m(ty, Xy, (x)) > m(tz, Xy, (2)).
In other words, m(t, X;(z)) is decreasing in time (along its characteristics). Since supmg < p;

[0,1]
we conclude that m(t, X¢(z)) € [0, p;) for all ¢ > 0, and we have the relation

o> [su;;mo > m(ty, Xy, (2)) > m(te, X4, (2)) > 0.
0.1

It is of interest to quantify the rate of the decrease in m as time is running. For that purpose,

we may argue as follows: Clearly ¢! exists on [0, sup mg] and we find that
[0,1]

m(t, X¢(z)) = (;5_1(;).
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We may find ¢ (z) = Kz for some constant K such that

1
1 _ = Taol( A + 1
o @<l =Ke,  wel0.M], M=d@Eupmo) <

Thus, we may conclude that

K Kmg KA,
t X, () < < < ,
m(t, Xo(x)) < Ty 1 C(mo) ~ not — Bit’ (3.6)

in view of (3.3). Consequently, the rate of dissipation directly depends on the bounds of the
initial data mg and nyg.
Next, we see from the first equation of (3.1) that

%[3xXt($)] = [p(m, n)|(t, X¢(z)) - [0 X¢(2)].
In other words (using that 9, Xo(z) = 1), we get
m@&w—mmz/wWw@&@m.
0

That is,

~exp
= o (290 [ gtmts, Xoaas ). glom) =
‘“pﬂzz3£9<¢l($s+%mm0>“>

< C(t,mo(x),no(x)), (3.7)

for an appropriate constant C'(t, mg,ng) where we employ the fact that g(m) is bounded since
m is bounded away from p;. Thus, we conclude that X;(x) can be inverted for all z € RT and
t > 0 since it is strictly increasing in x; we denote the inverse mapping by X; *(x). Using this
in (3.2) we see that
n(t, x) ng _
(—) (X, Yx)) =: s(t, x). (3.8)

mo

Moreover, in view of (3.5),

1 1
) S T ) o O @)

Clearly, in view of (2.4) we have the estimate
0 < BiA;*! <s(t,x) < BoA7! < . (3.10)

For further use we apply (3.8) and define

= sg(m) := P(m, s). (3.11)

p(m,n) = p(m,ms) = s
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As far as the velocity u is concerned, we estimate as follows:

ult,z) = /1P< Sy < sup s(t,x) /Omg<m<t,y>>dy

zeRT
< Bo AT / m(t,y))dy < CB2A; /mtydy
< KCBzAl_l/ - : v
o LWy 4 g (X (y)))

mo(X; ' ()
< Cu(t).
Here we have taken advantage of (3.10) and the fact that

m m(t, x)
pr—m = pi — sup(mo(z))

< Cm(t, x),

g(m) =

for an appropriate choice of C' and by an application of assumption (2.4). We also have used

(3.6). Consequently, we can conclude that
ut, L@ty < Cult), >0, (3.12)

and hence we have proved
Lemma 1 For (¢,2) € Rt x R and under the assumptions (2.4) we have the following

pointwise estimates:

0 < m(t, x) < sup(mo(z)) < pi,
0 < n(t,z) < sup(s)sup(mg(z)) < A7 As By,
lu(t, )] < Cyu(t).

Note that this is sufficient to guarantee that p(n,m) = P(m, s) is well-defined. We may
sharpen the above estimates for m and n as follows when we consider a finite time 7" > 0.

Corollary 1 For any finite time T, there is an € = £(T") > 0 such that
0<e<m(tz), 0 < eB1 A <nft,z),

for all z € [0,00) and ¢ € [0, 7.
Proof To see this, assume (for a fixed T > 0) that this is not the case. This implies that
there exist points {xy, 5} where ¢ € [0,T] and a time ¢ € [0, T] such that

my = m(tg, zx) — 0, tr — t, as k — oo.

In light of (3.9), this implies that ¢ = co, which produces a contradiction. The lower estimate of
n(t,x) follows from the relation n(t, z) = s(t, z)m(t, z) given by (3.8) and its lower and upper
bounds (3.10).

