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Optimized Signal Expansions for
Sparse Representation

Sven Ole Aase, John Hakon Husay, Karl Skretting, and Kjersti Engan

Abstract—Traditional signal decompositions such as trans- and this is commonly referred to as thealysisequation in an
forms, filterbanks, and wavelets generate signal expansions using analysis—synthesis setting. Note that in the interest of maximum
the analysis—synthesisetting: The expansion coefficients are found generality, we have not specified the dimensions of the matrices

by taking the inner product of the signal with the corresponding ) . . .
analysis vector. In this paper, we try to free ourselves from the and vectors involved in (1) and (2). Depending on the dimen-

analysis—synthesis paradigm by concentrating on theynthesisor ~ Sions, which may extend to infinity, as well as the structure
reconstructionpart of the signal expansion. Ignoring the analysis of the F matrix, the analysis—synthesis equations given above

issue completely, we construct sets of synthesis vectors, which aregover many important cases including transforms, filterbanks,
denotedwaveform dictionariesfor efficient signal representation. wavelets, and wavelet packets.

Within this framework, we present an algorithm for designing . o ] . .
waveform dictionaries that allow sparse representations: The The main objective for using the analysis—synthesis frame-
objective is to approximate a training signal using a small number work in signal processing applications is to constr&csuch

of dictionary vectors. Our algorithm optimizes the dictionary  that the vector of coefficients is more attractive to work with
vectors with respect fo the average nonlinear approximation yhany For signal representation purposes, a crucial pointis that
error, i.e., the error resulting when keeping a fixed numbern of .

expansion coefficients but not necessarily théirst n coefficients. W §hou|d besparse The sparseness constraint refers to the _re-
Using signals from a Gaussian, autoregressive process WitthIrementthaW must have as few nonzero elements as pOSSIble
correlation factor 0.95, it is demonstrated that for established [1]. In a data compression setup, the sparseness constraint facil-
signal expansions like the Karhunen—Loéve transform, the lapped jtates bit-efficient representation of the original vectosince
orthogonal transform, and the biorthogonal 7/9 wavelet, it is only the nonzero elements of have to be quantized and stored
possible to improve the approximation capabilities by up to 30% .

by fine tuning of the expansion vectors. or transmitted. ) )

In the present work, we aim at freeing ourselves from the
traditional analysis—synthesis paradigm in that we concentrate
on thesynthesi®r reconstructiorpart of the signal expansion.

signal expansioiis simply a weighted sum of vectofs ~ That is, given the coefficient§w;}, the reconstructed signal
This weighted sum may be identical to, or an approximaectorx is given by
tion to, a given signal vectat. If the expansion is identical to

I. INTRODUCTION

X, We can write X=Fw= Z wik;. ©)
x = Fw — Z w;f; (1) The consequences of ignoring the analysis part of the expansion
2 can be summarized as follows.

] S o 1) There are no restrictions on the choice of waveform dic-
whereF'is a (possibly infinite) matrix with{f;} as columns, tionary F. The invertibility of 7 is no longer an issue, and
andw is the vector of expansion coefficients. Equation (1) can £ may beovercompleteThis means that the number of
be interpreted as synthesigormula in the sense thatis syn- columns, or dictionary vectors, may be larger than the di-

thesizeq, or build up, from a library of expan_sion vectors using  mension ofx. The motivation for allowing overcomplete
appropriately selected values for the expansion coefficients. For  gictionaries is simply to increase the choice of possible

this reasonF" is sometimes referred to aswaveform dictio- expansion vectors in the hope that this allows for better
nary. If the matrix F is invertible, a unique set of coefficients approximation capability while preserving the sparseness
for the exact representation of any signal vectatan be ob- criterion.
tained as 2) Since we no longer assume tlf&tis neither orthogonal
. nor invertible, we obviously have to find some other way
w=7F""x ) of determining the expansion coefficients than what is

done in traditional sighal decompositions. We have em-
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signal realizations from the signal source for which we opt Transform Frame
mize [3]. Note that we do not impose any constraints requirir .
the f;s to be orthogonal; in fact, we also keep open the optic
of the set{f;} beinglinearly dependentOur only constraint is
that||f;|| = 1 for all <.

The conceptually simplest choice of dictionary matrix i
found when emulating the signal decomposition performed |
a block transform. Denote by the N x N matrix constituting
the block transform. The columns Bfare often referred to as
the transform vectors. The associated waveform dictionary
given by

Uniform FIR filter bank/LOT

Several authors have investigated the use of overcompl
dictionaries in a sparse selection setup. In most cases, the fc
has been oblock orientedlictionaries, which are often referred
to asframes A frame is simply a transform where the number o
transform vectorsK) is larger than the block lengtiV), i.e., an
overcomplete transform. The frame structure is easily emulateu
in our setting by allowingt" in (4) to have dimensiotV x K, Fig. 1. Waveform dictionaries corresponding to traditional decompositions.
whereK > N. Starting with the transform dictionary, the dot columns within each square

; ; ; At resent the transform vectors. The frame dictionary is similar, but the

Thereisa relatlonshlp petween vector quantization (VQ) ar:fﬁPmber of frame vector$') is larger than the block lengthV). In the
frame-based representation. In the extreme case wherewely fiterbank/LOT case, the vectors are twice as long as in the transform case,
dictionary vector is chosen to represent a signal vector, we halwe rendering a 50% overlap between adjacent blocks. A wavelet uses dyadic
a shape-gain VQ system. If the coefficient value is set to one afmuency partitioning, resulting in different time shlfts for expansion vectors

