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Problem 19: Show that the boost operator for a Dirac spinor in the Weyl represen-
tation takes the form

D(β) = cosh β2

(
12 0
0 12

)
− sinh β2

(
β̂ · σ 0
0 β̂ · σ

)
.

[Hint: See Lecture notes 15.]

Problem 20: The gamma matrices in the Weyl representation are:

γ0 =
(

0 12
12 0

)
, γi =

(
0 σi

−σi 0

)
.

a) Show that the traditional Bjorken-Drell representation, γ′0 = Diag(12,−12), γ′i =
γi, is obtained by the unitary (actually orthogonal) transformation γ′µ = V †γµV ,
with:

V = 1
√
2

(
12 −12
12 12

)
.

b) Use V to show that the solution in this representation can be written:

u′(p) =
( √

ωp +m 12 ξ
√
ωp −m (β̂ · σ) ξ

)
.

c) Discuss the non-relativistic of the solution in the previous part.

Problem 21:

a) Verify by direct substitution that the positive energy solutions of the Dirac equation
in the Weyl representation:

u(p) =
(√

p · σ ξ√
p · σ̄ ξ

)

,

indeed solve the equation. [Hint: Remember (p · σ)(p · σ̄) = m2.]

b) Show by the same method that if we also write the negative energy solutions in the
form:

ψ(x) = v′(p)e−ip·x ,

the spinors v′(p) take the form:

v′(p) =
( √

p · σ̄ ξ

−
√
p · σ ξ

)

,

1



c) Show that the matrix V constructed from the solutions in parts a and b above, which
we can write on block matrix form as:

V = 1√
2p0

(√
p · σ

√
p · σ̄√

p · σ̄ −
√
p · σ

)
.

is indeed unitary.

d) Write the Hamiltonian,

H = P 0 = α · p + βm = γ0(γ · p +m) .

in matrix form in the Weyl representation.

e) Use V to diagonalize H. [V is called a Foldy–Wouthuysen transformations.]

f) Find the eigenspinors of H in the diagonal form.
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