Remark 2 An interesting and relevant aspect of the model (1.1) (and simplified variants
of this) is to obtain a clearer understanding when vacuum (transition to single-phase flow) might
appear. The above calculation shows that for the model (2.1) and (2.2), we are guaranteed that
vacuum will not occur in finite time. However, it’s not clear to us to what extent this will be

the case for more general slip relations and/or pressure laws.
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Remark 3 If transition to single-phase liquid flow occurred in an appropriately modified
two-phase model of the form (2.1) with pressure law (2.2), then this would correspond to a
situation where m becomes equal to py, i.e., p(m,n) = u, blows up, say at time ¢*. In this case
we would have to describe precisely how the solution should be extended beyond the blow-up
time t*. Note that a similar phenomenon is observed for the Hunter-Saxton equation. This
ambiguity gives rise to different notions of weak solution, see [22-24] and references therein.

We now consider the case with general initial data mg,ng with compact support. Let
je(x), k=1,2,---, be a standard Friedrich’s mollifier satisfying

(@) = kilka), jx) € CP(R), j(z) >0, / j(x)de =1.

We assume 1 < mg(+) < pr, 0 < no(+), and mo,ng € LP(R). Without loss of generality, we
assume that supp(my), supp(ng) C [0,1). Set

m(x) = ji *mo(z), ng(z) = jr xno().

For each fixed k, by the preceding calculation we find that (2.3) has a global smooth solution
my(t,x), ng(t,r) with initial data m&(z) and nf(z), respectively. Clearly, from the third

equation of (2.3) N
up = /0 p(my, ni)dy.
We also note that in view of (3.12) we have
luk(t, ) oo @ty < Cu, supp(mi(t,-)) C [0, K (t)),

where K, (t) is determined from the first equation of (3.1) which implies that X;(z) < Cyt so
that K., (t) = Cy(t)t + 1 will do the job.

The plan now is to prove that the approximations {mg (¢, x), ng(t, z)}x>1 are compact in
L9([0,T] x RT") for any T > 0, ¢ > 1.

According to (3.8) we have

nk(t, )
t =
sk(t, ) my(t,x)’
and from (3.11) it follows
n
M, Ng) = = sgg(mg)=P(mg, Sk).
p(mg, ny) prp— kg(mp)=P(mg, si)

We have the following estimates:

Lemma 2 The approximate solutions {my(t, z)} satisfy the following estimates:

lme(t, )l e@+y < [ImollLe @+, p>1, (3.13)
1

[miP(mi, sk)ll L1 (@u) < 1?1||m0||12p(]1§+)7 p>1 (3.14)

| P(mg(t, ), sk(t, )l L@y < [[P(mo, s0)ll 1w+, (3.15)

l[s3 " P(mus sk)?| (o) < 1P (o, 80)[| 11 R+ (3.16)

Hp(mk(tv ')7Sk(t7 '))q”Ll(R+) < Hp(mmso)q”Ll(R*)v q21, (3'17)
1

1P (mi, 1) | L1( Qo) < mHP(mOvSO)q”Ll(Rﬂa q>1, (3.18)

_ 1
I P, s0) 210y < (o s0)liseny, a2 1 (3.19)
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Proof Multiplying the first equation of (2.3) by f’(my) we get
Fmi)e +unf(mr)a = —f'(mi)mp P (ma, si).
This can also be written in the form
Fme)e + (unf (mi))e = [f (mn) — f'(mr)me] P(mi, si)-
First, by using the choice f(m) = m? for p > 1 we get
(M) + (wemb)e = —(p — 1)mE P(my, si).

That is, by using that the support of my(¢,x) is contained in [0, K (T")] for t € [0,T] we get

K(T)
/0 /0 [(mi)t + (p — 1)my P(my, sk)} dxdt = 0, p>1.