<. . orresponding to different frequency bands. This is seen in the figure where
we allow the dictionary vectors arbitrary norm, we have a Ve (large) vectors corresponding to the low frequency bands have longer shifts
system. In multistage VQ (MSVQ), the encoding is done in sethan the vectors corresponding to higher frequency bands.
eral stages, and the reconstructed vector is the sum of the vectors

from the different stages; thus, MSVQ has obvious similarirtié{

it t based on. H h hods di ary matrixF and relates them to well-known signal decompo-
with frame-based representation. However, the methods diflgf,, techniques. In the following subsections, we present an

in t.)Oth design and engqtjing procedure;. Frame-based repreggpyy;, o algorithm for optimizing the waveform dictionary with
tation offers more flexibility in that a variable number of vectors

b df ina diff ianal Ath ﬁspect to the sparseness criterion using a training signal. A de-
can beuse orr.epres.entmg : erents_lgna vectors. Athorougiye 4 mathematical analysis shows that in each iteration, an im-
discussion on this topic can be found in [4].

roved dictionary can be found by solving a set of linear equa-
Goyal and Vetterli have worked with frames or overcompleltl%0 4 y g q

. ing diff ¢ he f hev h ns. Section Il presents some results and examples showing
expansions [S]-{7] using di erent_ rgmes.T e frames they improved approximation capabilities of the designed wave-
used are chosen rather than optimized. As examples, they

. ! > RE?m dictionaries as compared with that of more traditional de-
pose vectors on th M -dimensional sphere that maximize th

S Euclid b h ¢ mpositions. Finally, in Section IV, we conclude the paper and
minimum Euclidean norm between the vectors, or corners, BYicate some directions for further research.

the hypercube. In most cases, the research has focused on how to
apply the frame in a data compression setup, whereas the ques-
tion of framedesignhas received little attention. Some work in
that area is done by Olshausen and Field [8] and Lewichy andn the following, we focus our attention on signal expansions
Sejnowsky [9]. that can be seen as generalizations of transforms, frames,

The present paper is a generalization of the block-basedvelets, wavelet packets, and filterbanks. This is motivated
frame optimization algorithm of Engaet al. [3], [10], [11] to from the fact that these decompositions have been useful for
a much wider class of dictionary configurations, facilitatingompact signal representation and, thus, represent a starting
vectors overlappingd infinitum as in a filterbank or wavelet point in our search for good choices of dictionaries. The idea is,
decomposition. Examples are shown in Fig. 1. We shaherefore, topostulate the internal structure of the dictionary
how to optimize this class of decompositions with respect toatrix in a manner to mimic traditional signal decompositions
sparseness. in the hope that interesting signal expansions will result.

The paper is organized as follows: Section Il starts with a dis- Fig. 1 shows four different choices &f corresponding to tra-
cussion on important choices of internal structure for the dictiditional signal decompositions: transform, frame, wavelet, and

Il. DESIGN METHODOLOGY
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uniform FIR filter bank/lapped orthogonal transform (LOT). In  The optimization is performed with respect to a given signal
each case, three identical blocks of the expansion vectors afe), which in the derivations is assumed to be infinite. That is
shown. The dots signify nonzero entries of the dictionary méhe topic of the following subsection.
trix.

In Section 11I-B, these choices ¢f will be used as starting A. Dictionary Optimization
points for the optimization process. Note that the width of each e jterative algorithm used to optimize a dictionary is in-
sub-block within the dictionary ultimately decides whether thgyireq by the generalized Lloyd algorithm (GLA) used for de-
dictionary is undercomplete, complete, or overcomplete.  signing vector quantization (VQ) codebooks [12]. Some of the
_ Looking again at the waveform dictionaries shown in Fig. Yetails on how this algorithm motivates our own algorithm for
itis clear that the associated coefficient vestowill containall - transform vector design is reported in a somewhat different con-
expansion coefficients in the following manner: Using the trangsxt in [11]. The key issue is that our algorithm, in a way similar
form case as an example, for each block of coefficients the k-the GLA, is partitioned into two distinct parts.

dering could be lowpass, bandpass, bgndpass, and highpass. 1) F andx are known. Find a sparse coefficient vectar
For the wavelet case shown, the ordering would be one Iowpass2 w andx are known. Find the best possitse

one bandpass, two bandpass, four bandpass, and eight highpaé ch iteration of the algorithm involves two parts: In the first

coefficients for each bl_ock. In the de_r|vat|ons to follow, it L art, we find approximations to the training signal using an ini-
conceptually and notationally convenient to collect expansi | dictionary or the dictionary resulting from the previous it-

coeff;)mznt.s usid for expan?ﬂn vector nurr&be(n.e., _chalnnel eration. The second part tries to find a new dictionary in such a
numberk) into the vectow;. This corresponds to a simple per-Way that when used in conjunction with th&#eady computed

mutauqtn of the elements of and the columns of, and we expansion coefficients, the residuals of the approximation in the
can write first step is decreased. Denoting the training signakbyhe
F=[Fo|...|Fr_i] (5) structure of the algorithm can thus be stated as follows.

