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Abstract—This report contains detailed correctness proofs for our
Replacement protocol. For the convenience of the reader, we also
included the pseudo-code from the paper. For a textual desciption
of the algorithm, and its evaluation, see the original paper.

I. SAFETY AND LIVENESS OF THE REPLACEMENT
ALGORITHM

We first repeat some definitions. We assume an asynchronous
system with fair links [1], and a Paxos system with n = 2f+1
replicas. Let ri denote the ith replica. We say i ∈ {1, . . . , n}
is the index of ri. When replica ri is replaced, its replacement
retains the same index (i). To distinguish between the replaced
replica and its replacement, each replica also has an epoch e,
and we write rei . The initial set of replicas have epoch zero:
{r01, r02, . . . , r0n}. We omit the epoch when it does not matter.

We also need the following definition to define Liveness of
Replacement. We say that a replica is stateful, if it is one of
the initial replicas (has epoch zero), or if it has obtained a
correct Paxos State and started Paxos. We further define that a
replica rei is valid at time t, if it is stateful and no replacement
rεi , ε > e of rei has been initialized before t. We say a replica
is weakly valid at time t, if it has no stateful replacement.
Finally, we say that a replica is correct, if it never fails.

Epoch Paxos Safety In any execution of Epoch Paxos and
Replacement, no two replicas learn different values.

Replacement Liveness Assume a correct replica rei is ini-
tialized by a correct and weakly valid replica rj . If rj
remains weakly valid, and e remains the highest epoch
for index i, rei will become stateful.

Epoch Paxos Liveness If a single correct and valid replica
eventually becomes the leader, a value can be decided.

In Section I-A we prove Epoch Paxos Safety. In Section I-B
we prove the following theorem.

Theorem 1. If only finitely many replacements are invoked,
and there always are f + 1 correct and valid replicas,
Replacement Liveness and Epoch Paxos Liveness hold.

Remember, that we say a replica broadcasts a message, if it
sends this message to the replicas corresponding to entries in
its epoch vector EV. We also repeat the following definition,
which corresponds to Algorithm 4.

Definition 1 (Valid Quorum). A quorum of messages Q =
{〈—, (i, e),EVei 〉, . . .} is valid if for any pair of messages in
Q with senders rei and rεj , i 6= j and EVei [j] ≤ ε hold.

Algorithm 1 Replica State
myid← (i, epoch)
Φ← (rnd, vrnd, vval) {Paxos State}
EV← [0, 0, ..., 0] {Highest known epochs}
R ← {r01 , . . . , r0n)} {Not replaced replicas}
stateful ∈ {TRUE, FALSE} {TRUE for initial replicas}
EP,P,L {Sets to collect quorums}

Algorithm 2 Replacement - on stateful replica
1: On repl(rei ) with EV[i] = e if stateful
2: e′ ← newEpoch(e) {e′ > e and unique}
3: Initialize new replica with id(i, e′)
4: rsend 〈EPROMISE,Φ,R,myid,EV〉 to re

′
i

5: EV[i]← e′

6: R← R∪ re
′

i

7: On 〈HB-TIMEOUT〉 if stateful
8: send 〈HB,EV,myid〉 to R

9: On 〈HB,EVmsg , (j, ε)〉 if stateful
10: for all i with EVmsg [i] > EV[i] do
11: e← EVmsg [i]
12: rsend〈EPROMISE,Φ,R,myid,EV〉 to rei
13: EV[i]← e
14: R← R∪ rei
15: R← R∪ rεj
16: for rei ∈ R do {Remove old replica}
17: if i = j ∧ e < ε then
18: R← R \ rei

A. Safety of Replacement

In the following, we prove that using Replacement, as pre-
sented in Algorithms 2-4, together with Epoch Paxos (Algo-
rithm 5) no two different values can be decided. For this we
reproduce Lamport’s proof from [2] in Theorem 6, to show
that no different values can get decided in different rounds
and add Corollary 4, which says that at most one value can be
proposed and decided in a single round. However, proving the
safety of Paxos usually relies on the condition that any two
quorums intersect. This condition does not hold when replicas
can be replaced by new ones. We derive a substitute for this
condition in Corollary 5. This relies on Lemma 3, which shows
that no valid quorum, including an old replica, happen after
its replacement is activated.