From this, we get

K(T) ¢ K(T) K(T)
/ (m})dz + / / (p — LYymf P(my, si)dadt = / (m§)dx.
0 0 Jo 0

In particular, since both terms on the left hand side are non-negative,

K(T)
[ it < [ mords = fmolf, e,
0 R+
and
K(T)
p—1) / / my, P(my, si)dzdt < [|mol?, (R+)"

Thus, by letting T — oo, the estimates (3.13) and (3.14) follow. Next, we are interested in

deriving an equation for the choice

mg
mi, sk) = P(mg, si) = sgg(mi) = s .
f(mi, sk) = P(mg, si) = skg(mx) L
Noting that
mig' (mi) = g(my) + g(mr)?, (3.20)
and from the two mass equations of (2.3) it follows that
t,x
(k) + uk(sk)z =0, sp(t, ) = ml;((t, ;v)) (3.21)

Now we can calculate as follows:

P(my, sk)e = (skg(me))e
= sig' (my)(mu)e + g(my) (sk )
= —spg (mr) (mrur)e — g(mi)ur(sk)z
—(s)?g' (mr)mrg(mp) — ugsrg(my)e — urg(my)(sk)e
—(s1)%g' (my)mug(my) — ur(g(mi)si)s
= —(sx)?[g(mi) + g(mr)*]g(mi) — urP(my, s1.)z

:—P(mk,sk) — (s )g(mk) — upP(mg, Sg)z, (3.22)
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and
(upP(mp, 51))e = (ur)eP(mp, si) + upP(my, sk)e = P(my, sk)? + urP(my, sp)e. (3.23)

Here we have repeatedly used the third equation of (2.3) together with (3.20) and (3.21).
Combining (3.22) and (3.23) we arrive at the following equation

P(my, sk)t + (up P(my, $k))x = —sglP(mk, sk)g. (3.24)

This implies the identity

¢ K(T)
/ / [P(mk, Sk)t + s,zlP(mk, sk)?’} dzdt = 0,
o Jo

from which we get

K(T) ¢ pK(T) K(T)
/ P(mk,sk)dx—i—/ / s P(my, si,)dadt :/ P(myg, so)dzx.
0 0 Jo 0

From this equality the estimates (3.15) and (3.16) follow. Finally, consider the choice f(my, si) =

P(my, sx)? for ¢ > 1. Then we calculate as follows:

(P(mi, sk)?)e = qP(mu, si)* 71P(mk, Sk)
= qP(my, si)? { P(my, si)* — (upP(my, Sk))m}

= aP(mi, i)' | = 5 Plmi, 1) = Plmi, 1) = upP(mi, 51, (3.25)
and

(kP (i, s1) 1) = (ur)o P(my, sp)? + upgP(my, si)? " P(my, sk)o
= P(my, sk)qJrl + upqP(my, sk)q_lP(mk, Sk)x- (3.26)

Adding (3.25) and (3.26) gives
(P(mu, sx) ")t + (ueP(mu, si)%)e = —(q — 1) P(mi, k)™ — gsj, ' P(my, si) 2.

Hence, for ¢ > 1,

K(T)
/ / [(P(mk, 56)D)¢ + (g — 1) P(mp, s) 7T + qs,ZlP(mk, s;g)‘”ﬂ dzdt =0,

and the estimates (3.17), (3.18), and (3.19) follow.

By making use of the relation n = sm and the estimates (3.10), we obtain the following
k-uniform estimates for ng(t, x):

Corollary 2 The following estimates hold for the approximate solutions n(t, z):

e (t, ) Lo r+) < B2AT |mol| o r+)-
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4 Compactness

We begin by establishing strong compactness of the velocity {ug(¢,x)}. By Morrey’s in-
equality,
_2
Wh(Qu) — ok (Qoo), for 2 < ¢ < cc.

loc loc

Consequently, we want to bound {uz} in W,L%(Qu) for some g > 2. We have

C

ui(t,z) = / " plmi, )y, )y = / " P, 1) (w, 1)dy.