1) Begin with an initial dictionaryF(©, and fix a value for
and the signal expansion can be written as the sparseness factafefined as

X=Fw=Fywg+---+Fpywrp+---+Fx 1wk 1 (6) g Number of nonzero coefficients i

©)

where F;, contains the expansion vector corresponding to Number of samples in
channel k repeatedad infinitum using a time shift of /v, 2) Approximatex as
samples: %= FOw (10)
where the sparseness constraint defined liyy satisfied.
f1(0) Assign counter variablé = 1.

: 3) Given the current coefficient vectev, find the optimal
Fu(V) F(0) F, which is denoted~®. Normalize dictionary vectors
. . to unit length.
Fi = : : . () 4) Using the new dictionary, find the new approximation. If
fu(Lg —1) : (stop-criterion= FALSE) = ¢ = ¢ + 1, go to step 3.
Otherwise, stop.

. The mainideainthe GLA is to reduce a complex optimization

Sy, = 1) task into a main loop with two steps, where each step is solved
i ] in an optimal manner. By iteratively solving for the best coeffi-

Using filterbank terminology, the signal expansion present&fNt Vector, the best dictionary, and so forth, the approximation
above is equivalent to a synthesis filterbank withchannels, distortion is gradually decreased, and the algorithm guarantees

where channel numbeér has filter lengthZ; and upsampling convergence to a local optimum. Suggested stop-criteria can be
factor Ny.. The filter length of each channdl, is set to any maximum number of iterations, almost constant MSE, or com-

number satisfying plete convergence when that occurs. _ _
In our algorithm, steps 3 and 4 constitute the main loop. As
L, > N, (8) willbe shownin Section II-B, step 3 guarantees reduced or unal-
tered distortion by finding the optimal dictionary for the coeffi-
which means that the filter length of each channel should beg@nts chosen. However, in step 4, the best way of ensuring better

least as long as the upsampling factor. vector approximations and, thus, a reduced overall distortion, is
The methodology for designing a dictionary for sparse reprgy perform a complete search of possible vector selections. As
sentation is as follows. will be explained in Section 1I-C, this is computationally expen-
1) Choose a structure foF by selecting the values fdK, sive, and we have to resort to vector selection algorithms. Due to
the Vs, and thel,s. suboptimal vector selection, it follows that the algorithm given
2) OptimizeF with respecttqf(j), £ =0,..., K —1,and above is not guaranteed to converge. The convergence proper-
j=0,...,L,—1. The optimization criterion is minimum ties are not yet fully understood. Due to the lack of guarantee

reconstruction error given a sparseness constraimt.on for the new frame to be better than the previous, the algorithm
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wy(m) Zx(n) Here, we have differentiated with respect fo(q), » = 0,
., K—-1,andg=0,...,L.— 1.
The derivative term in (14) vanishes for all valuesiok, and
p, except when

— M filn) —————

Fig. 2. Synthesis from channel number 1) k=mn
2) n mod N, + pN, = ¢

should allow the MSE to grow for several iterations without tefl Which case, it equals unity. Using the division algorithm due
minating the training. This can be seen from a training examg Euclid, we may decomposeas
in Section IlI-A.

q= {iJ N, + ¢modN,.. (15)
B. Computing the Optimal Dictionary Update N,

We now explain how to perform the improvemenfirconsti-  Comparing (15) with the expression in condition number

tuting step 3 of the design algorithm. The objective is to find th® above, the uniqueness of the decomposition enforces
F that minimizes the approximation residual while keeping the = |4/N,.| andn = ¢ mod N, + mN,, wherem is a new

already-computed coefficients in the expansion resulting frostsmmation variable. Equation (14) now becomes
step 2 (or 4) of the previous iteration of the algorithm. In the

derivations to follow, the optimaF is found by simply differ- x_; | “—

entiating the quadratic approximation error with respect to alg; Z Z f+((gmod N, + mN,)) mod N; + sN;)
elements of the dictionary vectors. For all cases considered M — oo

is shown that this leads to a linear system of equations solvable < { q J) qq mod N, + mNTJ )
swe | m— | = We — S

for F.

N, N,
We start by solving the problem in its full generality using 00 '
filter bank terminology. As explained in the introduction of = Z (g mod N, + mN, )w, <m _ { q J) . (16)
Section Il, (6) and (7) can be viewed as a multichannel synthesis —— N

system, whereF;, w;. denote the contribution from channel . ]
numberk. This is illustrated in Fig. 2, wherey,(m) are the  Left Side:We now focus on the left-hand side of (16), where

elements of the vectaw;, in (6), which is now interpreted as the goalis to remove the infinite summation over foe) factor
a time series. with the objective of establishing a finite, linear set of equations

The contribution from channel numbkrto the synthesized iN the fi(-)s. We change the summation variable as

signal can be written [13
9 i [13] m=Nu+wv, where—o<u<oo,0<v<N (17)

[(Lx—1)/Ns]
- n
Zr(n)= Z Wk QEJ _P> Jr(nmodNy +pNy) whereN is the least common multiple of the upsampling fac-

=0 .
P (11) tors:
where|y| denotes the Iargest integer value less than, or equal N = LCM(N,, Ni_1). (18)
to, . The reconstructed signal is
K—1 Using (17), we can write
En) =Y dx(n). 2 ., .
k=0
We define the object functiod as ; u:z_:oo fi((g mod N, +uN, N + vNN;) mod Ny + sNy)
J=3 (aln) —i(w))? @ (uvro- | L))
and by setting its gradient to zero a straightforward derivation <{q mod N, + uN, N + vNTJ 3 S)
leads to ' N
oo K—1|(Lk—1)/Ne] K—1 |(L:—1)/N:] N-1
Z Z Z Z Z ft(TL mOdNt + SNt) = Z ft((q mOdN,, =+ UNT) mOdNt + SNt)
n=—o00 k=0 p=0 t=0 5=0 v=0
Q ) ([ ) PG
n mod Ny, —|—ka) dn.
g modN,. + uN,. N
af-(q) Wy <{TJ + U'N’I’Ft - 3) . (19)

oo  K—1|(Lr—1)/Ny]