In the following we use p and q to denote replicas and
p1, p2, . . . , pk to denote a sequence of replicas. In pl, l does
not specify an index. We still use rei for a replica with index
i and epoch e. Q and P denote valid quorums. We use the
following terminology:
• We call a replica p = rei a replacement of replica q = rεj ,

if p and q have the same index (i = j), and p has a higher
epoch than q (e > ε).

• The replacement p activated (in round r), if p determined
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Algorithm 3 Replacement - new replica
19: On 〈INIT, (i, e′)〉 {When replica starts}
20: myid← (i, e′), R← {re′i }
21: stateful← FALSE
22: EP ← ∅

23: On mε
j =〈EPROMISE,Φ,Rε

j , (j, ε),EVε
j〉 if stateful

24: R← R∪Rε
j

25: EP ← EP ∪ {mε
j}

26: if ∃Q ⊂ EP; validQuorum(Q) then
27: rnd← max{Φ.rnd|Φ ∈ Q}
28: vrnd, vval← maxvrnd{(Φ.vrnd,Φ.vval)|Φ ∈ Q}
29: for all i ≤ n do
30: EV[i]← max{e|rei ∈ R}
31: stateful← TRUE
32: Start Paxos
33: for all i ≤ n with ε← EV[i]
34: if mε

i /∈ EP , sent by (i, ε) then
35: rsend〈EPROMISE,Φ,R,myid,EV〉 to rεi

Procedure 4 Check Valid Quorum
Input:

Q = {me
i , . . . ,m

ε
j} {|Q| = f + 1}

me
i = 〈—, (i, e),EVe

i 〉

validQuorum(Q):
if ∀me

i ,m
ε
j ∈ Q : i 6= j ∧ EVe

i [j] ≤ ε then
return TRUE

else
return FALSE

an initial Paxos State (including rnd = r, see Line 27)
and started Paxos in Line 32 of Algorithm 3.

• A replica q = rεj is replaced, if a replica p = rei with
i = j and e > ε activates.

• Assume a valid quorum of messages Q (e.g. LEARNs).
We write p ∈ Q, for a replica p, if p is the sender of a
message in Q.

• We write Q ∩ P 6= ∅ if some replica sent a message in
both Q and P .

• We write Q 7→ P if some replica first sent a message in
Q and then in P .
Note that Q ∩ P 6= ∅ implies (Q 7→ P ) ∨ (P 7→ Q).

• For an activated replacement p, let Qp denote the valid
quorum of EPROMISEs processed by p upon activation
(Line 26 in Algorithm 3). We write Q 7→ p, if Q = Qp.

• For two replicas p and q, we write q 7→ p, if q ∈ Qp.
• We write q 99K p, if there exist k ≥ 0 and p0, . . . , pk,

such that q = p0 7→ . . . 7→ pk 7→ p.
Note that q 7→ p implies q 99K p.

• We write q 99K P , if there is a replica p ∈ P , such that
q 99K p.

• We write Q 99K p, if either Q 7→ p, or there exists a
replica q, such that Q 7→ q 99K p, or if there exist Q′ and
q, such that Q 7→ Q′ 7→ q 99K p.

• We write Q 99K P , if either Q 7→ P , or there exists
p ∈ P , such that Q 99K p.

• Finally, for a replica rei and a valid quorum Q, we write
rei > Q, if there exists q = rεi ∈ Q, with e > ε. We write
P > Q, if there exists p ∈ P , p > Q.

Remark 1. There exist quorums P and Q, such that both
P 7→ Q and Q 7→ P hold. Thus 7→ and 99K do not define an
ordering on quorums.