In view of the pressure equation (3.24) we get

Oyug Z/ atp(mkusk)(yut)dy
0

- / (wr P(mi, 51)) ydy — / st P (i, s1)*dy.
0 0

Consequently, for (t,x) € [0,T] x RT (using that uy(t,0) = 0)

K (T)
[Opug| < max(|ug|)P(my, sk) —|—/ s;lP(mk,skﬁdy
0

< CyP(mg, si) + max(sgl)HP(mo, 50)3||L1(R+),
where we have applied (3.17) with ¢ = 3. This implies that
Druel? < C(Plme,si)” + [ Pmo, 5018 r) ) 4> 2,

That is, by (3.18) with ¢ — 1 as the exponent we get (note that ¢ > 2)

T
/ / |Opug|Tdadt
0 Jrt

T
< C( / /+ P(mk, Sk)qudt + Km(T)THP(mO, 80)3”%1(R+) )
0 R

1 _
< O(q_—QHP(mo,So)q iz e +Km(T)T|P(m0750)3|%1(R+)>-

Since u, = P(m, s), then (3.18) also implies that

T T
/ / |8muk|qudt=/ / P(my, s)?dadt
o Jr+ 0 Jr+
1

< q_—2”P(m0750)q_1HL1(R+)7 q>2.
Hence, we can conclude (by Ascoli-Arzela and Banach-Sakes theorems) that there is some
u(t,z) € Wh¥(Quo) for ¢ > 2 and a subsequence of {ux(t,z)} such that uy(t, ) converges to

u(t, ) uniformly on any compact subset of Q.. Furthermore, 0yuy(t,x) = P(my(t, x), si(t, z))

converges weakly to a limit function

v(t,z) = P(m(t,x), s(t,x)) in LY(Q) for g > 2.
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Furthermore, it is clear that
1 <0, XF(x) <0, 10, XF(x)| < C.

The first estimate follows from (3.7) and the upper bound on P(my, s;) (cf. Lemma 1). Simi-
larly, the second estimate follows from the first equation of (3.1) and the pointwise upper bound
on ug, also guaranteed by Lemma 1. Consequently, we have uniform Holder continuity in space
and time for { X (x)}, i.e., the sequence converges to a limit function X;(x) uniformly on com-
pact sets in Q. Clearly, the same properties hold for the inverse Y}*(-) = (XF)~1(-), such that
Y}*(-) — Yi(-) uniformly on compact sets in Q, where for each t, and Y;(-) = X; '(-).

Since s (t, ) = Z—i((Xf)_l(:zr)), see (3.8), we conclude that sg(t,z) converges a.e. to the
limit function s(t, ) ZOZ—%(Xfl(x)).

To sum up, we have the following lemma.

Lemma 3 (Compactness) Regarding the initial data mgy and ng, we assume

0<e<mg(x)<p,
0<e<ng(z) < oo,
mo € L*(R"),  P(mo,s0) = p(mo,no) € L*(R),

for some € > 0. We have the following basic convergence result towards limit functions

(m,n,u,v,w) as k — oo:

ug, — w uniformly in [0, R] x [0, 7] for each R > 0 and pointwise in Q7

__ 2 (4.1)
and the limit function u belongs to W14(Qr) — Clloc (Qr) for ¢ > 2;
S — s a.e. in Qo and
d 4.2
s(t,x) = @(Xt_l(:v)), ie, —s(t,X¢(x)) =0, thatis, s; + us, = 0; (4.2)
mo dt
mp — m in LP , >1;
k (Qr) p (4.3)
ng — n in LP(Qr), p>1;
v = P(myg, sp) = skg(my) = Ozu
k (mu, sk) = skg(mk) K (4.4)
— Opu=v=sg(m)in LYQr), q¢=1;
(vi)*=(P(mi, s))* = (sk)’g(my)® = s’w in LY(Qr); (4.5)
upmi — um in LP , >1;
kM (Qr), p=> (4.6)
ugng — un in LP(Qr), p> 1.
Finally, the limit functions m, v, s, w are related by the inequalities
P(m,s) = sg(m) < v, v? < 53w, (4.7)

or equivalently,
- _\3
glm) <glm),  (g0m) ) <w.
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Proof The limit operations (4.1) and (4.2) follow from the above discussion, whereas
(4.3), (4.4), (4.5), (4.6) follow from the estimates of Lemma 2 and Corollary 2. The relations
(4.7) rely on the convexity and continuity properties of g(+) and (-)3.

