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PRrROBLEM 5: Consider an infinite one-dimensional chain of point particles, all of mass
m, connected by identical elastic springs of length a and spring constant k. Assume that
the motion takes place along the string, so you can disregard the transverse directions.
Let n;(t) be the displacement of particle ¢ from its equilibrium position at time . [See
Goldstein ch. 13.1 for hints].

a) Show that the Lagrangian of the system can be written:
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b) Find the Euler-Lagrange equations, and show that they can be written:
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We shall now take the continuum limit of this model, letting a — 0 in such a manner
that the mass density, © = m/a, and Young’s module Y = ka remain finite. [The
correctness of the expression for Y may be checked by dimensional analysis].

c) Let n(x,t) be the displacement of the piece of string which is at position x in
equilibrium. Show that the equation of motion for the string becomes the wave
equation:
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Verify that this equation has longitudinal wave solutions of the form n(z,t) =
no cos(x £ vt + §), with v2 =Y/p.
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d) Show that the continuum limit of the Lagrangian in a) can be written:
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Further, show that the resulting Euler-Lagrange equation is the one found in the
previous part.

PROBLEM 6: Find the components of the (two-dimensional) energy-momentum ten-
sor of the Lagrangian in problem 5d) above. Also find the corresponding conserved
quantities.



For later reference, we give the general formula for the conserved Noether current. If
¢"(x) — ¢"(x) + 0¢™ and z# — x4 dz# is an infinitesimal symmetry transformation
for the action S = [dxL({¢™,d,¢™},t), then the conserved current is:
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where the energy momentum tensor, 7" is defined by:
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PROBLEM 7:

a) Show that the actions of free massless scalar and vector fields, including electromag-
netism, are invariant under the scale transformation z# — ax", ¢" — ¢/a.

b) Find the conserved current following from this transformation, expressed in terms

of THY.

PROBLEM 8. An infinitesimal Lorentz transformation may be written y* = z* 4 dz*
where dzH = wH”x,,, with an antisymmetric tensor, w*” = —w"#. Show that this ensures
yuy* = x,2", and use it to solve problem 3.2 in Schwartz.

[PROBLEM 9: Schwartz, problem 3.3. We drop this. There is something fishy here]