Z Z Z x(n)wy <{NkJ p) Right Side:Using the fact that

n=—oo k=0 p=0 0o 0o

.8fk<nm;;f(vg+pm>_ ) > glm+dhlem)= Y glm)h(p(m—i)) (20)
r{4q m=—00 m=—o00
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the expression on the right-hand side in (16) can be simplifi#dctor approximation are fixed. Since the object function (13)
as (21) is bounded downwards, we know that the problem has a min-
imum solution. Since (22) only has one solution when the linear
- q system has full rank, this must be the unique, global solution.
Z * <q mod A + {FJ Ne mN”) wr(m) Notice again the generality of (22) and (28). A vast set of dif-
oo ferent configurations may be optimized using the formulation
- Z z(q + mN,)w,(m). (21) @above, including cases where the dictionary is under or over-
complete.
In the following subsections, we study three very important
Putting it All TogetherCollecting the results from (19) andspecial cases and their generalizations:

m=—0o< T

m=—0o<

(21), the optimal value$f..(¢)} must satisfy 1) Block transforms/frames;
s 2) uniform filter banks/LOTs
k-1 5 v 3) wavelet-like expansions.
> 30 > fllgmodN, +vN,) mod N, + sNy) 1) Special Case Number 1: Block Transforms/Framisve
t=0 ;o:o v=0 setNg =N, =---=Ng_1 =N andLO =L ==
Z w (uN +o— q Li_1 = N, we obtain a block-oriented signal expansion. If
e " N, K = N, we have a transform, and& > ¥, we have a block-
oriented frame.
dN, 4+ vN, N . .
- wy 2mod.N, +viVy +uN,— — s Equation (22) can now be written as
Nt Nt
o K-1 oo oo
= Z z(q + mNy Jw,(m) (22) Z fi(e) Z we(m)w(m) = Z (g + mN)w,(m)
m=—o0 +=0 m=—oo m=—oc
(29)
forall valuesr =0,...,K — 1,andg =0,...,L,. — 1. wherer =0,...,K —landg=0,...,N — 1.
A matrix formulation equivalent to (22) is obtained by setting pefining theV x K matrix F as
— q fo(0) [ fr-1(0)
- = | uN -
a(r,q,t,5,v) = > w, <u +v LWJ) ol1) A1) o (D)
u=—00 F= X (30)
g Mod N, + vN,. L uN N :
e N, YN T Jo(N=1) A(N=-1) - fra(N-1)
o (23) and the matricea andB by their elements as
brg = Z z(q + mN)w,.(m) (24) o
m=—oc Art = Z w,(m)w,(m) (31)
9(7)7 q, tv 5, U) :(q mOdNr + UNT) mOd Nt + SNt (25) m=—00
At = Z a(r,q,t,s,v) (26) =
i .= Niw,
(G 0)lgCr )=} b m;oox(q i) e
£ =(f0(0), fo(1),... )
oo fk1(Dr1 —2), fr—1(Lxg_y —1))T  (29) can be written as
@7) FA-B 33)
gving with the solution
_A00 _A00 .. A0
B o F-BA™. (34
Ao Aot T 'AKfl,LK,lfl
: This is equivalent to the result derived in [3] and [11].
AR-LIxa=1l pK-LlLxga=1 = gK-Llgi-1 2) Special Case Number 2: Uniform Filter Banks/LOT:
00 01 K—1,Lg_1—1
b wesetNg = Ny = --- = Ng_1 = NandLy = L, =
boo ... = Lg_1 = PN, whereP is a positive integer, we ob-
f = ?1 ] (28) tain a signal expansion similar to a uniford-channel, FIR
: filterbank where the channels have the same filter length. This
b —1,Lp_ -1 is sometimes referred to as a LOT [14], [15].

i Using the division algorithm due to Euclid, we can decom-
From this linear set OEf:_Ol L, equations, we can com-poseq as
pute the vectof constituting the best possible dictionafy,
in the mean square error sense, when the coefficients for each g=q +@N (35)
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whereq; = ¢ mod N, andg. = |¢/N|. Equation (22) then  The optimal filters are found by inserting the chosen upsam-

becomes pling parameters and filter lengths into (28) and settvig=
K-1P-1 o0 2M | A varied set of under or overcomplete wavelet-like signal
Z Z fe(qr + sN) Z wr(m — g2)w(m — s) expansions can be generated in the same manner. Note that the
t=0 5=0 m=—00 resulting expansions are not wavelets but expansions mimicking
alt,sug2,7) the support structureof wavelets.
_ Z 2(qr + @ N + mN)w,.(m) (36) C. Finding a Signal Approximation
m=—00 As explained in the introduction, by giving up the invertibility
b(q1,q2.1) of the dictionary matrix*, we have to find some other way of

wherer = 0 K—1,q0=0 N-1,4,=0 P—1 computing the expansion coefficients of (3). The goal is to use
Defining theN x PK matrixF* as (37) 'shown at the bottom €W coefficients while constructing a good approximation to the

of the page, and the matricdsandB by their elements as training signalz(n) or X . .
Ideally, when approximating the signa(n), the available