We are now in a position to prove strong convergence of my, ny by analyzing a particular
renormalization (in the sense of Diperna-Lions) of the approximate solutions and their limits.
Strong convergence ensures that the weak limit functions m and n solve the original equations.

Lemma 4 (Limit equations) The limit functions (m,n, s, u,v,w) from Lemma 3 satisfy
my + (um), =0, ng + (un), =0, st +us; =0, Uy = 0, (4.8)
in the sense of distributions on @Qr, and
m e C(O.TEP®Y),  lim [m(-.t) — moll o) = 0.

n e C([0,T]; LP(RY)), lim [|n(-, £) = nol| Lo ety = 0,
for any p > 1. Moreover,
v+ (uv)y = —s 1 [s3w] (4.9)
in the sense of distributions on Q7 and

lim (v(t,z) — P(mo(x), so(x)))dz = 0.

t—0 0

Proof The approximate solutions (my, ng, ux) satisfy the system

oymy, + 0y (ukmk) =0,

Opur, = p(my, ni) = P(my, si),
no(X,.; (x))

ng(t,x) = mk(t,x)m = my(t, x)sk(t, ).
k,t

)

In view of Lemma 3, it follows that (4.8) holds. Similarly, (4.9) follows from the pressure
equation (3.24).

Lemma 5 (Identification) Suppose that

(i) u(t,z) is bounded and continuous in Q7 with u(0,t) = 0fort € [0,7], m € L*°((0,T); L?(RT)),
and m > 0 a.e. in Qr;

(i) v e L*((0,7); LP(RT)) and P(m,s) < v a.e. in Qr;

(iii) w € L>®((0,T); LY(RT)), and v* < s3w a.e. in Qr;

(iv) Ast—0,

/000 (v(t,z) — P(m(t, ), s(t,x)))dz — 0; (4.10)

(v) The limit functions u,m,n, s, v, w satisfy the system
me+ (um), =0, ng+ (un), =0, s+us, =0, u;=u1v, (4.11)
v + (uv), = —s Hs2w), (4.12)

in the sense of distributions on Q7.
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Then P(m,s) = sg(m) =v a.e. in Qr.

Proof The proof follows along standard lines in the theory of renormalized solutions.

We set m® = mxw®, n® = nxw®, s° = sxw®, v° = vxw®, and w® = wx w® where w® is a

standard mollifier acting on the spatial variable. In view of (4.11) together with an application

of the Diperna-Lions lemma we get
mg + um;, = —v°m® + R, (4.13)
where R® = u(m®), — (umy) x w® + v°m® — (vm) * w® and
R* — 0 in LP(Qr) for any p > 1.

Having this regularized version of the first equation in (4.11), the plan is now to derive from
this an equation that contains information about P(m, s). First, we multiply (4.13) with ¢’(m*)

and rewrite (using u, = v) such that we get
g(m®)¢ + ug(m®), = —v°m°g'(m°) + R°g’'(m°®).
Then we multiply by s and get
[s*g(m®)]e + uls"g(m)]a — g(m®)[s] + usi] = —v"m s°g'(m%) + R7g'(m")s%,
or
P(m®,s%); + (uP(m®, 5%))a — g(m®)[s] +usi] = vP(m®,s°) —v"m s g'(m) + R°g'(m")s".
Sending € — 0 we get
P(m,s); + (uP(m, s))y, = vP(m,s) —vmsg'(m),
in the sense of distributions. Using (3.20) and P(m, s) = sg(m), we get

P(m, s); + (uP(m, s))s = vP(m,s) — vsg(m) + g(m)*]
= —wvsg(m)? = —s 'wP(m,s)>. (4.14)