Algorithm 5 Epoch Paxos
1: On new Round
2: rnd← rnd

n
· n + i {i is index}

3: P ← ∅
4: broadcast 〈PREPARE, rnd,myid〉

5: On 〈PREPARE, r, (i, e)〉 with e ≥ EV[i] ∧ r > rnd
6: rnd← r
7: send 〈PROMISE,Φ,myid,EV〉 to rei

8: On 〈PROMISE,Φ, id,EV〉 with Φ.rnd = rnd
9: if vrnd < rnd then

10: P ← P ∪ 〈(Φ.vrnd,Φ.vval), id,EV〉
11: if ∃Q ⊂ P; validQuorum(Q) then
12: vval← maxvrnd{(Φ.vrnd,Φ.vval)|Φ ∈ Q}
13: if vval = ⊥ then
14: vval← mychoice
15: vrnd← rnd
16: broadcast 〈ACCEPT, rnd, vval,myid〉

17: On 〈ACCEPT, r, vv, (i, e)〉 with e ≥ EV[i] ∧ r ≥ rnd
18: rnd, vrnd, vval← r, r, vv
19: broadcast 〈LEARN, rnd, vval,myid,EV〉

20: On 〈LEARN, r, v, id,EV〉 with r = rnd
21: L[r]← L[r] ∪ 〈r, v, id,EV〉
22: if ∃Q ⊂ L[r]; validQuorum(Q) then
23: decide(v)

Lemma 2. Assume Q 7→ p or Q 99K p holds for a valid
quorum Q and a replica p.
If Q is a quorum of PROMISEs in round r, then p starts Paxos
with rnd ≥ r.
If Q is a quorum of LEARNs in round r, then p starts Paxos
with rnd ≥ r and vrnd ≥ r.
If Q is a valid quorum of EPROMISEs, activating rei (Q =
Qrei ), then EVp[i] ≥ e.

Proof: If Q 7→ p, Q = Qp and we only have to
consider the third claim. It follows since rei is part of its
own R set (Algorithm 3, Line 20). The other case (Q 99K p)
follows, since upon activation, a replacement sets rnd, vrnd
and all EV[i] to the maximum value reported in the EPROMISE
messages. (See Algorithm 3, Lines 27 and 28).

Lemma 3. Let p be an activated replacement of q. If q is a
sender in the valid quorum of messages Q, then Q 99K p. With
our notation: Q < p⇒ Q 99K p.

Proof: We first introduce some more terminology and
notation needed for this proof: We define the age of a replica
q, denoted age(q), to be the maximum length of a chain p1 7→
p2 7→ · · · page(q) 7→ q. age(q) = 0 implies that the epoch of q
is 0 and age(q) = 1 implies that all replicas in Qq have epoch
0. We define the age of a valid quorum Q, age(Q), to be the
maximum age of the senders in Q. For a valid quorum Q, we
define the bundle of Q, BQ to be the set of all quorums Qp,
such that p 99K Q holds. (BQ = {Qp|p 99K Q}) Note that for
Q′ ∈ BQ,BQ′ ⊂ BQ.

The following arguments will be used several times in the
proof:
Claim 1: If p > Q then Qp 99K Q implies a contradiction:
p > Q⇒ ¬(Qp 99K Q)
Let p = rei . If Qp 99K Q, there exists q′ ∈ Q, such that either
Qp 99K q′ or q′ ∈ Qp. Lemma 2 implies EVq′ [i] ≥ e before
sending in Q. Q < p implies that some replica q ∈ Q with
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q = rεi and ε < e exists. q and q′ cannot be part of a valid
quorum together. This proofs the claim.
Claim 2: For any two valid Quorums R and S, if for all
quorums Qr in the bundle of R, Qr 99K S holds, then S < R
does not hold. (∀Qr ∈ BR : Qr 99K S)⇒ ¬(S < R).
Assume S < R. Then ∃r ∈ R, such that S < r. By Claim 1
follows ¬(Qr 99K S). This shows Claim 2. Note that ¬(S <
R)⇒ (S ∩R 6= ∅) ∨ (R < S).

We can now proof the lemma by induction over the age of
p. We let B be the bundle of Q.
age(p) = 1: Clearly, age(Qp) = 0.