A =a <{£J .k mod P, mod P, {iJ) coefficients should be allocated over the whole sighalillus-
P P trate this idea, let us focus on the simple case where the dic-
k,1=0,...,PK -1 tionary is a block-oriented signal expansion, whereshe K
B =b ( k,1 mod P, 1z matrixF is deﬁr?e.d asin (30)in Sept!on II—'Bl. Furthermore, we
assume the training signal to be finite, with lendth= M N,

k=0,...,N-1, [=0,...,PK -1 (38) wherel}M is a positive integer.
The signal expansion can be written usiBgrepeatedM

Equation (36) can be written as . . .
times, as illustrated in

F*'A=B (39) F o .. 0 w(© 0
with the solution 0 F wil %L
: ' : = : 42)
* —1 . (
F* = BA .. (40) -
Note that the™* matrix is simply introduced in order to pro- L0 0 FJ [wh b x(M—1)

vide a compact formulation for the solution of the optimal dicwherex® € RN andw(® € RE denote theth block of the
tionary in the uniform FIR filterbank case and does not relatggnal and coefficient vector, respectively.
directly to the internal structure of the dictionary matrix itself. If the available coefficients are allocated freely amongihe
We would also like to emphasize the possibility of optimizingr-blocks, signal blocks with high energy content can be approx-
configurations wherd{ £ N. imated using more coefficients than blocks having less energy.
3) Special Case Number 3: Wavelets: discrete-time This corresponds to the practical situation occurring in straight-
wavelet decomposition is constructed by repeatedly using tf&rward transform coding when the vectors to be retained in the
filters (lowpass and highpass) on the output of the lowpass filtexpansion are found by keeping those coefficients above a given
in each stage. In this manner, a dyadic frequency partitionitigreshold. Clearly, if/ is small, this scheme would offer little
results [13]. flexibility for approximating signal regions having varying char-
The general framework outlined in Section 1I-B can easily b&cteristics.
adapted to mimic a general/-stage, wavelet-type expansion Given a sparseness fact§rdefined as in (9) and with prac-
by settingk = M + 1 and the upsampling parameters as fokical considerations in mind, the global procedure of selecting
lows: L,S out of L, K /N vectors is prohibitive whei,, is large, as
No =2M “Lowpass channel” will be the case in our experiments. It folllows that the_ proce-
dure of selecting vectors (and correspondingly, expansion coef-
ficients) must be performed in a segment-by-segment manner.
N, =2M~1 2. bandpass channel” We partition the training signal(n) into equally sized seg-
N3 =2M=2>3 bandpass channel" ments, and, depending on whether the dictionary is block-based
or not, the procedure is performed as follows:
. Block-Based DictionarytUsing a segment size equaltdN,
Ny; =2 THighpass channel” (41) each segment af(n) will be independenthapproximated, as

N, =2M 1. bandpass channel"

fo(0) Jo(IV) v HP=DN) o fr1(0) o fra((P=1N)
— fo(1) fo(N+1) ... fo((P-1DN+1) .- Jr-1(1) coo fka((P=1)N +1) (37)

SN 1) fo@N—-1) ... foPN=1) o fxea(N—=1) ...  fx_1i(PN—1)
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a low bit rate situation, the value used fsralways belong to
the set{1/4,1/6,1/8,1/10}, which means that on average
VSH{ VSi1 only one expansion coefficient out of four, six, eight, or ten

: : signal samples is kept.

Vs, “’(:(;)1) - z(:(;)l) In all experiments, the signai(n) to be represented is a re-
2(n+1) ’ o(n+1) alization of a Gaussian AR(1) process with correlation factor

. . p = 0.95 and with unit variance. The training signal length
Vsi“{ ‘ VSin1 : should be large in order to ensure proper generalization. This
means that the optimized signal expansion should give similar
approximation results when used on a new realization of the

AR(1) process. Here, a signal length of 204 800 samples proved
Fig. 3. Vector selection (VS) is performed segment-by-segment accordingtp he sufficient.
dictionary type: Block-based (left) and overlap (right).

A. Improving the Karhunen—Loéve Transform (KLT)
shown in (42), using4 N S vectors. The procedure is shown on

theDI_eI_t side of I;l]go3 laoping Vectorsf the dicti h tion of the chosen Gaussian AR(1) process, it should be empha-
ictionary wi verlapping VEctorst the dictionary Nas ;o that the KLT only guarantees minimum distortion when

overlapping vectors (for example, the uniform filterbank Ca3fsed in conjunction wittinear approximations, i.e., when al-

n Sectlgn II-B2 or the wavelet case in Sgctlor! II-B3), a perfe ays retaining thédirst coefficients of a transform block. Opti-
separation of the segment-based expansions is not possible. U ty is not ensured when the scheme for picking coefficients

to overlapping vectors, adjacent expansions will overlap. is based on importance rather than position [20]

A practical way of overcoming the overlap problem is as fof— Using theN = 16 point KLT as a starting poin.t for the op-
lows: The training signai(n) is approximated segment-by-segy ., ation scheme, the resulting waveform dictiondfyis as
ment, in a top-down manner, as shown on the right side ofFig.S own in the uppe;r left corner of Fig. 1. The goal is now to