Taking the difference between (4.12) and (4.14) we get

Otlv — P(m, s)] + 0z (ufv — P(m, s)]) = s ' (vs*g(m)? — s>w)
= s Y (wP(m,s)?* — s*w)

< s - sPw) <0, (4.15)

using the relations P(m, s) = sg(m) < v and v3 < s3w, see (4.7). Recalling that (4.15) holds in
the sense of distributions we can choose a test function (¢, 2) = wy (t)wz(z) and then let wq(t)
be a smooth approximation to xp, ¢, for t; < to whereas wa(x) = 1. Then (4.15) simplifies to

T o)
_/0 /0 (U(T,x) — P(m(r, x),s(T,x)))w'l(T)dxdT <o,
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that is,
_/ (v(tl,x) — P(m(t1, ), s(tl,x)))d:r
0
+/ (v(te,2) = P(mts, 2), 5(t2,2)) ) dw < 0.
0
Letting t; — 0 and ¢to — ¢ and comparing with (4.10), we get
v(t,x) — P(m(t,x),s(t,z)) <0 fora.e. (t,z) € Qr,

which implies that v = P(m, s) a.e. in Qr, in view of (4.7).
Proof of Theorem 1 The existence result of Theorem 1 now follows as a result of

Lemmas 3, 4, and 5.

5 A Uniqueness Result in the L N BV Class

It was proved in Section 4 that the smooth solutions (mg,ng,u) converge to a weak
solution (m,n,u) of (2.3). Now we want to prove that this weak solution, which satisfies

0<m() < Cn <pr, 0<n(,) < Cov ul,) < Cus (5.1)
possesses spatial BV regularity provided the initial data do so; more precisely,

mo,no € BV(R) = m,n € L*>(0,T; BV(R)), T >0. (5.2)
To this end, it is sufficient to establish an estimate of the form

/|6mmk(t,x)| + Ot 2) dz < Coy £ (0,T),
R

for some constant Cp that is independent of k.
Set
QIT = Oy, qg = Oyng.

Then

Orqy’ +u0pqy’ + p(me, nk)qy’

= —q" P(mi,nk) = mi (P (M, 1) Q1" + P (M 1k ) gy,
Multiplying by sgn(¢™) yields

lax' |, + ur qr |, + pmg, ng) |qg'|

— g p(m, ni) — Mpepm (Mg, ne) g | — maepn (M, nr ) gz sgnlqy”)

IN

[l oo P (m, n)ll e " < Clg"],

where we have used that

n n 1

27 pn_pl_m

p= , Dm
pL—m (pr —m)
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are all (nonnegative) bounded quantities. In divergence form, this equation inequality reads

|QI7cn|t + (uk |Q?|)m < Cn g,

where the constant C,, is independent of k.

Similarly, it follows that

lai:l; + (ur lgi ). < Cnlai’,

for some constant C),, that does not depend on k.

Adding the inequalities for |¢}"| and |g}!| yields
(lgr | + lag 1), + (ue (| + lag 1), < C gkl +ai'), €= Cm + Ch,

and thus by Gronwall’s inequality,
[ (122t + pan(t. )] o < e [ (1021 (0.2)] +[02ma(0.2)] ).
R R

and the claims follows.

Let us now turn to the uniqueness of weak solutions in the L>° N BV class, i.e., the proof
of Theorem 2. In view of the assumptions, the solutions (m?, n’,u?) satisfy (5.1) and (5.2). By
the DiPerna-Lions regularization lemma, one can prove that the weak solutions (m;,n;, u;) of

(2.5) are entropy solutions, i.e., for any convex n: R — R,

n(m*) + (u'n(m'))  +p(m’,n’) [m'n' (m") —n(m")] <0
n(n') + (u'n(n")) + p(m',n’) [n'y'(n') —n(n")] <0,

in the sense of distributions.