1) For any quorum Q′ ∈ B, if Q′ ∩ Qp 6= ∅, then
Q′ 7→ p, by Claim 1.

2) For any valid quorum P , since age(Qp) = 0, either
(Qp < P ) or P ∩Qp 6= ∅ holds.

3) Let P ∈ B with age(P ) = 0. Then P ∩ Qp 6= ∅
holds. Since Qp 7→ P ∈ B is impossible by Claim
1, P 7→ Qp holds.

4) Let P ∈ B with age(P ) = 1. Then ∀P ′ ∈ BP ,
P ′ 7→ Qp by Step 3. Claim 2 implies ¬(Qp < P ).
With Step 2, P ∩ Qp 6= ∅ follows. Step 1 implies
that P 7→ Qp.

5) We can apply the same argument as in Step 4
successively to older quorums in B. We thus get
∀Q′ ∈ B, Q′ 7→ Qp.

6) Claim 2 now shows, that ¬(Qp < Q). With Step 2,
again Q ∩ Qp 6= ∅ follows. Since Qp 7→ Q is
impossible by Claim 1, either Q 7→ Qp or Q = Qp
or Q = Qp follows. This finishes the induction start.

age(p) = m+ 1: We assume the lemma is proven for all q
with age(q) ≤ m.

1) Since age(p) = m+ 1, age(Qp) = m.
2) For any quorums Q and P , if age(Q) = 0 then

Q < P or Q ∩ P 6= ∅.
3) For a quorum Q0, if Q0 99K Q and Q0 ∩ Qp 6= ∅

hold, Claim 1 implies Q0 7→ Qp.
4) Let Q0 be a quorum with Q0 < Qp. Then there

exists p′ ∈ Qp, such that Q0 < p′. Since age(p′) ≤
m, the induction hypothesis implies Q0 99K p′ 7→ p.

Steps 2 to 4 together imply for all Q0 ∈ B with
age(Q0) = 0, that Q0 99K p. We can again apply Claim
2 successively to Quorums in B and get ¬(Q > Qp). If
Q ∩ Qp¬∅, Q 99K p follows as in the induction start.
If Q < Qp, there exists p′ ∈ Qp, with Q < p′ and
age(p′) ≤ m. The induction hypothesis implies Q 99K p′.
Since p′ 7→ p, this proves the lemma.

In Epoch Paxos, no two replicas with different indices can
be leader in the same round. (See Algorithm 5, Line 2). The
following corollary shows that no two replicas are leader in
the same round. This shows that no two different requests can
be decided in the same round.

Corollary 4. No two replicas can send an ACCEPT message
in the same round.

Proof: Assume replicas rei and rεj are both leaders for
round r. Since rounds are preassigned to indices, it follows

that i = j (Algorithm 5, Line 2). Since epochs are unique, we
can assume ε > e. Since rei sends an ACCEPT message, it did
get a valid quorum Q of PROMISEs in round r (Algorithm 5,
Line 11). Lemma 3 implies Q 99K rεj . Therefore rεj activated
in round r. However, a replica can only send an ACCEPT after
receiving a valid quorum of PROMISEs (Lines 11-16), and only
receive a PROMISEs after starting a new round (Lines 1-5).
Therefore rεj cannot send an ACCEPT in round r.

Corollary 5. If Q and P are valid quorums of LEARN or
PROMISE messages, and Q was sent in an earlier round than
P , then either Q ∩ P 6= ∅, or Q 99K p.

Proof: Assume P ∩Q = ∅. There exist q ∈ Q and p ∈ P
with the same index. It follows from Lemma 3 that Q 99K p
or P 99K q. Since the round of Q is smaller than the one of
P , P 99K q is impossible, due to Lemma 2.
According to Corollary 4, only one request can be chosen
in a round. The next theorem shows that requests chosen in
different rounds are equal. This proves safety of Epoch Paxos.

Theorem 6. If some value is sent in an ACCEPT in round r,
no other value was chosen in a round before r.