}[/r\llhen the_e?pdansmn f?r tk;_e cqrrentb?egrp%n; has t;e?n 1Eour[ﬁ%dify the basis vectors of the KLT in such a manner that the ap-
te t‘r_"SS(t)ﬁ'a N re(;:ons ruir:on IS tsu rac et tefm) before proximating power is increased. In this experiment, the sparse-
starting the procedure on the next segment. ness factor isS = 1/4, and in each optimization iteration, the

1) Vegtor S_electlon AIgonthmsFor each segment of(n), oefficients are found using vector selection on a segment of size
the task is to find the best possible approximation using a preq%—x N = 256 samples, meaning that 64 out of 256 transform

termined number of dictionary vectors. If we wanted to find th\gectors
optimalapproximation to a given segment by selectingut of
b dictionary vectors, it would be necessary to investigate

Although widely considered optimal for compact representa-

will be selected. This corresponds to a bit allocation situ-

ation where a pool of bits are distributed among the coefficients

belonging to 16 adjacent transform blocks.

<b> (43) Fig. 4 depicts the obtained training curve showing the ap-
a proximation error as a function of the number of training iter-

different choices of vectors. Thus, finding the optimal vecto@{ions. The distortion in iteration 1 is that obtained using the
to use in an approximation is an NP-hard problem and requifékT- As explained in Section II-A, each iteration involves two
extensive calculation [16]. It follows that a suboptimal algaParts: First, find an approximation using vector selection and
rithm is preferable in order to limit the computational comthen compute the best possible waveform dictionary for that set
plexity. There exist several different vector selection schem@kcoefficients. For about 30 iterations, the improvement is mo-
for solving this problem [1], [17]-[19]. In this paper, tiiast Notonous, and then there is a slight increase. The increase in the
orthogonal matching pursu{FOMP) algorithm of [2] is used, @PProximation distortion is a result of the suboptimal vector se-

but we stress that other vector selection schemes also can wWefon- _ o _
within the dictionary design framework. The dotted, horizontal line in the plot shows the obtained ap-

proximation distortion when retaining tleptimalset of coeffi-
cients/vectors of the KLT. The orthogonal properties of the KLT
o ) facilitates easy computation of the best coefficients using the
The framework presented can be used for optimizing virtually, 5 ysis transform. By simply selecting the largest coefficients,

any choice of expansion configuration. In this section, we focyge optimal selection is done. In iteration number 1, where the

I1l. DESIGN EXAMPLES AND DISCUSSION

on the following established expansions: KLT is used as initial transform, we observe that the distortion
» Block transforms. increase due to suboptimal vector selection is marginal. Further-
* frames; more, using the optimized expansion in conjunction with sub-
« uniform FIR filterbanks; optimal vector selection the distortion is reduced by about 15%.
» wavelets. When viewing a traditional transform coder as a subband

For each case, we will pick a representative expansion acmder, itis well known that the subband channel responses cover
demonstrate that significant improvements are possible usihg whole frequency range in a uniform manner [21]. In Fig. 5,
the optimization technique presented earlier. The improvemew have plotted the amplitude responses for the subband inter-
is measured in terms of increased approximation capability foretation of a transform coder when using the transform vec-
a given choice of5, which is the sparseness factor. To emulat®rs designed above. We observe that the channel responses for
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Fig. 4. Training curve using the 16-point KLT as the initial transform and 0 0.3 0.4 0.5
keeping one out of four expansion coefficients. The input signal is a realization Relanve frequency

ofan AR(1),, = 0.95 Gaussian process. The mean-square approximation error

(MSE) is plotted as a function of the iteration number. Fig. 5. Frequency responses of the = 16 channels corresponding to a
filterbank interpretation of the optimized transform matrix.

the low-frequency range is very similar to what we would ob-
tain with a DCT or a KLT but that there are no channels in the basis vector of these two transforms are identical, and we sub-
very-high-frequency range. Given the high degree of sparsenesstitute one of them with a unit-length random vector.
we are aiming at here, this is logical. Rather than computingWavelet:We constructed a four-stage dyadic decomposition
both high- and low-frequency transform coefficients and then using the biorthogonal 7/9 wavelet due to Cohetnal.
throwing away the high-frequency coefficients, as is often done[26]. Synthesis of reconstructed signals was done using the
in classical low bit rate transform coders, we end up with a flex- nine-tap lowpass filter and the seven-tap highpass filter.
ible set of transform vectors, corresponding to overlapping fre-Uniform FIR Filterbank/LOT:A 32-tap LOT withN = 16
guency ranges and designed for the best possible approximatioohannels is constructed. This filterbank is optimized for an
of the signal at hand. AR(1) p = 0.95 process using an eigenvalue formulation
We would like to stress that the test of this section is rather[14].
harsh. For example, there are no nonstationarities in the examThe exact layout of the associated waveform dictiorfafgr
ples above to be exploited, but still, the KLT is outperformed. leach of these configurations is illustrated in Fig. 1.
fact, a similar, or even better performance increase than the oné&sing the same AR(1) training signal as in the previous sec-
reported above can be realized on real-life nonstationary signaisn, each of the four configurations described above was op-
such as images, speech, and electrocardiogram (ECG) sigrtiisized using the original transform/filterbank coefficients as
For the case of ECG signals, this was demonstrated in [22]. starting point for the iterations. Each configuration was opti-
In a data compression setup, not only the (quantized) coefized forS = 1/4, 1/6,1/8, and1/10. As the training curve
ficients, but also theiposition would have to be transmitted.was not always monotonic, the resulting decomposition was
Due to the lowpass characteristic of all the basis vectors of thigked as the best one resulting from 100 iterations, except for
optimized transform, we may anticipate a more uniform distrihe frame optimization, where 200 iterations were used due to
bution of positions than in the KLT case. If entropy coding islower convergence. The approximation capabilities of the ob-
used for bit-efficient representation of the position informationained decompositions are plotted in Fig. 6 and compared with
the optimized transform will give a higher bit rate for thesi- that of the original decompositions. All plots show the resulting
tion information. This is not the case if a fixed bit rate codingpproximation error when usingreewrealization of the AR(1)
scheme is used. An investigation into these matters is a topiqwécess. In the cases where the initial decompositions are uni-

