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Examination MAF 500 Classical Mechanics and Field Theory, 2016 fall.

Suggested solutions.

Problem 1

a) The mass of a sphere of constant density d is M = 4%da‘g. Using standard cylindrical coordinates
p, ¢, z centered at the center of the ball, so r = [pcos ¢, psin @, z|, and taking the axis of rotation to
be the z-axis, the interior of the sphere is the region p? 4+ 22 < a?. Thus:
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[This can also be done in standard spherical coordinates, using 2% + y* = 2 sin? # and substituting
& = cosf so d§ = —sin 6do:
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b) The rolling condition is that the point of contact between ball and bowl is at rest with respect to
both at all times. It must thus move at the same rate relative to both, so:

ds =ad¢ =bdd = aw=">b0%0.

¢) Since the radii of both ball and bowl
have a common tangent at the point
of contact, this and the centers of ball

g @ b-a
and bowl lie on a straight line. The
distance between the centers is then
b — a, and from the figure right we 0

immediately read off:

z=b—(b—a)cos®.

d) Since the center of mass of a sphere is at its center, Chasle’s (Euler’s) theorem says that the instan-
taneous motion of any point of the ball is the sum of the motion of the center of mass, with velocity
(b —a)Q2, and the rotation of the ball about the center, with angular velocity w. The Lagrangian can
then be written, using the previous three parts of the problem:

1 1
L=T-V= 5M(b—a)QQ2 — Mgz + 51w’

1 2,07 .
=M (b2 — 2ab+ a® + 5a22) 2+ Mg(b—a)cos® — Mgb
a
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§M gb —2ab+a* | ° + Mg(b—a)cos® — Mgb.
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Since L only contains a quadratic term in ®, the Hamiltonian follows immediately as:

H=T+V = %M (;b2 —2ab+a2) % — Mg(b—a)cos® + Mgb.
Alternatively, H can be calculated from the canonical momentum,

po = OL/0® = M (;bQ — 2ab + a2) P,
and H = pq><i> — L.

e) From the Euler-Lagrange equations one finds the equation of motion as:

d oL 7 . OL
— L =pe=M|=b*—2ab+a*|P=—=—-Mgb—a)sin®.
TS Do (5 ab+a ) 5% g(b—a)sin
For small oscillations sin ® ~ ®, so the equation simplifies to:
g(b—a)

P+20=0; Q= [T
s ‘ Ip2 — 2ab + a?
Here Q) is the frequency of oscillation. [We see that Qs — 0 when a — b, as it must.] The general

solution of the equation is:
®(t) = Acos(Qst) + Bsin(Qst)

where A and B are constants of integration. From the boundary conditions, ®(0) = &9 = A and
®(0) = Qo = BQ,, so B = Qy/Q,. [The solution can also be written ®(t) = C cos(Q2t — d), with

2
C=vVA2+B? = <I>g+(QO) , 5arctaniarctan< o >]
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Problem 2
a) The Lorentz force, F = ¢(E + 1 x B), has the following Cartesian components for the given fields:
Fo=qyBo;  Fy=q(Ey—iBo);  F.=0.
The work done by the magnetic field during a small displacement dr = rdt is
dW =F -dr=qr xB-1rdt =0,
by the properties of the vector triple product.
b) With the fields as given we find & = —Epy, A = %[fBoy, Byx,0]. This is consistent, since:

oA o COA. 04, 0A, 0A. 0A, 0A,
7V®7E7[O’EO’O]7E’ VXA*[(‘)y 0z 0z Ox Oz dy

] = (0,0, Bo] = B.

¢) From the formula for the Lagrangian given, we find for V(r) = 0:

1 . 1T
L=-m(i®+9*+ %) + quEo + Fa(=Fy +§z)Bo.