Proof: This proof is by induction over r. For r = 0 there
is nothing to show. Assume r > 0 and let v be the value sent in
the ACCEPT message. The sender of the ACCEPT did receive
a valid quorum Q of PROMISEs (Algorithm 5, Line 11). Let
j be the highest vrnd reported in Q. Clearly either j = 0 or v
was also sent in round j (Line 12). The induction hypothesis
implies that no other value than v was decided in a round
smaller than j.

Assume some value was chosen in a round i, j < i < r.
Let P be the valid quorum of LEARN messages from round i
(Line 22). Corollary 5 implies that P 99K q for some q ∈ Q.
According to Lemma 2, vrndq ≥ i. But j was the largest vrnd
reported in Q.

B. Liveness of Replacement
We now prove Theorem 1. Recall that a replica is replaced

at time t, if a replica with the same index and higher epoch
became stateful before t. We say that a replica is weakly valid
at time t, if it is stateful and not replaced. We say that a
weakly valid replica is valid at time t, if no other replica,
with a higher epoch and the same index was initialized before
t. Note that messages from f + 1 valid replicas always make
a valid quorum. (See Definition 1).

Lemma 7. If replicas q and p both remain correct and weakly
valid replicas, then eventually q will send HB messages to p,
(p ∈ Rq).

Proof: p and q are both stateful. Thus there exist p′ ∈ Qp
and q′ ∈ Qq with the same index. If p′ = q′ either Qp 7→
Qq 7→ q or Qq 7→ Qp 7→ p holds. If p′ 6= q′, Lemma 3
implies that either Qp 99K q or Qq 99K p.

Assume first Qp 99K q: According to Lemma 2, if p = rei ,
then EVq[i] ≥ e. Replicas are only removed from R when
a replacement sends a HB (Algorithm 2, Lines 16-18). Since
p is not yet replaced, it was not removed from R, therefore
p ∈ Rq . Thus q sends HB messages to p.
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Now assume Qq 99K p. As before, p will send HBs to q.
Thus q will add p to Rq and also send HBs to p (Line 14).

Corollary 8. If e remains the highest epoch for index i, and
rei was initialized by a correct and weakly valid replica, then
either another replacement will become stateful, or rei will
receive EPROMISEs from all correct and weakly valid replicas.

Proof: Let q be the correct and weakly valid replica
that initialized rei . Clearly q did send an EPROMISE to rei
(Algorithm 2, Line 4). Let p be another correct and weakly
valid replica, and assume neither q nor p are replaced. Then
q will send an HB to p, according to Lemma 7, and since e
is the highest epoch for index i, p will send an EPROMISE to
rei (Lines 9-12).

Theorem 9 (Replacement Liveness). Assume there always are
f + 1 correct and valid replicas. And only finitely many re-
placements are initialized. If a correct replica rei is initialized
by a correct and weakly valid replica rj , then rj remains
weakly valid, and e remains the highest epoch for index i, rei
will become stateful.

Proof: It follows form Corollary 8, that rei will re-
ceive EPROMISEs from the all weakly valid replicas. The
EPROMISEs from the f +1 valid replicas are a valid quorum.
Thus rei will become stateful.

Theorem 10 (Paxos State Machine Liveness). If f+1 replicas
are correct and valid, only finitely many replacements are
initialized, and a single correct and valid replica eventually
becomes the leader, then a value proposed to the leader will
be decided

Proof: Since only finitely many replacements are made,
eventually f+1 replicas will remain valid and correct forever.
Let p = rei and q = rεj be such replicas. According to
Lemma 7, p ∈ Rq and q ∈ Rp. Since they are valid it
follows that EVp[j] = ε and EVq[i] = e. Thus according to
our definition of broadcast in the beginning of Section I, p and
q will exchange Paxos messages. Liveness of Paxos follows
from the system’s synchrony and the fact that the valid replicas
build a valid quorum.

II. LIVE REPLACEMENT

Liveness of the Replacement algorithm, as proven in Theo-
rem 9 requires that at any point, f +1 replicas are correct and
valid. We therefore introduce the following extension to our
Replacement algorithm.