future research. tary (KLT and LOT), optimal vector selection is used for the
reference curves by retaining the largest coefficients generated
B. Optimizing Other Configurations using the corresponding analysis decomposition.

For all the chosen configurations, the optimized signal expan-
The previous section investigated the optimization of a blogltyns outperform their original counterparts to varying degrees.

transform with the KLT as starting point. The obtained trangye ghserve that the improvement due to optimization increases
form was optimized for a sparseness factofiot: 1/4. Using \yith the degree of sparseness. The main reason for this is as
a different sparseness factor, a different transform would res‘é'kplamed in Section I11-A. For very sparse representations, the
In this section, we focus on approximation capability as gajlable expansions vectors should form a flexible set of low-
function of the sparseness factor. In the experiments, we use fﬁﬂés vectors. The basis vectors of the KLT corresponding to the
different signal expansions as starting points: higher band channels are hardly used wieis small. In ad-
Transform:The N = 16 point KLT, as in Section IlI-A. dition, the use of a greedy vector selection algorithm also con-
Frame: We construct d6 x 32 frame by merging the basis tributes to this trend because the vector selection will be closer
vectors from anN = 16 point discrete-cosine-transformto optimality when few vectors are selected.
(DCT) with an N = 16 point Haar transform. This frame For the three critically sampled configurations, the reduction
was used in [23]-[25] in a data representation setup. The fistapproximation error is roughly 30% when one out of ten vec-
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Fig. 6. Comparing the approximation capabilities of established signal expansions (dotted line) with identical configuration where the espamsibave

been optimized (solid line).

tors are selected, whereas in the frame case, the reductiomisrmation giving the positions of the coefficients used. This
about 40%. In addition, we observe that for each sparsenessie is a topic for further research.

factor, the optimized frame attains the lowest approximation The optimization algorithm is inspired by the GLA used for
error of the four configurations tested. the design of vector quantizers and involves a training set em-
bedding the properties of the class of signals under considera-
tion. Because the vector selection algorithm is not optimal, the

) ~algorithm does not guarantee monotonous decrease of the MSE.
In this paper, we have demonstrated that the approximatipgact, the convergence properties of our design algorithm are

power of established signal decompositions like the KLT, thest fully understood and is the subject of further investigations.

IV. CONCLUSIONS

original LOT, and the 7/9 biorthogonal wavelet can be improved
upon if the objective is to find an expansion of the signal with a
given number of terms. This is achieved by giving up the anal-
ysis—synthesis paradigm in favor of a simple synthesis approacHh?!
where signal expansions are constructed using vector selectio[}]
algorithms rather than using a corresponding analysis decom-
position. )
In addition to optimizing signal expansions where the posi-
tioning of the expansions vectors are set in order to mimic trans-
forms, filterbanks, or wavelets, the presented algorithm can bé?!
used to optimize the approximation capabilities of virtually any
kind of signal expansion, including over or undercomplete ex- [5]
pansions. We feel that overcomplete expansions show promise
for compact representation. This was demonstrated in the expery;
iments where the optimized (overcomplete) frame outperformed[6
the optimized transform in terms of approximation error. How-
ever, in a complete data compression setup, the improved ap[—7]
proximation capability will have to be paid for by increased side

REFERENCES

B. D. Rao, “Signal processing with the sparseness constrainBfan.
ICASSP Seattle, WA, May 1998, pp. 1861-1864.

M. Gharavi-Alkhansari and T. S. Huang, “A fast orthogonal matching
pursuit algorithm,” inint. Conf. Acoust. Speech Signal ProceSeattle,
WA, May 1998, pp. 1389-1392.

K. Engan, S. O. Aase, and J. H. Husgy, “Multi-frame compression:
Theory and design,'Signal Process.vol. 80, pp. 2121-2140, Oct.
2000.

K. Engan, “Frame based signal representation and compression,”
Ph.D. dissertation, Norges teknisk-naturvitenskapelige universitet
(NTNU)/Hggskolen i Stavanger, Stavanger, Norway, 2000.

V. K. Goyal, “Quantized overcomplete expansions: Analysis, synthesis
and algorithms, tech. rep,” Electron. Res. Lab., memo. UCB/ERL
M95/97, 1995.

V. K. Goyal, M. Vetterli, and N. T. Thao, “Quantization of overcomplete
expansions,” inProc. IEEE Data Compression ConSnowbird, UT,
Mar. 1995, pp. 13-22.

——, “Quantized overcomplete expansions in RN: Analysis, synthesis,

and algorithms,1IEEE Trans. Inform. Theorwol. 44, pp. 16-31, Jan.
1998.



