UNIVERSITY OF STAVANGER

DEPARTMENT OF MATHEMATICS AND NATURAL SCIENCE

Examination MAF 500 Classical Mechanics and Field Theory, 2015 spring.

Suggested solutions.

Problem 1

a) In Cartesian coordinates we have:

1 1 1 1
L=T-V= §mi~2 - 5lgr? = 5m(:;;2 + %+ 22) — 5k(x2+yz+zz)

Since the potential is central, V(r) = V(r), with r = /22 + y? + 22, we find the force, using dr/0z; =
x;fr =T
F oV dVv [0r Or Or dVv _ 1dv
= ———= —_— — — = ——r=-————7T.
or dr |0z’ Oy’ 0z

We then find from the equation of motion for angular momentum that L is conserved (N is the
torque):

. 1dV

L=N=rxF=———rxr=0.

r dr

Since L = mr x 1 is conserved and perpendicular to r and &, which are both in the plane of motion,

this plane is fixed, and can be chosen as the xy-plane.

The initial conditions imply that the motion is constrained to the xzy-plane. We thus have z = 0 and
p., =mz =0 at all times. The remaining equations of motions are:

ga—Lza—L == miz—a—vz—kx

dt 0z Oz Oz ’

doL_oL oo

dt 0y~ Oy Ay

This is a pair of harmonic equations, with solutions (w = \/k/m):
z(t) = Acoswt + Bsinwt, y(t) = Ccoswt + Dsinwt .

The initial condition x(0) = z¢ yields A = xg, #(0) = Bw = 0 yields B = 0, y(0) = 0 yields C =0
and 9(0) = Dw = vy yields D = yo = vo/w. Hence the solution is:

22 Y2

x(t) = xg coswt, y(t) = yosinwt, — + =

(t) = w0 (t) = o L

which is the equation of an ellipse with axes along the coordinate axes. Thus we have closed periodic

orbits, with period 7 = 27/w.

=1,

With p, = 0L/0% = md ands similarly p, = mg we have the Hamiltonian as:

H=pa+py§+p2—L= %m(¢2+y2+z'2) +%k(m2+y2+22).
Since L is independent of time, H = E is the conserved energy.
We have, retaining the z dependence:
r = [rcos¢,rsing, 2],
with r = \/W We then find:
i = 7 [cos ¢, sin ¢, 0] + 7 [~ sin ¢, cos ¢, 0] + 2[0,0,1] = 7 e, + rpey + 2 k.
We easily check that {e,, e, k} form an orthonormal set of vectors, so:

i? =72 4 r2¢? + 52,



e) We have:
1 2 202 22 L2, 2
L——fm(r +ro¢ —&—z)—fk(r +z9).

2 2
Thus L does not depend on ¢, which is thus a cyclical variable, and the conjugate momentum:
oL 9
= — =mr = Lz = £7
P = 5 ¢
is conserved. The equations of motions are:
d oL 0L L 9 B ‘o
T o — mir = mro E—mnﬁ kr
ia—L = a—L = ml = 0
dt 9¢ 09 S
doL _oL WV,
dt 9z 0z TEE T, T

The value of 7 is:
{= mr2¢>|t:0 = MToVy) = MIToYoWw -

f) The magnetic vector potential A by definition satisfies B = V x A. To check that the given formula,
we use the formula at the end of the problem sheet, together with V-B = dB/dz =0, V-r =
O0x/0x+0y/0y+02/0z =3, (r-V)B = (£ 0B/0x+y 0B/0y+20B/0z)k = 0 and (B-V)r = BOr/0z
= Bk=B:

1 1 1
VxA=Vx §(B><r):i[B(V-r)—r(V-B)+(r~V)B—(B~V)r]:5[3B—0+0—B] =B.
Furthermore, using the properties of the triple product we find:
1 1 1
I"~a:§f‘~(B><r):EB-(rxi‘):%B-L

where L = r X I is the mechanical angular momentum. If the initial conditions are unchanged, z = 0
and z = 0, the motion will still be in the xy-plane, perpendicular to B, since the Lorentz force,
F = ¢r x B, has no component out of that plane. Then B and L are parallel, and we can drop all
z-dependence. With ¢ = |L|k we have:

1 Bl 1

i-a=-—B.-L=-— =_-Br?j.
2m 2m 2

Hence the Lagrangian is:

1 ; 1 1 .
L= 5™ (7’"2 + 7‘2¢2) — §k‘7‘2 + §qBr2¢>.

g) ¢ remains a cyclical variable, so the canonical angular momentum, pg, is still conserved. It is given

by:
oL .1 1
Dp = —aq.s =mrl¢ + §qBr2 ={+ iqBTQ.