In the following subsection, we prove that Epoch Paxos
Safety also holds for this extended algorithm. We then proof
the following theorem, in Subsection II-B, which strengthens
the conditions from Theorem 1. We define the following: Let
rei be weakly valid at time t. We say that index i is correct
at time t, if all replicas re

′

i , with e′ ≥ e, that were initialized
before t, are correct. For the extended version of Replacement,
we get the following

Theorem 11. If only finitely many replacements are initial-
ized and, at any time, a majority of the indices is correct,
Replacement Liveness and Paxos Liveness hold.

Algorithm 6 Continuing Algorithm 3
36: else if ∃mε

j ,m
e
i ∈ EP; EVε

j [i] > e then
37: e′ ← EVε

j [i]

38: send 〈ASK, (j, ε)〉 to re
′

i

39: On 〈ASK, (j, ε)〉 from rei if ¬stateful
40: R← R∪ {rei }
41: send 〈ACK,myid, (j, ε)〉 to rei

42: On 〈ACK, (i, e′), (j, ε)〉 if ¬stateful
43: if ∃mε

j ∈ EP then
44: e← max{e|rei ∈ Rε

j ∧ e < e′}
45: EVε

j [i]← e

A. Safety for Live Replacement

We now repeat the proof from Appendix I-A for the
extended version of Replacement from Section II. For better
understanding we recommend to first read the simpler version
in Appendix I-A.

We extend the definition of valid quorums to the following:

Definition 2. A valid ACK-quorum Q is a quorum Q, together
with a set of ACK messages, ack(Q), such that either Q is
a valid quorum and ack(Q) is empty, or Q is a quorum of
EPROMISEs, sent to a replica p and ack(Q) is the set of ACK
messages that p applied to Q, using Algorithm 6, Lines 42-45,
to allow processing Q as a valid quorum. In the last case, we
still write Q = Qp.

In the following, a quorum will always be a valid ACK-
quorum. Let Q and P be such quorums and let q and p be
stateful replicas. Analogous to Appendix I-A, we define the
following notation:

• We write Q ack p, if either Q = Qp or p is a sender in
ack(Q) (p ∈ ack(Q)).

• We write q ack p, if q ∈ Qp and q ack P , if for some p,
q ∈ Qp and p ∈ P .

• We write Q ack P , if some replica first send a message
in either Q or ack(Q) and then in P .

• We write q ack p, if there exist replicas pi, such that
q = p0 ack · · · ack p.

• We write q ack P , if there exists p, such that q ack p and
p ∈ P .

• We write Q ack p, if either Q ack p or ∃q, Q ack q ack p,
or if there exists q, such that Q ack Qq and q ack p.

• We write Q ack P , if either Q ack P , or there exists q,
such that Q ack q 99K P , or there exists

• As before, for a replica rei and a quorum Q, we write
rei > Q, if there exists q = rεi ∈ Q, with e > ε. We write
P > Q, if there exists p ∈ P , p > Q.

The following follows directly from the respective defini-
tions.

Lemma 12. For a valid quorum Q with ack(Q) = ∅, Q ack P ,
Q ack p, Q ack P and Q ack p are equivalent to their respective
versions with 7→, or 99K. Especially, this holds for all valid
ACK-quorums of PROMISE or LEARN messages.

Lemma 13. Assume Q ack p or Q, ack p holds for a valid
ACK-quorum Q and a replacement p.
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If Q is a quorum of PROMISEs in round r, then p starts Paxos
with rnd ≥ r.
If Q is a quorum of LEARNs in round r, then p starts Paxos
with rnd ≥ r and vrnd ≥ r.
If Q is a valid ACK-quorum of EPROMISEs, activating q = rei
(Q = Qq), then EVp[i] ≥ e.