1096

(8]

El
(20]

(11]
[12]

(13]

[14]

[15]
[16]
(17]
(18]

(19]

[20]
(21]

(22]

(23]

(24]

(25]

(26]

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 5, MAY 2001

B. A. Olshausen and D. J. Field, “Sparse coding with an overcomple8ven Ole Aasevas born in Stavanger, Norway, in 1965. He received the M.Sc.
basis set: A strategy employed in VM. Res.vol. 37, pp. 3311-3325, and Ph.D. degrees in 1989 and 1993, respectively, both from The Norwegian

1997. Institute of Technology, Trondheim, Norway.
M. S. Lewicki and T. J. Sejnowski, “Learning overcomplete representa- He is currently a professor with the Department of Electrical and Computer
tions,” Neural Comput.vol. 12, pp. 337-365, Feh. 2000. Engineering, Stavanger University College, Stavanger, Norway. His research

K. Engan, S. O. Aase, and J. H. Husgy, “Designing frames for matchiigterests include signal compression and representation, filterbank optimization,
pursuit algorithms,” inProc. ICASSP, Seattle, WA, May 1998, pp. adaptive filters, and medical applications of digital signal processing.
1817-1820.

—, “Method of optimal directions for frame design,”Rroc. ICASSP

, Phoenix, AZ, Mar. 1999, pp. 2443-2446.

A. Gersho, Vector Quantization and Signal CompressiorBoston,

MA: Kluwer, 1992.

T. A. Ramstad, S. O. Aase, and J. H. HusBybband Compression of 341 Hakon Husgywas born in Toronto, ON, Canada, in 1956. He received the
Images -Principles and ExamplesAmsterdam, The Netherlands: El- \y ¢ and Ph.D. in electrical engineering in 1981 and 1991, respectively, from
sevier, 1995. ) ) _the Norwegian Institute of Technology, University of Trondheim, Trondheim,
H. S. Malvar and D. H. Staelin, “The LOT: Transform coding of iM-Norway.

ages without blocking effects|EEE Trans. Acoust., Speech, Signal Pro- - e has heen involved in hardware and software development in various posi-
cessingvol. .37' pp- 553_559' A_pr. 1989. tions in several companies. He is currently a professor with the Department of
H. Malvar, Signal Processing with Lapped TransformsNorwell, MA: Ejectrical and Computer Engineering, Stavanger University College, Stavanger,
Artech House, 1992. ) ) ) _ Norway. His research interests include image compression, digital filtering, bio-
B. K. Natarajan, “Sparse approximate solutions to linear systeéSt8M  gjecirical signal processing, adaptive algorithms, and image analysis.

J. Comput.vol. 24, pp. 227-234, Apr. 1995.

S. S. Chen, “Basis Pursuit,” Ph.D. dissertation, Stanford University,
1995.

G. Davis, “Adaptive nonlinear approximations,” Ph.D. dissertation, New
York Univ., New York, 1994.

I. F. Gorodnitsky and B. D. Rao, “Sparse signal reconstruction from lim- . . . .
ited data using FOCUSS: A re-weighted minimum norm algorithm,Karl Skretting was bornin Naerbg, Norway, in 1962. He received the B.Sc. de-

IEEE Trans. Signal Processingol. 45, pp. 600616, Mar. 1997. gree_in 1985 from Stav_anger University CoI_Iege'(SUC), Sta_vanger, Norway. 'He
S. Mallat and F. Falzon, “Understanding image transform codes,” pfudied signal processing at Stavanger University College in 1996 and received
Proc. SPIE Aerosp. ConfOrlando, FL, Apr. 1997. the M.Sc. degree from the Department of Electrical and Computer Engineering
A. N. Akansu and R. A. Haddadlultiresolution Signal Decomposi- N 1998_. Curren_tly, he is a res_earch fellow and is pursuing the Ph.D. degree at
tion. San Diego, CA: Academic, 1992. SUC with the Signal Processing Group.

J. H. Husay, S. O. Aase, K. Skretting, and K. Engan, “Design of generaIHiS research interests include signal representation and data compression.
block oriented expansions for efficient signal representationProc.

ISCAS Orlando, FL, June 1999, pp. [lI-9-111-12.

W. Mikhael and A. Ramaswamy, “Application of multitransforms for

lossy image representatiodFEE Trans. Circuits Syst. |\vol. 41, pp.

431-434, June 1994.

A. Berg and W. Mikhael, “Signal representation using adaptive parall&jersti Engan was born in Bergen, Norway, in 1971. She received the B.Sc. de-
mixed transform techniques,” iRroc. 38th IEEE Midwest Symp. Cir- gree in electrical engineering from Bergen University College in 1994 and the

cuits Syst.Aug. 1995. M.Sc. and Ph.D. degrees, both in electrical engineering, from Stavanger Uni-
W. Mikhael and A. Berg, “Image representation using nonorthogonaersity College (SUC), Stavanger, Norway, in 1996 and 2000, respectively.

basis images with adaptive weight optimizatiofZEE Signal Pro- She is currently an Associate Professor with the Department of Electrical and
cessing Lett.vol. 3, pp. 165-167, June 1996. Computer Engineering, at SUC. Her research interests include signal and image

A. Cohen, I. Daubechies, and J. C. Feauveau, “Biorthogonal bases fepresentation and compression.
compactly supported waveletsZommun. Pure Appl. Maii1992. Dr. Engan is a member the Norwegian Signal Processing Society.