2
The equations of motion are then:
d oL 1 oL 1
daob o Lo 0L 1 .p N ¢ — qiBo = F, .
at 0a mx 2qy 0 O 2qy 0 mx = qybo
d OL 1 oL 1
Y i+ =qiBy = — = qEn — —quB — i = qEy — qiBy = F,
dt 9y my+2q1’ 0 oy ak0 = 59y 50 my = qtio — qrbo Y
doL . OL

L does not depend on z, so z is cyclical and p, = 9L/0% = mZ is conserved. In addition, L does not
depend on time, so the energy, E = H is conserved. [Formula is not required.]
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d)

Differentiating the equation of motion for y and using the one for x, we find, writing v, = ¥:
2192
q° By

miy, = —qiBy = — Uy = Uy + wzvy =0.

where the cyclotron frequency is w = qBy/m. This is a harmonic equation with solution:
%
vy =y =V cos(wt — §) = y:/ydt:—sin(wt—5)+y6.
w
where V., and y{, are integration constants. We now can find z from:

. m. .. ] . . Vv /
t=——19=—==Vsin(wt -9 = r= [ &dt = —— cos(wt — §) + x, .
== = Vsin(ut ) / ~ cos(wt — 8) + 7}
where xf, is another integration constant. From the initial conditions we find:
#(0) =Vsind =0, y(0)=Vcosd =1 = 0=0, V=ug.

Then with 2(0) = xg = 2{ — vo/w or x = vo/w + o and y(0) = y{ = yo, all boundary conditions are
satisfied. The equation of motion in the z direction is Z = 0 with solution z = wyt satisfying z(0) = 0.
Thus the complete solution is:

Vo ; Vo .

r(t) = |—— coswt + xy, — sinwt + yo, wot] .
w w

. . . . . . . . 2 2
We see that the projection of the motion in xy-plane is circular, satisfying (x — ()" + (y —v0)” =
(vo/w)?. Thus the overall motion is a spiral winding around a line parallel to the magnetic field
through the point [z, ), 0] = [xo + vo/w, Yo, 0]. The total velocity, 1/v3 + w3, and hence the kinetic
energy, is conserved, consistent with the fact that the magnetic field does no work.
Using the strategy and notation of the previous part, the equation for v, is unchanged, so the solution
is still: v

vy =y =V cos(wt — §) = yz;sin(wt—é)—i—y('),

with w as before. The equation for & is modified to:

1 E E Vv E
Jb:—;gj—l—B—z:Vsin(wt—é)—i—B—z = w:—acos(wt—é)—l—B—Zt—i—xg.
The initial conditions become:
E
3'0(0):—Vsin(5—i—B—O=O7 9(0) =V cosd = vy =
0
E Eo\’ E
VsinézB—z, Vcosd = v = V= U§+<EZ) , 5:arctan<voéo) )

x(0) and y(0),and hence x{, and y, are unchanged from part e. The equation of motion for z is
unchanged, but now wy = 0, so z(t) = 0. We see that the motion in the zy-plane is almost the
same as before, except that the center of the circle moves in the = direction with constant speed,
vy = Fy/By. If Eg = 0, we recover the solution in the previous part.

In the relativistic case the expression for the Lorentz force is unchanged, but we must write the
equations of motion in terms of the relativistic momentum, p:

dp

— =F=¢qE+71xB).

% q( )
The components of the relativistic momentum are:

1

)
1— 2492422
pv)

Di = YMmi;, v =

where m is the rest mass. The proof that the magnetic field does no work remains valid. Thus, in
the absence of an electric field the kinetic energy, and hence ~, is conserved. This means that we can
solve for the motion exactly as in part above in the case Fy = 0. The only difference is that m — ym,
so the cyclotron frequency now depends on the velocity, w = ¢By/ym. But if Ey # 0, even in the
non-relativistic case we have
2
P24 =Vt Z%Vsin(wt —0)+ (%) ,

S0 7y is not even constant in the non-relativistic limit, and we must look for another method of solution.
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