h) Using ¢ = ¢ + wot as a new generalized coordinate, we have w = q'Sf wp, SO:
1 . . 1 1 .
L= 5m {7"2 + 72 (% — 2worh + wo?)| — gkrz + qur2(w — wo)

= %m (1’"2 + 7"2@[}2) + %(qB — 2mwo)re — %(k + qBwo — mwy*)r? .
We see that if we set:
_ qB q2B2
T 2m am
the Lagrangian expressed in terms of ¥ has the same form as it had in the absence of a magnetic field
if expressed in terms of ¢, but with a changed value for the constant of elasticity, k — k’:

1 o ai0) 1,0
L—2m(r —|—7“1/)> 2I<:r.
The boundary conditions for ¢ are 1(0) = ¢(0) = 0 and 1)(0) = vy/zo + wo. The motion in 1 will

still be ellipses, with a slightly shortened period 7/ = 27 /w’ = 2714/ 77, since k' > k. But now these

K =k + qBwy —mwi =k +

wo

ellipses themselves rotate (or precess) with angular frequency wy, called the Larmor frequency.
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Problem 2

a)

Choosing coordinates such that the cylinder axis is the z-axis, and letting ¢ be the length of the
cylinder and p the density, so that m = mfla?p, we find with r = /22 + y2:

14 a
1 1
I:Izz:///p(x2+y2)dm:p/ dz/ r227rrdr:27r41a4:§ma2.
0 0

The rolling condition is that the line of contact between the cylinder and the surface is at rest at all
times. Since a point on the cylinder surface moves with a velocity v = aw relative to the axis, this is
the rolling condition, with v as the velocity of the axis, and in particular of the center of mass. By
Chasles’s (or Euler’s) theorem, the kinetic energy is:

1 1 1 1 3 3

T = Zm? + =Ju? = = 2,2 & “ma2o?| = Smalw? = Smu?.

5™V +2w o +2maw e i
If the length of the incline is xq, the height of the line of contact above the horizontal base of the
wedge is z,, = (£¢g — =) sin « (see figure). The vertical distance from the line of contact to the cylinder

axis is z, = a cos «, so the potential energy is:
V =mgz = mg(zy + 2.) = mg[(x0 — z)sina + acosa] = —mgxsina + Vjp,

where Vj is an irrelevant constant. Hence the Lagrangian is (aw = v = &):

3
L:T—Vzimi2+mgxsina—V0.

The Euler-Lagrange equation yields:

ia—Lza—L == §mizmgsinoz S izggsina.

dt 0& Oz 2 3

The kinetic energy of the wedge is Ty, = %M $, while its potential energy is constant, and can be
neglected. The height of the center of mass of the cylinder above the contact point with the wedge
is also unchanged, so the potential energy of the cylinder is mgz sin a plus some constant. But the
velocity of the contact point, x = [z,0,0] in the coordinate system with z-axis along the wedge, is
v = $ + X in the inertial system of the plane surface. Hence:

v =v?=(§4+%)° =5 +i + 2icosa.
Using I from part a above and the rolling condition & = wa, the Lagrangian can be written:

1 1 1
L'= M3 + omo® + JIw? + mgasina — Vo

1 3
= §(M—|—m)52 + msz cosa + me'Z +mgzsina — V.

This yields the equations of motion:

d oL’ oL’ dps

dt 93 0s e dz ( + m)s +mZcosa =0
g aL, = aL/ = e . + . .

dt 9& Oz me mcosas =mgsino,

where p; = OL'/0$ = (M + m)$ + md cos « is the conserved canonical momentum conjugate to s.
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e) Inserting for § from the equation of motion for s in that for z yields:

. . 3 . mZcos?a. 3 mcos?a . .
—mZ+mcosaS§=-mi— ——3F=|=-— —— | m& =mgsina.
2 2 M+m 2 M+m
. gsina
Qe =T = 3 cos’a
2 M+m

Thus the acceleration of the cylinder down the wedge, a,, is constant. We see that for an infinitely
heavy wedge, M — oo, so the result from part ¢ above is recovered. Using the boundary conditions,
z(0) =0, #(0) = 0, we find z(t) = a,t>. The time to travel a distance D is thus given by D = Ja,t3,,

or:
2D 3D 2 mcos? a
Ip=4/—= - 1--———|.
Qy gsina 3 M+m

With the boundary condition $(0) = 0, we find p; = 0, so with s(0) = so we have:

M Ccos o ) N (tp) m Ccos &
x s — 80 =—
D 0 Mim

The wedge moves in the opposite direction of the cylinder, a consequence of -momentum conservation
for the combination of wedge and cylinder.



