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Problem 22:

a) From the fundamental anticommutation relation, {γµ, γν} = 2gµν14 it follows:

(γ0)2 = 14 ; (γi)2 = −14 ; γµγj = −γjγµ (µ 6= j) .

Thus from the definition of γ5:

(γ5)2 = −γ0γ1γ2γ3γ0γ1γ2γ3 = −(−1)3
γ1γ2γ3(γ0)2

γ1γ2γ3 = (−1)2
γ2γ3(γ1)2

γ2γ3

= (−1)2
γ3(γ2)2

γ3 = 14 .

b) From {γµ, γν} = 2gµν it follows that γµγµ = g µ
µ = δµµ = 4, so:

/pγµ = pνγ
νγµ = pν(2gνµ − γµγν) = 2pµ − γµ /p ⇐⇒ { /p, γµ} = 2pµ ;

γµ /pγ
µ = γµ(2pµ − γµ /p) = 2 /p− 4 /p = −2 /p .

c) Using the previous result and /p2 = p2, we have:

/p /q = qµ /pγ
µ = 2p · q − /q /p ⇐⇒ { /p, /q} = 2p · q ;

γµ /p /q /pγ
µ = γµ /p /q(2pµ − γµ /p) = 2 /p /p /q − γµ /p(2qµ − γµ /q) /p
= 2p2 /q − 2 /q p2 + γµ /pγ

µ /q /p = −2 /p /q /p .

d) From {γµ, γν} = 2gµν it follows that γµ commutes with three of the gamma-matrix
factors in the definition of γ5 and commutes with the fourth, γµ, so it anticommutes
with γ5.

e) From the cyclical properties of the trace we have:

Tr[γµγν ] = 1
2Tr[γ

µγν + γνγµ] = gµνTr14 = 4gµν .

Using this and the fundamental commutation relation we find:

Tr[γαγµγβγν ] = −Tr[γαγµγνγβ ] + 2gβνTr[γµγα]

= −Tr[γαγµγνγβ ] + 8gαµgβν .
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By repeated applications of this result we then have:
Tr[γαγµγβγν ] = −Tr[γαγµγνγβ ] + 8gαµgβν .

= Tr[γαγνγµγβ ] + 8(gαµgβν − gαβgµν)

= −Tr[γνγαγµγβ ] + (gαµgβν − gαβgµν + gανgβµ) .
But the matrices in the trace in the last expression are just a cyclical rearrange-
ment of those on the left hand side, so by the invariance of the trace under cyclical
permutations, we find:

Tr[γαγµγβγν ] = 4(gαµgβν − gαβgµν + gανgβµ) .

Problem 23: Using the hint, (γ5)2 = 14, and the properties of the trace, we find

Tr[γµ1 . . . γµn ] = Tr[γ5γµ1 . . . γµnγ5] = (−1)nTr[γµ1 . . . γµn(γ5)2] ,
so

Tr[γµ1 . . . γµn ] = 0 ,
if n is odd.

Problem 24: We have:
/A /B = AµBν

1
2 ({γµ, γν}+ [γµ, γν ]) = AµBν

1
2(2g

µν − 2iσµν) = A ·B 14 − iAµBν σµν .

Hence, if [Bν , γµ] = 0, since Trσµν = −2i Tr[γµγν − γνγµ] = 0:
Tr[ /A /B] = 4A ·B .

Problem 25: We note the following relations:

γ0† = γ0 , γi
† = −γi

which, together with the fundamental anticommutation relation yields
γµ† = γ0γµγ0 .

Hence if u(p) is a Dirac spinor, satisfying ( /p − m14)u(p) = 0 and ū′(p) = u′†(p)γ0
satisfies the conjugated Dirac equation:

ū′(p)( /p−m14) = u′†(p)γ0(pµγµ −m14)γ02 = u′†(p)(pµγµ†γ0 −m14)γ0

= [γ0(pµγµγ0 −m14)u′(p)]
† = 0

If aµ is an arbitrary 4-vector, we then have, using the result in the previous problem:
0 = ū′(q)( /q −m14) /au(p) + ū(q) /a( /p−m14)u(p)
= ū′(q) [−2mγµaµ + (pµ + qµ)aµ + i(qν − pν)σµνaµ]u(p)

But this equation is linear in aµ, and if it is satisfied for all values of aµ, the coefficient
of aµ must vanish. Equivalently, we may differentiate the equation with respect to aµ.
Hence we have proven the Gordon decomposition:

ū′(q)γµu(p) = ū′(q)
[
pµ + qµ

2m + iq
ν − pν

2m σµν
]
u(p) .

Problem 26 [Not yet available]

Problem 27 [Not yet available]
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