Now the uniqueness of weak solutions is an immediate consequence of a result proved in
[17] regarding continuous dependence of entropy solutions with respect to the flux function. We
may apply Theorem 1.3 in [17] to conclude that there exists a constant C such that

o0 = 0. < o =+ [ ko) ] s
[ ) = 20y (0,
< g =+ [ [ Ity — plm, )| aas
+C'/Ot/|p(ml,nl)—p(m2,n2)|dxds
< Hmé—mgHLl—i—Cm/Ot/(]ml—m2‘+’n1—n2])dxds. 53)

Similarly,

t
[n'(t, ) = n?(t, )| 1 < [Ing —ng |0 + Cn/ / (|m1 —m?| + |n' —n?| )dxds. (5.4)
0o Jr
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By adding the two inequalities (5.3), (5.4) and, following this, applying the Gronwall

inequality, we arrive at

[mt (£ ) = m?(t, )] 1+ [t () = n2(E )|

< % ([fmo = mg| o [lno = 1), €= Con 4 C

This concludes the proof of Theorem 2.

6 Concluding Remarks

In this work we have investigated a simplified no-pressure gas-liquid model which is com-
posed of two continuity equations for the two phases and a steady state momentum equation
which represents the balance between the pressure gradient and a viscous term. We derive point-
wise upper and lower bounds on the masses which guarantee that the initial two-phase mixture
remains a two-phase mixture, i.e., no transition to single-phase flow occurs in finite time. Ex-
istence of weak solutions is shown under minimal regularity on the initial masses. Moreover, a
uniqueness result is derived by requiring that the the initial masses are BV bounded.

Interesting extensions of the model studied in this work would be to take into account
that the two phases can move with different fluid velocities, consider inclusion of more general
pressure laws, as well as take into account terms representing external forces like gravity and
friction.

It is difficult to find solutions of the system (2.3) without resorting to numerical methods.
Fortunately, it is possible to devise very simple finite difference schemes for computing approx-
imate solutions of (2.3). To this end, introduce the spatial grid cells I; = [z;_1/2,2;11/2),
where z;41/9 = x; £ Ax/2, j € Ng := {0,1,---}. The forward/backward difference operators

are denoted by Dy /D_, respectively. Let {m]Q} be discrete initial data satisfying

0
jENy’ {nj}jGNo
Ogmg(:zr)<pl, OSn?SConst<oo, 7 € Np.

For j € No and t € [0, 77, let {(m;(t),n;(t),u;(t))},cy, satisfy the finite system of ordinary

differential equations

m(t) + uj(t) D_m;(t) = —m;(t)p(m;(t),n;(t)),
n;(t) +u;(t)D_n;(t) = —n;(t)p(m;(t), n;(t)),
Duj(t) = p(m;(t),n;(t),  wo(t) =0,
0
It follows that .
uj(t) = Az Zp(mi(t),ni(t)), for j e N, t € [0,T].
i=0

By properly adapting the BV arguments from Section 5 to the discrete setting, one can
prove that the numerical scheme (6.1) converges strongly in L, p < oo, to the unique L>° N BV
weak solution of (2.3). The details will be presented elsewhere.

The numerical scheme is of upwind type, which means that the finite differencing of the

transport terms wmg, un, are biased in the direction of incoming waves. The use of upwind
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schemes is quite natural, since they dissipate energy and hence generate dissipative solutions
in the limit as Ax — 0. We stress that the convergence result is not obvious. Indeed, whereas
the BV approach works, it is not clear how to apply the “weak convergence” argument used in
the existence proof to the numerical approximations; the reason seems to be that the argument
relies too heavily on the non-dissipative nature of the approximate solutions.

The semi-discrete method (6.1) amounts to a system of ordinary differential equations
which must be solved by some numerical method. There are a variety of time-discretization
methods available. The simplest and most obvious one is an explicit discretization, i.e., we

replace the time derivatives in (6.1) by forward differences,

{41 ¢ {41 l
m; —mi(t n: T —ns(t
m;-(t) -2 I 7 ]() 7()

At ’

while the remaining part of (6.1) are evaluated at t* := ¢At, £ = 0,1,---. It can be shown that

this fully discrete difference scheme also converges to the L> N BV weak solution of (2.3).
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