Proof: If Q is a valid quorum (ack(Q) = ∅), the lemma
follows directly from Lemma 12 and Lemma 2. If ack(Q) 6= ∅,
Q is a quorum of EPROMISEs and we only have to consider
the third case. If Q 7→ p holds, then q = p and the lemma
follows as Lemma 2. If not Q 7→ p, then p ∈ ack(Q). In
this case, p did send an ACK message to q. It therefore stored
q in R (see Algorithm 6, Lines 40-41), and upon activation,
chose the epoch from q, or a higher one for its epoch vector
(Algorithm 3, Line 29). If Q ack p, the Lemma also follows
from the above facts.

Lemma 14. Let p be an activated replacement of q. If q is a
sender in the valid ACK-quorum Q, then Q ack p.

Proof: For a valid ACK-quorum Q we define the bundle
of Q, BQ, and age(Q) as in the proof of Lemma 3. (BQ =
{Qp|p 99K Q} and age(Q) = max{age(q)|q ∈ Q}). We first
repeat the Claims:
Claim 1: Assume p > Q as in the Lemma and Qp ack Q hold.
Then also Q ack p holds.
Let q = rei ∈ Q, and p = rεi be replicas with the same index.
Since Qp ack Q, there exists q′ ∈ Q, such that EVq′ [i] ≥ ε >
e. Since q′ and q are both senders in Q, the epoch vector from
q′ was reduced through one or several ACK messages, until is
was no longer larger than e. Since e < ε ≤ EVq′ [i], and since
on receiving an ACK, the entry in EV is only reduced to the
next smaller entry of a replica in Rq (Algorithm 6, Line 44),
an ACK from p must be present in ack(Q). Now Q ack p
holds according to its definition.
Claim 2: For any valid ACK-Quorums R and Qp. If for all
quorums R′ ∈ BR, R′ ack Qp holds, then one of the following
three holds: R∩Qp 6= ∅, R < Qp, Qp ack R. Let r′ = rei ∈ R,
and rεi ∈ Qp be replicas with the same index. If e ≤ ε, either
R ∩Qp 6= ∅ or R < Qp hold. If e > ε, r′ > Qp holds. Since
also Qr′ ack Qp, Claim 1 implies Qp ack r′. This proves the
Claim.
Claim 3: Let p and Q be as in the lemma. If there exists a
Q′ ∈ BQ, such that Qp ack Q′ then Q ack p.
Q′ ∈ BQ and Qp ack Q′ implies Qp ack Q. With Q ack p
follows from Claim 1.
Assumption Because of Claim 3, we can assume from here
on that for all valid ACK-quorum Q′ from BQ, Qp ack Q′

does not hold.
We again prove the Lemma by induction over the age of p.

As in the proof of Lemma 3, we write B for the bundle of Q.
age(p) = 1: Clearly, age(Qp) = 0.

1) Let Q0 ∈ B have age(Q0) = 0. Clearly two
quorums of age 0 intersect. Our assumption implies
Q0

ack Qp.
2) Let Q1 ∈ B have age(Q1) = 1. All quorums in BQ1

have age 0. Therefore ∀Q′ ∈ BQ1
: Q′ ack Qp. We

can apply Claim 2 and get either Q1 ∩ Qp 6= ∅ or
Q1 < Qp. The first one implies Q1

ack Qp by our
assumption, while the second is impossible because
age(Qp) = 0.

3) We can successively apply the above argument to
the quorums in B and eventually we get Q∩Qp 6= ∅.
Thus either Q ack Qp, or Qp ack Q holds. The
first case implies Q ack p by definition, the second
implies Q ack p by Claim 1.

age(p) = m+ 1: We assume the Lemma is proven for all p
with age(p) ≤ m.

1) Since age(p) = m+ 1, age(Qp) = m.
2) If Q < Qp for some valid ACK-quorum Q, the

induction hypothesis implies Q ack Qp.
3) For quorums Q0 in B with age(Q0) = 0, either

Q0 ∩ Qp 6= ∅ or Q0 < Qp. The first one implies
Q0

ack Qp by the assumption above, the second
implies Q0

ack Qp by Step 2.
4) For quorums Q1 in B with age(Q1) = 1, we can

again apply Claim 2 and get Q0 ∩Qp 6= ∅ or Q0 <

Qp. Both imply Q0
ack Qp.

