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PROBLEM 1:

Since vector functions are differentiated component-wise, we find:

V(t) = I'(t) = *I’(t) = [UOIaUOya Voz + gt] =Vo — gtk,

From Newton’s second law it then follows that:
F=ma=-mgk.

Thus the force has magnitude mg and is directed in the negative z-direction.

PROBLEM 2:
We find:

r(t) = [~wRsinwt,wR coswt, w| ,

v(t) = [~w?Rcoswt, —w?Rsinwt, 0],

v(t
a(t

vV-a

)
)

—w? R?(sin wt cos wt — coswtsinwt +0) = 0.

The last line shows that F-v=ma-v=0,s0 F L v.

PROBLEM 3:
This problem can be solved either by brute force or by choosing a smart coordinate system.

I) By brute force, calculating backwards and skipping the ugliest part of the algebra, we find:

r2s?sin? 0 = r25%(1 — cos? 0) = 125> — (r-8)> = (r? 4+ 72 + 12) (s + 52 + 52) — (1151 + 1252 + r353)°

=...= (7”'253 — 7”382)2 —+ (7’351 — 7‘183)2 —+ (7‘182 — 7’281)2 = (I‘ X 5)2 .

Taking the (positive) square root of both sides of this equation gives the wanted result.

II) By choosing a smart coordinate system: The formula is trivial if r or s is the null vector, or if the
two vectors are colinear (sin = 0). If not, we know from elementary geometry that the two vectors
span a plane. We chose this plane to be the zy-plane, so r3 = s3 = 0. In this plane we can chose the
z-axis to be along r, sor = 7T = req, i.e. 1y = r, 1o = 0. Since then rscosf = ris; + re80 = rsy, we
have s; = scosf, and sy = +4/s2 — s7 = +sv/1 — cos? § = +s|sinf|. Thus:

rXs= [7’283 — T382,7381 —Tr183,71582 — T251] = [0,0,7’182} = TS[0,0,:H SIHO|] y

and the result trivially follows.



PROBLEM 4:

a) Newton’s 2. law on component form yields:
m[’i‘,g,é]:[o,o,—mg] — j:Oa y:(), é:*ga
with immediate solutions, taking the boundary conditions into account:

1 2
x=uxg, Y=o, z=zo—§gt7

which is the same as in problem 1 for vy = 0.

b) Since the basis vectors i,j,k are time independent, we can integrate a vector by integrating it
component-wise and using that if g is constant, so are its components. Since F = mg, we find
(with the initial time ¢y = 0):

¢ ¢ ¢
1
v(t):v0+/ \'f(t)dt:VOJr/ —F(t)dt:vo+/ gdt = vo + gt
0 o m 0

t t t
1
r(t):ro+/ v(t)dt:ro+/ I"(t)dt:ro—l—/(v0+gt)dt:r0+v0t+§gt2.
0 0 0

PROBLEM 5:

a) The trajectory is the one given in problem 4b, with 2o = yo = 20 = 0 and v, = vy cosb, vy, =
0,v0, = vosinf. Hence x = vgcosf t, y = 0 and z = vgsind t — 5gt2. To find the equation of the
trajectory, we eliminate the time from these equations by inserting ¢ = x/(vg cos @) in the expression
for z:

gz®

1
=gsinf t— —gt’ = xtanf — —2— .
z = vpsin 59 x tan 0 co?8

This is the equation for a parabola, with axis parallel to the z-axis.

b) At the maximal height the derivative of z(z) is dz/dz = 0. This maximum, x = x,,, is thus found

from: ) )
d
0:—2 :votan972‘qz7m2 = xmzv—ocosﬂsinﬁzv—osin%.
dz le=a,, vg cos? 0§ g 29
The maximal height is:
2 2 2
z2m(0) = z(xm) = %0 gin2g — W sin2g = W0 gin2g.
g 29 g

¢) The projectile is at the ground level if z(x) = 0. This is a quadratic equation, with solutions z = 0,
the starting point, and x = z,., where the range z,. is the solution of:

2 2
g, 20§

0=tanf — -5——— 0 T, = cos@sin@zv—osin%:%:m.
2v§ cos? 0 g g

Thus, the angle # that maximizes the range is the same as the one maximizes sin 26, which is for
20 =7/2, or 0 =m/4.



PROBLEM 6:

a) Without loss of generality, we can take the initial direction of motion in the z-direction. Since the
drag force Fg, is always directed along v, it cannot change the direction of motion, so the whole
motion takes place in this direction. The z-component of Newton’s 2. law then yields:

v 6mmR 1

mv = Fg = —6mnRv, = - = -=,
v m T

Here we have introduced the time constant, T, as:

m _ (47/3)pR®  2pR?

T 6mnR  6mnR 9In

where p = 1000kg/m?® is the density of the water in the drop. The differential equation for v(t) is

standard, and we find, if v(0) = vp:
Y dov tdr < ) _
— = — = Inf—)=—- = v = vp€
Vo v 0 T

The numerical value of 7 is

o 2mpR? {0.15ms R =1pm,
9n 150s R =1mm.

b) Since there is no initial velocity, all forces will act in the z-direction, and we may choose a coordinate
system with the z-axis positive downward. In this system the z-component of Newton’s 2. law reads,
with v = %z and 7 defined as above and the boundary condition v(0) = 0:

mv = mg — 6mnRv, = v=g—v/T,

v d 1 t v t
/ grvv:;/dt’ = hl(g’]’—'l))():—; = v:gT(l—e*t/T).
0 - 0

We see that
v(t) — gT = v, as t— 00,

where v, is the terminal velocity.

PROBLEM T:
The arguments for this problem follow those of problem 5 closely, so we only the main points are presented.
a) Introducing a constant K = $CpA/m, the equation of motion yields:
v d'l)
mo = Fr = —mKuv? == / =—-Kt,
U

2
o U

1 v
- :Kt —t ’():7/00
U lvg 1+Kt’l)0

[We see that v — 0 as t — oo also in this case, but much more slowly].

b) The terminal velocity, vy, is reached when the gravitational force and the air resistance are oppositely

equal, i.e. when
[CpAg g
mg = 5CpAv} = vw=A T T K

¢) As in problem 5, we assume for simplicity vy = 0:

mo = mg — mKv? :’ITLK(’L}?*’LP) ,

v d 1 v 1 1
/2U2:/( - )dv:Kt7
0o Vi —v v Jo \Vt—v v t+v

ln<vt+v>—vth—\/th = m:eVth,

Vg — U Vg — U

B evtEt _ 1 B 1 — e veKt B b v KT
’U(t)—vt W = Ut W = v¢ tan B) — Ut ast — 00.