5) We can repeat using Claim 2, to get Q ack Qp for
successively older quorums in B. We eventually get
Q ack p.

Theorem 15. Corollary 4, Corollary 5, and Theorem 6 also
hold for extended Replacement and no two replicas can decide
on different values.

Proof: We can repeat the proofs for Corollary 4, Corol-
lary 5, and Theorem 6 from Appendix I-A. We only have to
replace 7→ with ack and 99K with ack and use Lemmas 13
and 14 instead of Lemma 2 and 3.

B. Liveness for Live Replacement

In this section, we prove the Liveness properties of our
extended Replacement protocol, as presented in Section II.
The following two Corollaries can be proved exactly as the
corresponding Corollaries in Section II. We therefore omit the
proof here.

Lemma 16. If replicas q and p both remain correct and
weakly valid replicas, then eventually q will send HB messages
to p, (p ∈ Rq).

Corollary 17. If e remains the highest epoch for index i,
and rei was initialized by a correct and weakly valid replica,
then either another replacement will become stateful, or rei
will receive EPROMISEs from all correct and weakly valid
replicas.

Recall, that we say an index i is correct at time t, if the
weakly valid replica with this index rei and all replacements
rεi with higher epoch (ε > e), that were initialized before
t, are correct. The first part of Theorem 11 follows from



6

Theorem 18, since a correct replica, sends an EPROMISE
directly after initializing a new replica (Algorithm 2, Line 4).

Theorem 18 (extended Replacement Liveness). Assume at any
time, f +1 indices are correct and only finitely many replace-
ments are initialized. If a correct new replica rei received an
EPROMISE from a correct and weakly valid replica rj , rj
remains weakly valid, and e remains the highest epoch for
index i, rei will become stateful.

Proof: We write s for rei when index and epoch don’t
matter. Since only finitely many replacements are made, there
exists a time t, after which no other replacements than s
will become stateful. Assume s is not stateful at time t.
According to Corollary 17, rj will receive an EPROMISE from
all weakly valid replicas from the f + 1 correct indices. If
these EPROMISEs do not make a valid quorum, some of the
weakly valid replicas are not valid. Assume two weakly valid
replicas q = rεj and p = rει with correct indices j and ι, send
EPROMISEs to s and ζ = EVεj [ι] > ε.
s will send an ASK to rζι . Since ι is a correct index, and rει

weakly valid, rζι will reply with an ACK. Since rζι is not yet
stateful, there exists another replica with index ι in Rεj . Thus
EVεj [ι] can be reduced, executing Line 45 of Algorithm 6.
Since rει is weakly valid, we can repeatedly send ASK and
receive an ACK, until EVεj [ι] ≤ ε. Doing this for all pairs
of EPROMISEs, s will eventually be able to process a valid
quorum and become stateful.

The following theorem proves Paxos Liveness for the ex-
tended algorithm.

Theorem 19. Assume, at any time, f +1 indices are correct,
and only finitely many new replicas are initialized. If a single
correct and valid replica eventually becomes the leader, Epoch
Paxos will decide on requests.

Proof: If the weakly valid replicas from the correct
indices do not form a valid quorum, then for some replicas
q = rei and p = rεj , ε = EVεj [i] > e. Since the index
of q is correct, the new replica rεi is correct. The stateful
replica p did either set EVεj [i]← ε on activation (Algorithm 3,
Line 30), on receiving a heartbeat (Algorithm 2, Line 13), or
on initializing the new replica (Line 5). In each case, p did
send an EPROMISE to rεi (Lines 4,12,34).

According to Theorem 18, some new replica will become
stateful. Since only finitely many replacements were issued,
eventually no more new replicas will become stateful. As
shown in the beginning of this proof, the weakly valid replicas
from the correct indices will then form a valid quorum. Due to
Lemma 16, these weakly valid replicas can all communicate.
Thus, given a stable leader among these replicas, they can
complete Paxos and make progress.
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